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1 Introduction

A particular type of equivalence relations, called the fundamental relations, plays an essential role
in algebraic hyperstructures theory. The fundamental relations are one of the most important and
interesting concepts in algebraic hyperstructures that ordinary algebraic structures are derived
from algebraic hyperstructures by them. The fundamental relation $*, which is the transitive
closure of § was defined by M. Koskas [11], P. Corsini [6], D. Ferni [7, 8] and T. Vogiouklis [13].
Then D. Ferni introduced the fundamental relation v* which is the transitive closure of 7 and is the
smallest relation such that H/v* is an abelian group. He also showed that on hypergroups, 5 = 5*
and v = v*. T. Vogiouklis generalized the fundamental relations in [I3] for use on hyperrings,
and then R. Ameri explained them based on polynomials [2]. In 2011, A. Connes and C. Consani
introduced hyperrings corresponding to adele classes and studied algebraic geometry based on
hyperrings [4]. Then, they utilized hyperrings to prove certain propositions in number theory [5].
In 2018, J. Jun also investigated tropical varieties on hyperrings [10]. In addition, in his doctoral
thesis, he studied algebraic geometry on hyperstructures and proved important propositions in the
field of algebraic geometry on hyperfields [9].

In recent years, the study of hyperstructures from the perspective of category theory has gained
attention. Through this, important categories such as hypergroups, hyperrings, hypermodules,
ect., have been investigated, and their relationships with classical categories have been studied [IJ,
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3,[12]. Our aim is to identify specific subsets of the set of strongly regular relations on hypergroups
based on a particular property. If this property is commutativity, then we will perform this
task using the relation §, which will be introduced in Section This is a part of a larger goal
related to algebraic geometry, wherein concepts of algebraic geometry based on hyperstructures
are transformed into classical algebraic geometry concepts using fundamental relations.

2 Preliminaries

Let (H, o) be a semi-hypergroup and p be an equivalence relation on H. If A and B are non-empty
subsets of H then ApB means that for each a € A, there exists b € B such that apb and for each
b' € B there exists a’ € A such that a’pb/. Also ApB means that for each a € A and b € B we
have apb [6].

Definition 2.1. [6] Let (H,o) be a semi-hypergroup. The equivalence relation p is called:

1- Regular on the right (on the left), if for all x € H, from apb, it follows that (aox)p(box)
((xoa)p(xob) respectively);

2- Strongly regular on the right (on the left), if for all x € H, from apb, it follows that (aox)p(box)
((woa)p(wob) respectively);

3- Regular (strongly regular), if it is reqular (strongly reqular) on the right and on the left.

Theorem 2.2. [6] Let (H, o) be a semi-hypergroup and p be an equivalence relation on H;
If p is regular, then H/p is a semi-hypergroup with respect to the hyperoperation T®y = {Z; z € xoy};
If the above hyperoperation is well defined on H/p, then p is regular.

Corollary 2.3. [6] If (H,o) is a hypergroup and p is an equivalence relation on H, then p is
reqular (strongly regular) if and only if (H/p,®) is a hypergroup (group).

Theorem 2.4. [6] Let (H,o) be a semi-hypergroup and p be an equivalence relation on H.

If p is strongly regular, then H/p is a semi-group with respect to the operation TRy = z, for all
z € xoy;

If the above operation is well defined on H/p, then p is strongly regular.

Definition 2.5. [6] For all n > 1, we define the relations 3, and 7, on a semi-hypergroup H, as
follows:

afpb <= I(x1, 22, ..., xn) € H" : {a,b} T [}, s,
aynb <= Iz, 29, ...,xn) € H o €Syt z e [[i_ i, yell, Yo (i)

and B = Un21 Bn and v = Unzl'Yn where B = vy = {(z,x);x € H}. Let p* be the transitive
closure of B and v* be the transitive closure of .

The relations 8* and v* are strongly regular and if H is a hypergroup then v = v* and 8 = 5*.
Also, H/* and * are called the fundamental group and fundamental relation, respectively, and
£* is the smallest strongly regular relation on H.

Corollary 2.6. [6] The quotient H/v* is a commutative semi-group and if H is a hypergroup,
then H/~* is a commutative group.

Theorem 2.7. [6] The relation v* is the smallest strongly reqular relation on a semi-hypergroup
(hypergroup) such that the quotient H/~* is a commutative semi-group (commutative group).
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3 Operator § * — on strongly regular relations

In this section, we provide a decomposition for + on hypergroups, which significantly aids in
examining the properties of the fundamental relation v and also serves as a strategy for studying
other fundamental relations.

Definition 3.1. We define the relations § and o on a group G as follows:

there are meN, (y1,y2,....ym)EG™and c€Sy, such that

g1592 { m m
g1=[li21vi and g2=[[;2; ¥o(i);

giags = gig; ' € G
Where G’ is the commutator subgroup of G.
Proposition 3.2. Let G be a group. Then the relations 6 and « are congruence relations on G.

Proof. Since G’ is normal then « is a congruence relation, and it is easy to see that § is a reflexive
and symmetric relation. Let g1d¢g2 and g2dg3. Hence by definition §, there will be m,n € N, o € S,,,,
T € Sy, (1,22, ... ) € G™ and (y1,¥2, ..., yn) € G" such that g1 = [[;", 5, g3 = H?:1 Yr(j) and
92 = [[i%, Lo(i) = H?:l yj- So

T1T2..- TmY1Y2---Yn O Yr()Y7(2) - Yr(n) Lo ()T (2) - La(m)-

Now we can write:

T1T2 T Y1 Y2--Yn G5 O Yr(1)Yr(2)+-Yr(n)To(1)To(2)-+-Lo(m) 95"

Therefore g10g3. Now suppose that g1dgo and g3 € G, so there are n € N, ¢ € S, and
(x1,x2,...,xy) € G™ such that

(91,92) = (xlacg...wn,xa(l)xo(z)...xa(n)) € 9.
So (9391, 9392) = (93122 Tn, G3T (1) Lr(2) - Lr(n)) € O- O
Lemma 3.3. Let G be a group. Then § = a.

Proof. Because ¢ is a regular relation on G, then (G/4,.) is a group, where d(a1).0(a2) = d(ajasz)
and e 5 = 6(eq) and 0(a)~! = §(a1). Since we have ajazdaga; then

5(@1).(5(&2) = (5(&10,2) = 5(&2@1) = 6(&2).5(&1).

Thus (G/4,.) is an abelian group. So a C §, because « is the smallest strongly regular relation on
G that G/a is an abelian group. Conversely, suppose that adb, we must show that ab~! € G”. Since
adb there will be m € N, o € Sy, and (21,22, ..., ) € G™ that a = [[;Z, x4, and b = [[}2; 24
We know that z;x; = [z, zj]xjz;, where [x;, x;] = xixjxi_lxj_l. So there is a natural number like
k, and there are some elements of G like a; and b; (1 < j < k) such that x,(1)Zy(2)-To(m) =
[a1, bi][ag, bo]...[ak, by]z1To... 2 where g = [a1, b1][ag, bo]...[ak, by] € G'. Therefore

ab™! = J}l.’EQ---mm(IJ(l)xU(z) "":Uo'(m))_l

-1
= T129...Tm (gT122...Tx,)
=g leqd.
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Example 3.4. (i) Let G = Sg, then for every m € N, o € Sy, and (z1,z2...,Tm) € G™, T1T2...Ty,
is even if and only if To(1)Tg(2)--To(m) 95 even. Therefore (x,y) € § if and only if {x,y} C Ag or
{z,y} N A3 =10. So

0 = As, U{(71,7m2), (11, 73), (T2, 73), (T2, T1), (T3, T1), (T3, T2),
(01,02),(02,01), (e,01), (e,09), (01,€), (02,€)}.

Also, 6(11) = d(m2) = 6(13) and d(e) = 6(o2) = 6(03). This can be generalized as follows:
(x,y) €0 & {x,y} C A, or{z,y} N A, =0.
(ii) Let G = Qs, then:

0= AQS U {(17 _1)7 (_17 1), (iv _i)7 (_i7i)7 (.77 _j)7 (_j7j)7 (kv _k>7 (—k, k)}

Remark 3.5. Let p be a strongly regular relation on hypergroup H and o be a congruence relation
on group H/p. Define a relation oxp on H by

(a.b) € oxp <= (p(a), p(0)) € o

Lemma 3.6. Let p be a strongly regular relation on hypergroup (H,o) and o be a congruence
relation on group H/p, then oxp is also a strongly reqular relation on H.

Proof. Tt is clear that ox*p is an equivalence relation on H. Let hq,ho,h € H and (hy, hs) € oxp.
Therefore (p(h1),p(h2)) € o and (p(h),p(h)) € o. Given that o is a congruence relation on
H/p, then p(hi).p(h)op(hz2).p(h) and since p is a strongly regular relation, we have p(hy).p(h) =
p(hioh) = p(z1) and p(hz2).p(h) = p(heoh) = p(z2) for each z; € hjoh and zo € hgoh. Therefore
p(z1) = p(hioh) o p(haoh) = p(2z2). So zi(o*p)ze, for each z; € hjoh and zy € hyoh. O

Theorem 3.7. Let (H,o) be a hypergroup. Then v = 6x[5.

Proof. By Lemma 0x[ is a strongly regular relation and threrefore H/(d3) will be a group.
Let hi,he € H, by definition of § we have

B(h1)B(h2) 6 B(h2)B(h1).

Since [ is a strongly regular relation, then 3(z1) = S(hiohsa) 0 S(hoohi) = [(22) for each z; €
hiohg, zo € hgohy. It means that dx3(hiohy) = d%5(hooh;) and since d*f is a strongly regular
relation, we have (d%3)(h1).(6%5)(h2) = (0%x3)(h2).(0%5)(h1).

We now know that (H/(d*/3),.) is an abelian group and because « is the smallest relation that H /v
is an abelian group we have v C 0xf3. Consider hi,hy € H and (hj, he) € dx(. So by definition,
there are m € Nand o € S,, and (B(x1), B(x2), ..., B(zm)) € (H/B)™ such that S(h1) = [}~ B(x;)
and f(ha) = [[iZ) B(x4(;)). Since f is a strongly regular relation thus:

hi € B(h) = B(z1)B(22)...0(xm) = B(z10220...00),
hs € ﬁ(h2) = B(:Ea(l))ﬁ(xa(m)ﬁ(xa(m)) = /B(xa(l)oma(Q)o T Oxa(m))'

Let z € x10x20...07y and Y € Ty(1)0T4(2)0.-0T4(m) then we have xyy. Since x € B(h1) and
y € B(hg) thus hiSz and yBhe. But B C ~, therefor hiyx and yyha. This shows that hyyzyyyhs
hence hivho. ]

Theorem 3.8. Let p be a strongly regular relation on hypergroup H, then H/éxp is an abelian
group.
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Proof. Since  is the smallest strongly regular relation on H, then 5 C p, and therefore dx8 C dx*p.
Now by Theorem [3.7] we have v C dxp. O

Example 3.9. Suppose that G is a group, and H is a normal subgroup. For each x and y of G,
define xoy = xyH. We know that (G, o) is a hypergroup. Also:

(r,y) € B x,y € zH, for some z€ G
& cH =yH.

So B(G) =G/H. But (G/H) = G'"H/H and therefore 6x5(G) = v(G) = G/G'H. Also (z,y) € v
if and only if there are n € N, (21,22....,2,) € G™ and o € S,, such that x € z129...2,H and
Y € Zo(1)20(2)- o) H . Let 2= 2122...2n, and W = 25(1)25(2)-+-Zo(n), then tH = zH and yH = wH.
Since xG'H = 2G'H, yG'H = wG'H and 2G' = wG’, then xG'H = yG'H.

On the other hand, if tG'H = yG'H, then tHG' = yHG'. So there are n € N, (21, 29, ..., 2,) € G"
and o € Sy, such that tH = z1Hz9H...2n H and yH = 2,(1\H2,(2)H...25(n)H. Thus

x € xH = 2129...2n H = 210290...02;, and y € yH = 25(1)24(2)---20(n)H = 25(1)925(2)°-+-9Z5(n)-

Corollary 3.10. Let ¢ : Hy — Ha be a good homomorphism of hypergroups and p1 and p2 are
strongly regular relations on Hy and Hy respectively, such that p(p1(x)) C p(p2(x)), for every
x € H. Then ¢ : Hi/p1 — Ha/p2 where ¢(p1(x)) = p2(p(x)) is a homomorphism of groups.

Proof. 1f (x,y) € p1, then (p(z),¢(y)) € p2, so ¢ is well-defined. Since p; and ps are strongly
regular relations and ¢ is homomorphism, then

o(p1(z) + p1(y)) = p(p1(z +y)) = p2(p(z +y)) = p2(e(x) + ()
p2(p(x)) + p2((y)) = ¢(p1(x)) + P(p1(y))-

O]

Let H be a hypergroup and Ay = {(h,h);h € H}, Vi = H? and R(H) be the set of all
strongly regular relations on H. Also consider R'(H) = {p € R(H); H/p is abelian group} and

pVo = pU (poa) U (pooop) U (pooopor) U - -
where poo = {(x,y) € H?; (z,2) € p,(2,y) €0 for somez € H}.
Proposition 3.11. Let H be a hypergroup. Then R(H) is a lattice.

Proof. For every p,0 € R(H), pVo is the smallest equivalence relation containing p and o. Let
(x,y) € pVo and z € H then there are n € N and 21, ..., 2, € H such that z; = z, 2z, = y and
(zi,2zi41) € pUo for every 1 < i < n — 1. Without loss of generality assume that (x,z) € p,
(29,23) € 0oy (2n—1,Y) € p. SO 20X P 2029 G 2023 ... 2021 p zoy. Hence for every t; € zox and
t, € zoy there are to, ..., t,,—1 € H such that t; ptaots...t,_1pt, where tj, € zozy. Thus (t1,t,) € pVo
and zox pVo zoy (similarly zox pVo zoy).

Therefore pVo € R(H), and the poset (R(H), Q) is a lattice. O

Since V ,cgmyp = Vi € R(H) and for every A C R(H); (\,cap € R(H) then R(H) is
complete lattice. If p € R(H) and v C p then for every z,y € H we have

p(z)p(y) = p(zy) = p(v(zy)) = p(v(yx)) = plyz) = p(y)p(z).
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Hence p € R'(H) and since for every p € R'(H) we have v C p then R'(H) = (v) < R(H), where
(y) is upper segment of lattice R(H) generated by ~. Also ) per (i) P =" and VpeR' p=Vg.

Example 3.12. Consider the hypergroup (G,o) where G = {p, q,z1,22,x3, 74,25} and

© p q T z2 z3 Ty Ts5

p [{p,ay {pa} {m} Az} A{zs}  {wa}  {zs}
q | {rat {pad A=} Aw} A{ws} {za} {zs}
1 | {z1} Az} Ap,q} A{za}  A{zs)  {ze) {23}
zo | {z2}  A{x2}  A{xs} {p,a} {za}  {xs} {1}
zy | {zs}  A{xs} A{za} A{zs} {p,a} {m:} {z2}
za | {zay Aza} Azs} Az} {z2} {zs} {pq}
zs | {zs}  A{xs}  {z2}  A{xs} {m} {p,a} {24}

Thus 8 = Ag U{(p,q),(q,p)} and B(G) = Ss. Since B is the smallest strongly regular relation
and also strongly regular relations and regular relations are the same on groups, then R(H) =
{8,7,Va} where v = U {(xi,25); i,5 € {1,2,3},i # j} U {(zr,25); 75 € {4,5},r # s},
v(G) = Zs and

Va
~

B

Proposition 3.13. Let p € R(H). Then dxp = yVp.

Proof. We know that d+p is a strongly regular relation containing p, such that H/d*p is an abelian
group. Since vVp is the smallest strongly regular relation containing p, such that H/0Vp is an
abelian group, then dxp C yVp.

Let (a,b) € dxp. Then (p(a), p(b)) € § and there are n € N, 7 € S,, and x1, ..., 2, € H such that

pla) =TTz plzi) = p(T Tz ©4);
p(b) = H:‘L:l p(x’r(z)) = P(H?:l x’T(Z))

Consider z € [[;,z; and y € [, Zr(;)- Then zvy, apx and bpy. So a p x vy p b. Therefore
(a,b) € yVp. O

So dx*p is the smallest strongly regular relation containing p in R’. Also, * is associative because
if 7 € R(H) and o is a regular relation on H/7 and p is a regular relation on H/d*7, then

(0x7)(a), (ox7)(b )) p
7(a)),o(7(b))) €

,7(a)) € pxo

(a,b) € px(oxT) &

€ (pxo)*T

We know that 8 = A on groups, so if p € R(H), then (a,b) € Bxp if and only if (p(a), p(b)) € A if
and only if (a,b) € p. Hence Sxp = p.

Corollary 3.14. Let p,o € R(H). Then dx(pVo) = dxpV dxc and dx(pN o) C dxp N d*o.
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Proof. The proof is clear. Note that if p,o € R(H), then
dx(pVo) =V (pVo) =yVp V Vo = dxp V dx*0.

4  Conclusions
It was proved above that if G is a group, then G/G' = G /4. So, if p € R(H), then

Hfp . H/p
(H/p) ¢

H H
ﬁ = ——. Therefore, the following diagram is commutative:
*p

but

H—-H/p

H/p
(H/p)’

Let H-Group denote the category of hypergroups, which its objects are hypergroups and its
morphisms are good homomorphisms of hypergroups. Also by Ab and Group we denote the
categories of Abelian groups and groups, respectively. Then the maps F, : H-Group — Ab,
F5 : H-Group — Group and Fs : Group — Ab are functors. Moreover F, = Fs.3 and the
following diagram of functors is commutative:

f
H-Group —2 Group

. lﬂ
Fy Ty
Ab

Let {H;}ier and {G;}icr be, respectively, a family of groups and a family of hypergroups. Since
(ILc; Gi)' = 11,1 G5, then v maps every product in the category H-Group to a product in the
category Ab, as:

7(H¢e[ H;) = 5*5(1_[1'61 H;) = 6(Hz’€[ B(H;)) = Hz‘e] dxB(H;) = Hie[ v(H;).

For the following research, one can investigate the mentioned property for other categorical con-
cepts, especially coproducts, using the relation Fs.5 = F5 o Fg.

Additionally, we will explore the issue that if o and 7 are the smallest regular relations such that,
for any arbitrary group G, the groups o(G) and 7(G) are solvable and nilpotent respectively, then
ox( and T are strongly regular relations, such that for any arbitrary hypergroup H, the groups
oxB(H) and T+8(H) are solvable and nilpotent respectively. Consequently:

]:0*5:]:0'0]:,3;
Frug = FroFp.
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