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Abstract

We introduce a new regular relation δ on a given group G
and show that δ is a congruence relation on G, concerning
module the commutator subgroup of G. Then we show
that the effect of this relation on the fundamental relation
β is equal to the fundamental relation γ. We conclude
that, if ρ is an arbitrary strongly regular relation on the
hypergroup H, then the effect of δ on ρ, results in a
strongly regular relation on H such that its quotient is
an abelian group.
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1 Introduction

A particular type of equivalence relations, called the fundamental relations, plays an essential role
in algebraic hyperstructures theory. The fundamental relations are one of the most important and
interesting concepts in algebraic hyperstructures that ordinary algebraic structures are derived
from algebraic hyperstructures by them. The fundamental relation β∗, which is the transitive
closure of β was defined by M. Koskas [11], P. Corsini [6], D. Ferni [7, 8] and T. Vogiouklis [13].
Then D. Ferni introduced the fundamental relation γ∗ which is the transitive closure of γ and is the
smallest relation such that H/γ∗ is an abelian group. He also showed that on hypergroups, β = β∗

and γ = γ∗. T. Vogiouklis generalized the fundamental relations in [13] for use on hyperrings,
and then R. Ameri explained them based on polynomials [2]. In 2011, A. Connes and C. Consani
introduced hyperrings corresponding to adele classes and studied algebraic geometry based on
hyperrings [4]. Then, they utilized hyperrings to prove certain propositions in number theory [5].
In 2018, J. Jun also investigated tropical varieties on hyperrings [10]. In addition, in his doctoral
thesis, he studied algebraic geometry on hyperstructures and proved important propositions in the
field of algebraic geometry on hyperfields [9].
In recent years, the study of hyperstructures from the perspective of category theory has gained
attention. Through this, important categories such as hypergroups, hyperrings, hypermodules,
ect., have been investigated, and their relationships with classical categories have been studied [1,
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3, 12]. Our aim is to identify specific subsets of the set of strongly regular relations on hypergroups
based on a particular property. If this property is commutativity, then we will perform this
task using the relation δ, which will be introduced in Section 3. This is a part of a larger goal
related to algebraic geometry, wherein concepts of algebraic geometry based on hyperstructures
are transformed into classical algebraic geometry concepts using fundamental relations.

2 Preliminaries

Let (H, ◦) be a semi-hypergroup and ρ be an equivalence relation on H. If A and B are non-empty
subsets of H then AρB means that for each a ∈ A, there exists b ∈ B such that aρb and for each
b′ ∈ B there exists a′ ∈ A such that a′ρb′. Also AρB means that for each a ∈ A and b ∈ B we
have aρb [6].

Definition 2.1. [6] Let (H, ◦) be a semi-hypergroup. The equivalence relation ρ is called:
1- Regular on the right (on the left), if for all x ∈ H, from aρb, it follows that (a◦x)ρ(b◦x)
((x◦a)ρ(x◦b) respectively);
2- Strongly regular on the right (on the left), if for all x ∈ H, from aρb, it follows that (a◦x)ρ(b◦x)
((x◦a)ρ(x◦b) respectively);
3- Regular (strongly regular), if it is regular (strongly regular) on the right and on the left.

Theorem 2.2. [6] Let (H, ◦) be a semi-hypergroup and ρ be an equivalence relation on H;
If ρ is regular, then H/ρ is a semi-hypergroup with respect to the hyperoperation x̄⊗ȳ = {z̄; z ∈ x◦y};
If the above hyperoperation is well defined on H/ρ, then ρ is regular.

Corollary 2.3. [6] If (H, ◦) is a hypergroup and ρ is an equivalence relation on H, then ρ is
regular (strongly regular) if and only if (H/ρ,⊗) is a hypergroup (group).

Theorem 2.4. [6] Let (H, ◦) be a semi-hypergroup and ρ be an equivalence relation on H.
If ρ is strongly regular, then H/ρ is a semi-group with respect to the operation x̄⊗ȳ = z̄, for all
z ∈ x◦y;
If the above operation is well defined on H/ρ, then ρ is strongly regular.

Definition 2.5. [6] For all n > 1, we define the relations βn and γn on a semi-hypergroup H, as
follows:

aβnb ⇐⇒ ∃(x1, x2, ..., xn) ∈ Hn : {a, b} ⊆
∏n

i=1 xi,

aγnb ⇐⇒ ∃(x1, x2, ..., xn) ∈ Hn, σ ∈ Sn : x ∈
∏n

i=1 xi , y ∈
∏n

i=1 yσ(i),

and β =
⋃

n≥1 βn and γ =
⋃

n≥1 γn where β1 = γ1 = {(x, x);x ∈ H}. Let β∗ be the transitive
closure of β and γ∗ be the transitive closure of γ.

The relations β∗ and γ∗ are strongly regular and if H is a hypergroup then γ = γ∗ and β = β∗.
Also, H/β∗ and β∗ are called the fundamental group and fundamental relation, respectively, and
β∗ is the smallest strongly regular relation on H.

Corollary 2.6. [6] The quotient H/γ∗ is a commutative semi-group and if H is a hypergroup,
then H/γ∗ is a commutative group.

Theorem 2.7. [6] The relation γ∗ is the smallest strongly regular relation on a semi-hypergroup
(hypergroup) such that the quotient H/γ∗ is a commutative semi-group (commutative group).
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3 Operator δ ∗ − on strongly regular relations

In this section, we provide a decomposition for γ on hypergroups, which significantly aids in
examining the properties of the fundamental relation γ and also serves as a strategy for studying
other fundamental relations.

Definition 3.1. We define the relations δ and α on a group G as follows:

g1δg2 ⇐⇒
{there are m∈N, (y1,y2,...,ym)∈Gmand σ∈Sm such that

g1=
∏m

i=1 yi and g2=
∏m

i=1 yσ(i);

g1αg2 ⇐⇒ g1g
−1
2 ∈ G′.

Where G′ is the commutator subgroup of G.

Proposition 3.2. Let G be a group. Then the relations δ and α are congruence relations on G.

Proof. Since G′ is normal then α is a congruence relation, and it is easy to see that δ is a reflexive
and symmetric relation. Let g1δg2 and g2δg3. Hence by definition δ, there will bem,n ∈ N, σ ∈ Sm,
τ ∈ Sn, (x1, x2, ..., xm) ∈ Gm and (y1, y2, ..., yn) ∈ Gn such that g1 =

∏m
i=1 xi, g3 =

∏n
j=1 yτ(j) and

g2 =
∏m

i=1 xσ(i) =
∏n

j=1 yj . So

x1x2...xmy1y2...yn δ yτ(1)yτ(2)...yτ(n)xσ(1)xσ(2)...xσ(m).

Now we can write:

x1x2...xmy1y2...yn g−1
2 δ yτ(1)yτ(2)...yτ(n)xσ(1)xσ(2)...xσ(m) g

−1
2 .

Therefore g1δg3. Now suppose that g1δg2 and g3 ∈ G, so there are n ∈ N, σ ∈ Sn and
(x1, x2, ..., xn) ∈ Gn such that

(g1, g2) = (x1x2...xn, xσ(1)xσ(2)...xσ(n)) ∈ δ.

So (g3g1, g3g2) = (g3x1x2...xn, g3xσ(1)xσ(2)...xσ(n)) ∈ δ.

Lemma 3.3. Let G be a group. Then δ = α.

Proof. Because δ is a regular relation on G, then (G/δ, .) is a group, where δ(a1).δ(a2) = δ(a1a2)
and eG/δ = δ(eG) and δ(a)−1 = δ(a−1). Since we have a1a2δa2a1 then

δ(a1).δ(a2) = δ(a1a2) = δ(a2a1) = δ(a2).δ(a1).

Thus (G/δ, .) is an abelian group. So α ⊆ δ, because α is the smallest strongly regular relation on
G that G/α is an abelian group. Conversely, suppose that aδb, we must show that ab−1 ∈ G′. Since
aδb there will be m ∈ N , σ ∈ Sm and (x1, x2, ..., xm) ∈ Gm that a =

∏m
i=1 xi, and b =

∏m
i=1 xσ(i).

We know that xixj = [xi, xj ]xjxi, where [xi, xj ] = xixjx
−1
i x−1

j . So there is a natural number like
k, and there are some elements of G like aj and bj (1 ≤ j ≤ k) such that xσ(1)xσ(2)...xσ(m) =

[a1, b1][a2, b2]...[ak, bk]x1x2...xm where g = [a1, b1][a2, b2]...[ak, bk] ∈ G
′
. Therefore

ab−1 = x1x2...xm(xσ(1)xσ(2)...xσ(m))
−1

= x1x2...xm(gx1x2...xm)−1

= g−1 ∈ G′.
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Example 3.4. (i) Let G = S3, then for every m ∈ N, σ ∈ Sm and (x1, x2..., xm) ∈ Gm, x1x2...xm
is even if and only if xσ(1)xσ(2)...xσ(m) is even. Therefore (x, y) ∈ δ if and only if {x, y} ⊆ A3 or
{x, y} ∩A3 = ∅. So

δ = ∆S3 ∪ {(τ1, τ2), (τ1, τ3), (τ2, τ3), (τ2, τ1), (τ3, τ1), (τ3, τ2),
(σ1, σ2), (σ2, σ1), (e, σ1), (e, σ2), (σ1, e), (σ2, e)}.

Also, δ(τ1) = δ(τ2) = δ(τ3) and δ(e) = δ(σ2) = δ(σ3). This can be generalized as follows:

(x, y) ∈ δ ⇔ {x, y} ⊆ An or {x, y} ∩An = ∅.

(ii) Let G = Q8, then:

δ = ∆Q8 ∪ {(1,−1), (−1, 1), (i,−i), (−i, i), (j,−j), (−j, j), (k,−k), (−k, k)}.

Remark 3.5. Let ρ be a strongly regular relation on hypergroup H and σ be a congruence relation
on group H/ρ. Define a relation σ∗ρ on H by

(a, b) ∈ σ∗ρ ⇐⇒ (ρ(a), ρ(b)) ∈ σ.

Lemma 3.6. Let ρ be a strongly regular relation on hypergroup (H, ◦) and σ be a congruence
relation on group H/ρ, then σ∗ρ is also a strongly regular relation on H.

Proof. It is clear that σ∗ρ is an equivalence relation on H. Let h1, h2, h ∈ H and (h1, h2) ∈ σ∗ρ.
Therefore (ρ(h1), ρ(h2)) ∈ σ and (ρ(h), ρ(h)) ∈ σ. Given that σ is a congruence relation on
H/ρ, then ρ(h1).ρ(h)σρ(h2).ρ(h) and since ρ is a strongly regular relation, we have ρ(h1).ρ(h) =
ρ(h1◦h) = ρ(z1) and ρ(h2).ρ(h) = ρ(h2◦h) = ρ(z2) for each z1 ∈ h1◦h and z2 ∈ h2◦h. Therefore
ρ(z1) = ρ(h1◦h) σ ρ(h2◦h) = ρ(z2). So z1(σ∗ρ)z2, for each z1 ∈ h1◦h and z2 ∈ h2◦h.

Theorem 3.7. Let (H, ◦) be a hypergroup. Then γ = δ∗β.

Proof. By Lemma 3.6, δ∗β is a strongly regular relation and threrefore H/(δ∗β) will be a group.
Let h1, h2 ∈ H, by definition of δ we have

β(h1)β(h2) δ β(h2)β(h1).

Since β is a strongly regular relation, then β(z1) = β(h1◦h2) δ β(h2◦h1) = β(z2) for each z1 ∈
h1◦h2, z2 ∈ h2◦h1. It means that δ∗β(h1◦h2) = δ∗β(h2◦h1) and since δ∗β is a strongly regular
relation, we have (δ∗β)(h1).(δ∗β)(h2) = (δ∗β)(h2).(δ∗β)(h1).
We now know that (H/(δ∗β), .) is an abelian group and because γ is the smallest relation that H/γ
is an abelian group we have γ ⊆ δ∗β. Consider h1, h2 ∈ H and (h1, h2) ∈ δ∗β. So by definition,
there are m ∈ N and σ ∈ Sm and (β(x1), β(x2), ..., β(xm)) ∈ (H/β)m such that β(h1) =

∏m
i=1 β(xi)

and β(h2) =
∏m

i=1 β(xσ(i)). Since β is a strongly regular relation thus:

h1 ∈ β(h1) = β(x1)β(x2)...β(xm) = β(x1◦x2◦...◦xm),

h2 ∈ β(h2) = β(xσ(1))β(xσ(2))...β(xσ(m)) = β(xσ(1)◦xσ(2)◦ · · · ◦xσ(m)).

Let x ∈ x1◦x2◦...◦xm and y ∈ xσ(1)◦xσ(2)◦...◦xσ(m) then we have xγy. Since x ∈ β(h1) and
y ∈ β(h2) thus h1βx and yβh2. But β ⊆ γ, therefor h1γx and yγh2. This shows that h1γxγyγh2
hence h1γh2.

Theorem 3.8. Let ρ be a strongly regular relation on hypergroup H, then H/δ∗ρ is an abelian
group.
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Proof. Since β is the smallest strongly regular relation on H, then β ⊆ ρ, and therefore δ∗β ⊆ δ∗ρ.
Now by Theorem 3.7 we have γ ⊆ δ∗ρ.

Example 3.9. Suppose that G is a group, and H is a normal subgroup. For each x and y of G,
define x◦y = xyH. We know that (G, ◦) is a hypergroup. Also:

(x, y) ∈ β ⇔ x, y ∈ zH, for some z ∈ G

⇔ xH = yH.

So β(G) = G/H. But (G/H)′ = G′H/H and therefore δ∗β(G) = γ(G) = G/G′H. Also (x, y) ∈ γ
if and only if there are n ∈ N, (z1, z2..., zn) ∈ Gn and σ ∈ Sn such that x ∈ z1z2...znH and
y ∈ zσ(1)zσ(2)...zσ(n)H. Let z = z1z2...zn and w = zσ(1)zσ(2)...zσ(n), then xH = zH and yH = wH.
Since xG′H = zG′H, yG′H = wG′H and zG′ = wG′, then xG′H = yG′H.
On the other hand, if xG′H = yG′H, then xHG′ = yHG′. So there are n ∈ N, (z1, z2, ..., zn) ∈ Gn

and σ ∈ Sn such that xH = z1Hz2H...znH and yH = zσ(1)Hzσ(2)H...zσ(n)H. Thus

x ∈ xH = z1z2...znH = z1◦z2◦...◦zn and y ∈ yH = zσ(1)zσ(2)...zσ(n)H = zσ(1)◦zσ(2)◦...◦zσ(n).

Corollary 3.10. Let φ : H1 → H2 be a good homomorphism of hypergroups and ρ1 and ρ2 are
strongly regular relations on H1 and H2 respectively, such that φ(ρ1(x)) ⊆ φ(ρ2(x)), for every
x ∈ H. Then φ̄ : H1/ρ1 → H2/ρ2 where φ̄(ρ1(x)) = ρ2(φ(x)) is a homomorphism of groups.

Proof. If (x, y) ∈ ρ1, then (φ(x), φ(y)) ∈ ρ2, so φ̄ is well-defined. Since ρ1 and ρ2 are strongly
regular relations and φ is homomorphism, then

φ̄(ρ1(x) + ρ1(y)) = φ̄(ρ1(x+ y)) = ρ2(φ(x+ y)) = ρ2(φ(x) + φ(y))

= ρ2(φ(x)) + ρ2(φ(y)) = φ̄(ρ1(x)) + φ̄(ρ1(y)).

Let H be a hypergroup and ∆H = {(h, h);h ∈ H}, ∇H = H2 and R(H) be the set of all
strongly regular relations on H. Also consider R′(H) = {ρ ∈ R(H); H/ρ is abelian group} and

ρ∨σ = ρ ∪ (ρ◦σ) ∪ (ρ◦σ◦ρ) ∪ (ρ◦σ◦ρ◦σ) ∪ · · ·

where ρ◦σ = {(x, y) ∈ H2; (x, z) ∈ ρ, (z, y) ∈ σ for some z ∈ H}.

Proposition 3.11. Let H be a hypergroup. Then R(H) is a lattice.

Proof. For every ρ, σ ∈ R(H), ρ∨σ is the smallest equivalence relation containing ρ and σ. Let
(x, y) ∈ ρ∨σ and z ∈ H then there are n ∈ N and z1, ..., zn ∈ H such that z1 = x, zn = y and
(zi, zi+1) ∈ ρ ∪ σ for every 1 ≤ i ≤ n − 1. Without loss of generality assume that (x, z2) ∈ ρ,
(z2, z3) ∈ σ,..., (zn−1, y) ∈ ρ. So z◦x ρ z◦z2 σ z◦z3 ... z◦zn−1 ρ z◦y. Hence for every t1 ∈ z◦x and
tn ∈ z◦y there are t2, ..., tn−1 ∈ H such that t1ρt2σt3...tn−1ρtn where tk ∈ z◦zk. Thus (t1, tn) ∈ ρ∨σ
and z◦x ρ∨σ z◦y (similarly z◦x ρ∨σ z◦y).
Therefore ρ∨σ ∈ R(H), and the poset (R(H),⊆) is a lattice.

Since
∨

ρ∈R(H) ρ = ∇H ∈ R(H) and for every A ⊆ R(H);
⋂

ρ∈A ρ ∈ R(H) then R(H) is
complete lattice. If ρ ∈ R(H) and γ ⊆ ρ then for every x, y ∈ H we have

ρ(x)ρ(y) = ρ(xy) = ρ(γ(xy)) = ρ(γ(yx)) = ρ(yx) = ρ(y)ρ(x).
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Hence ρ ∈ R′(H) and since for every ρ ∈ R′(H) we have γ ⊆ ρ then R′(H) = ⟨γ⟩ ⩽ R(H), where
⟨γ⟩ is upper segment of lattice R(H) generated by γ. Also

⋂
ρ∈R′(H) ρ = γ and

∨
ρ∈R′(H) ρ = ∇H .

Example 3.12. Consider the hypergroup (G, ◦) where G = {p, q, x1, x2, x3, x4, x5} and

◦ p q x1 x2 x3 x4 x5
p {p, q} {p, q} {x1} {x2} {x3} {x4} {x5}
q {p, q} {p, q} {x1} {x2} {x3} {x4} {x5}
x1 {x1} {x1} {p, q} {x4} {x5} {x2} {x3}
x2 {x2} {x2} {x5} {p, q} {x4} {x3} {x1}
x3 {x3} {x3} {x4} {x5} {p, q} {x1} {x2}
x4 {x4} {x4} {x3} {x1} {x2} {x5} {p, q}
x5 {x5} {x5} {x2} {x3} {x1} {p, q} {x4}

Thus β = ∆G ∪ {(p, q), (q, p)} and β(G) ∼= S3. Since β is the smallest strongly regular relation
and also strongly regular relations and regular relations are the same on groups, then R(H) =
{β, γ,∇G} where γ = β ∪

{
(xi, xj); i, j ∈ {1, 2, 3}, i ̸= j

}
∪
{
(xr, xs); r, s ∈ {4, 5}, r ̸= s

}
,

γ(G) ∼= Z2 and

•

•

•

γ

∇G

β

Proposition 3.13. Let ρ ∈ R(H). Then δ∗ρ = γ∨ρ.

Proof. We know that δ∗ρ is a strongly regular relation containing ρ, such that H/δ∗ρ is an abelian
group. Since γ∨ρ is the smallest strongly regular relation containing ρ, such that H/δ∨ρ is an
abelian group, then δ∗ρ ⊆ γ∨ρ.
Let (a, b) ∈ δ∗ρ. Then (ρ(a), ρ(b)) ∈ δ and there are n ∈ N, τ ∈ Sn and x1, ..., xn ∈ H such that

ρ(a) =
∏n

i=1 ρ(xi) = ρ(
∏n

i=1 xi);

ρ(b) =
∏n

i=1 ρ(xτ(i)) = ρ(
∏n

i=1 xτ(i)).

Consider x ∈
∏n

i=1 xi and y ∈
∏n

i=1 xτ(i). Then xγy, aρx and bρy. So a ρ x γ y ρ b. Therefore
(a, b) ∈ γ∨ρ.

So δ∗ρ is the smallest strongly regular relation containing ρ in R′. Also, ∗ is associative because
if τ ∈ R(H) and σ is a regular relation on H/τ and ρ is a regular relation on H/δ∗τ , then

(a, b) ∈ ρ∗(σ∗τ) ⇔ ((σ∗τ)(a), (σ∗τ)(b)) ∈ ρ

⇔ (σ(τ(a)), σ(τ(b))) ∈ ρ

⇔ (τ(a), τ(a)) ∈ ρ∗σ
⇔ (a, b) ∈ (ρ∗σ)∗τ.

We know that β = ∆ on groups, so if ρ ∈ R(H), then (a, b) ∈ β∗ρ if and only if (ρ(a), ρ(b)) ∈ ∆ if
and only if (a, b) ∈ ρ. Hence β∗ρ = ρ.

Corollary 3.14. Let ρ, σ ∈ R(H). Then δ∗(ρ∨σ) = δ∗ρ ∨ δ∗σ and δ∗(ρ ∩ σ) ⊆ δ∗ρ ∩ δ∗σ.
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Proof. The proof is clear. Note that if ρ, σ ∈ R(H), then

δ∗(ρ∨σ) = γ∨(ρ∨σ) = γ∨ρ ∨ γ∨σ = δ∗ρ ∨ δ∗σ.

4 Conclusions

It was proved above that if G is a group, then G/G′ ∼= G/δ. So, if ρ ∈ R(H), then

H/ρ

(H/ρ)′
∼=

H/ρ

δ

but
H/ρ

δ
=

H

δ∗ρ
. Therefore, the following diagram is commutative:

1

H H/ρ

H/ρ
(H/ρ)′

ρ

δ∗ρ δ

Let H-Group denote the category of hypergroups, which its objects are hypergroups and its
morphisms are good homomorphisms of hypergroups. Also by Ab and Group we denote the
categories of Abelian groups and groups, respectively. Then the maps Fγ : H-Group → Ab,
Fβ : H-Group → Group and Fδ : Group → Ab are functors. Moreover Fγ = Fδ∗β and the
following diagram of functors is commutative:

1

H-Group Group

Ab

Fβ

Fγ

Fδ

Let {Hi}i∈I and {Gi}i∈I be, respectively, a family of groups and a family of hypergroups. Since
(
∏

i∈I Gi)
′ =

∏
i∈I G

′
i, then γ maps every product in the category H-Group to a product in the

category Ab, as:

γ(
∏

i∈I Hi) = δ∗β(
∏

i∈I Hi) = δ(
∏

i∈I β(Hi)) =
∏

i∈I δ∗β(Hi) =
∏

i∈I γ(Hi).

For the following research, one can investigate the mentioned property for other categorical con-
cepts, especially coproducts, using the relation Fδ∗β = Fδ ◦ Fβ.
Additionally, we will explore the issue that if σ and τ are the smallest regular relations such that,
for any arbitrary group G, the groups σ(G) and τ(G) are solvable and nilpotent respectively, then
σ∗β and τ∗β are strongly regular relations, such that for any arbitrary hypergroup H, the groups
σ∗β(H) and τ∗β(H) are solvable and nilpotent respectively. Consequently:

Fσ∗β = Fσ ◦ Fβ;

Fτ∗β = Fτ ◦ Fβ.
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