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1 Introduction

EQ-algebras were proposed by Novak and De Baets [12]. The first motivation for studying this
algebra comes from fuzzy type theory (FTT) [1I] that generalizes the system of classical type
theory [I] in which the sole basic connective is equality. Another motivation is from the equational
style of proof in logic. EQ-algebras are exciting and essential for studying and researching. In fact,
EQ-algebras generalize non-commutative residuated lattices, [6]. From the point of view of logic,
the main difference between residuated lattices and EQ-algebras lies in the way the implication
operation is obtained. While in residuated lattices, it is obtained from (strong) conjunction, in
EQ-algebras it is obtained from equivalence. The notion of the integral prefilter and integral EQ-
algebras was introduced by Paad [13] as a special case of EQ-algebra. Algebraic hyperstructures
represent a natural extension of classical algebraic structures. They were introduced in the 8th
Congress of Scandinavian Mathematicians in 1934 by the French mathematician Marty [10]. In an
algebraic hyperstructures, the composition of two elements is not an element but a set. Till now,
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the hyper structures have been studied from the theoretical point of view, for their applications
to many subjects of pure and applied mathematics. For example hyper structure theory has been
intensively researched in [2| 4, [8, @9]. Recently, Borzooei has applied hyper theory to EQ-algebras
to introduce hyper EQ-algebras [3] which are a generalization of EQ-algebras. Hyper filters (or
hyper deductive systems) are important tools in studying hyperstructures [2] [5].

This paper is organized as follows: in Section 2, the basic definitions, properties and theorems
of hyper EQ-algebras are reviewed. In Sections 3 and 4, we introduce the notion of integral
of hyper EQ-algebras, integral (pre)filters and obstinate (pre)filters of hyper EQ-algebras. We
characterize several essential properties of them, and we provide the quotient hyper EQ-algebras
via hyper integral, and obstinate filters and we give some related results. Also, we study the
relationship among obstinate (pre)filters and some type of other (pre)filters such integral, maximal,
(positive)implicative and fantastic (pre)filters in hyper EQ-algebras.

2 Preliminaries

In this section, we give some fundamental definitions, propositions and theorems which provide
some properties of hyper EQ-algebras. For more details, refer to the reference [3].

Definition 2.1. [12] An EQ-algebra is an algebra (L,A,®,~,1) of type (2,2,2,0) satisfying the
following axioms:

(E1) (L, A, 1) is a N-semilattice with top element 1. We set x <y if and only if x Ny = x,

(E2) (L,®,1) is a commutative monoid and © is isotone with respect to <,

(E3) x ~x =1 (reflexivity axiom),

(E4) (zAy)~2)0 (t~x) <z~ (tAy) (substitution axiom),

(E5) (x~y) O (z2~t) < (x~2z)~(y~t) (congruence axiom),

(E6) (xAyAz)~xz<(xAy)~x (monotonicity axiom),

(E7) z©y <z ~vy (boundedness axiom),

forallt,z,y,z € L.

A function o : A x A — P*(A), of the set A x A into the set of all nonempty subsets of A, is
called a binary hyperoperation, and the pair (4;o) is called a hypergroupoid. If o is associative,
then A is called a semihypergroup, which is said to be commutative if o is commutative. Also, an
element 1 € A is called an identity element if z € 1 oz, for all z € A. Here after, we denote x oy
instead of z o {y}, {z} oy or {z} o {y}.

Definition 2.2. [3] A hyper EQ-algebra (L, A\, ®,~,1) is a nonempty set L with a binary operations
A and two binary hyper operations @, ~ and top element 1 satisfying the following conditions, for
all x,y,z,t € L:

(HEQ1L) (L,A,1) is a commutative idempotent monoid with top element 1,

(HEQ2) (L,®,1) is a commutative semihypergroup with 1 as an identity and © is isotone w.r.t.
< de ifr <y, thenx®z<Ky®z (where xz <y if and only if t Ny = x),

(HEQ3) ((xNy) ~2) O (t~a) <z~ (EAY),

(HEQ4) (z~y) O (z~1) < (z~2) ~ (y~1),

(HEQ5) (xANyAz)~x < (xANy) ~z,

(HEQ6) (x ANy) ~z < (x AyAz)~(xAz)

(HEQT) z 0y < x ~y,

where A < B, means that, for all a € A there exists b € B such that a < b. Moreover, for any

nonempty subsets A, B C H, we write AoB= |J (aob),oe€{®,~} and ANB={aNb|ac€
a€AbeB
A,be B}.
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In any hyper EQ-algebra (L, A, ®, ~, 1) the auxiliary hyperoperation — is defined as z — y :=
(xANy)~xand A —- B=(AAB)~ A= U (x—y)andsincea —b=(aAb)~aC

z€EANB,yeA
U (x—y), forany a € A,b € B, we conclude that |J (a — b) C A — B. Moreover, if
z€EANByeA ac€AbeB

it has a bottom element 0 (with respect to the order <), the set z — 0 = = ~ 0 is denoted by —z
and hyper EQ-algebra L is called good, if =2 ~ 1=z, for all x € L.

Proposition 2.3. [3] Let (L,A,®,~,1) be a hyper EQ-algebra. Then the following conditions
hold, for all x,y,z € L and A,B,C C L

()lez~z, l<r—zandl e A— A

(1) If x < y, then 1 € x — y.

(i) 2 © (x ~y) K F and y < x — 4.

(iv) Ife <y, thenz s <z—=yandy = 2 < T — 2.

Wer~y<KLy~zandx ~y <KLz —y.

Definition 2.4. [3] Let D be a nonempty subset of a hyper EQ-algebra L. Then

(i) D is called S~ -reflexive, if (x ~y) N D # (), implies x ~y C D, for any x,y € L.
(11) D 1is called S_,-reflexive, if (x — y) N D # 0, implies v — y C D, for any x,y € L.
Every S -reflexive set is S_,-reflexive.

Definition 2.5. [7] Let L be a hyper EQ-algebra. Then we say that L is satisfies in

(1) exchange principle condition or (EP) condition, if A — (B — C) < B — (A — (), for all
A,B,C C L.

(11) residuated condition, when A ® B < C if and only if A< B — C, for all A,B,C C L.

Definition 2.6. [3,[7] Let F' be a nonempty subset of a hyper EQ-algebra L such that 1 € F. Then
F is called a(an)

(i) Prefilter of L, if x -y C F and x € F implyy € F and (x ®y) C F, for all z,y € F.

(13) Filter of L, if F' is a prefilter and x — y C F, implies (x©®z) — (y©®z) C F for allx,y,z € L.
(13i) Positive implicative prefilter of L, if z — (y > ) CF and z -y C F, imply z —» = C F,
forall z,y,z € L and (x ®y) C F, for all z,y € F.

(1v) Positive implicative filter of L, if F is a positive implicative prefilter and x — y C F, implies
(x®z) > (y©z) CF foralx,y,zeL.

(v) Implicative prefilter of L, if z — ((x = y) > x) C Fandz € F, implyx € F, and (x@y) C F,
forallxz,y € F.

(vi) Implicative filter of L, if F' is an implicative prefilter and x — y C F, implies (x ©® z) —
(y©z) CF forall z,y,z € L.

(vit) Fantastic prefilter of L, if z — (y = ) C F and z € F, then ((r — y) > y) > x C F, and
(x@y) CF, forallz,y € F.

(viii) Fantastic filter of L, if F is a fantastic prefilter and x — y C F, implies (x®z) — (y©z) C F.

Proposition 2.7. [3] Let F be an S.-reflexive prefilter of a hyper EQ-algebra L. Then for any
z,y,z € L:

(1) Ifr € F and x <y, theny € F and if AC F and A < B, then BN F # .

(it) Ifx € F and (x ~y) N F # 0, theny € F.

(i13) If (x ~y) CF and (y ~z) C F, then (x ~ 2z)NF # 0.

(i) If (x > y) CF and (y — z) C F, then (x — 2) N F # (.

Consider an S~ -reflexive filter F' of a hyper EQ-algebra L and x,y € L. Define a binary relation
=p on L as follows:
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x =p y if and only if (z ~ y) N F # (.

Then =p is a congruence relation on L. We denote the equivalence class  w.r.t = by [z]=, ([z]

L
for short). Furthermore, we define quotient algebra T {[z] | € L} and the operations A and

_ L
hyper operations ~, ®, for [z],[y] € T 8 follow:

[ ATyl = e Ayl IRl = A{ [t ez ~y), [0y = {ll][tezOy}.

The top element is [1] and [z] < [y] if and only if [x] A [y] = [z] if and only if z A y = x if and
only if (z Ay ~x)NF # 0 if and only if (z — y) N F # (.

Theorem 2.8. [3] Let F' be an S~.-reflexive filter of a hyper EQ-algebra L. Then (
s a separated hyper EQ-algebra.

A0, [1])

|

Theorem 2.9. [7] Let L be a good hyper EQ-algebra and satisfy the residuated condition. Then
(1) Every S--reflexive implicative (pre)filter is a positive implicative (pre)filter.

(13) If L is satisfied in (EP) condition and F is an S--reflexive filter of L, then F is positive
implicative if and only if (x ANy) — (x ®@y) C F, for any x,y € L.

3 Integral hyper EQ-algebras and integral (pre)filters in hyper
EQ-algebras

In this section, we introduce the concept of integral hyper EQ-algebras and integral (pre)filters,
and we give some related results.

Definition 3.1. Let L be a hyper EQ-algebra with bottom element 0 and F be a proper prefilter
of L. Then F is called an integral prefilter, if for any xr,y € L:

—(z ®y) C F implies ~x C F or -y C F.
An integral prefilter F' is called integral filter, if for any x,y,z € L, it satisfies:
x—y CF implies (x©z) = (y©z) CF.

Example 3.2. [7] Let (L ={0,a,b,1}, <) be a poset, such that 0 < a < b < 1. Define \,®,~ on
L as follow:

Ay =2z ©y=min{z,y},

and
‘ 0 a b 1

{1y {0y {0} {0}
{oy {1} {61} {a,1}
{0y {61} {1} {o,1}
{0} {e,1} {01} {1}

Then (L, A\, ®,~,1) is a hyper EQ-algebra and F = {a,b, 1} is an integral (pre)filter of L.

)—‘O“QOZ

Definition 3.3. A hyper EQ-algebra L with bottom element O is called an integral hyper EQ-
algebra, if 0 e x ©y, then x =0 ory =0, for any x,y € L.
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Example 3.4. Let L be a hyper EQ-algebra in Ezample [3.3. Then L is an integral hyper EQ-
algebra.

Example 3.5. [7] Let (L = {0,a,b,1}, <) be a poset, such that 0 < a < b < 1. Define \,®,~ on
L as follow:

z Ay = min{z, y},

and
0 a b 1

{1} {a,b,1}  {a,1}  {0,1}
{a,b0,1}  {a,1} {a,b,1} {a,1}
{a,1} {a,b,1}  {b,1}  {b,1}
{0,1}  {a, 1} {b1} {1}

| o a b 1
{oy {0} {0} {0}
{0} {0,a} {0,a} {0,a}
{0} {0,a} {b} {0}
{0} {0,a} {o} {1}
Then (L,\,®,~,1) is a hyper EQ-algebra while L is not an integral hyper EQ-algebra, because
0€{0,a} =a®bbuta+#0 andb+#0.

}—‘O“QOZ

—_cQ O@

Theorem 3.6. Let L be a hyper EQ-algebra with bottom element 0 and F be an S~ -reflexive filter
L
of L. Then F is an integral filter of L if and only if a is an integral hyper EQ-algebra.

L
Proof. Let F be an integral filter of L and [0] € [z] ® [y], for [z],[y] € 7 Then there exists
t € x ®y, such that [0] = [¢] and so t =p 0. Hence, (t ~ 0)NF # () and since ¢t € x ®y, we get that

tr0C | t~0)=@oy) ~0==(z0y),
tex@y

and so ~(x ©® y) N F # (. Now, since F is S.-reflexive, we conclude that —(z ® y) C F and since
F is integral filter of L, we get that -z C F or -y C F. Hence, -z NF # () or -y N F # () and
so z =p 0 or y =p 0. Therefore, [x] = [0] or [y] = [0] and so a is an integral hyper EQ-algebra.
Conversely, let & be an integral hyper EQ-algebra and —(z ®y) € F. Then —(z ®y) N F # () and
soz @y =r 0. Hence, [x ®y] = [0] and so [z] = [0] or [y] = [0]. Thus, x =r 0 or y = 0 and
soxNF # 0 or -yNF # () and since F is S.-reflexive, we conclude that -z C F or -y C F.
Therefore, F' is an integral filter of L. O

Definition 3.7. A hyper EQ-algebra L with bottom element 0 is called a spanned hyper EQ-algebra,
if0=0~1=0.
Every good hyper EQ-algebra is a spanned hyper EQ-algebra.

Example 3.8. Let L be a hyper EQ-algebra in Example [3.3. Then L is a spanned hyper EQ-
algebra.

Example 3.9. Let L be a hyper EQ-algebra in Example [3.5. Then L is not a spanned hyper
EQ-algebra, because, 0 = {0,1} # {0}.
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Theorem 3.10. (Eztension Property) Let F' and G be two proper prefilters of a spanned hyper
EQ-algebra L such that F C G and F be a S--reflexive integral prefilter of L. Then, G is an
integral prefilter of L.

Proof. Let =(z ®y) C G and z,y € L. Then by Proposition [2.3]ii7), we have (z ©®y) ® ((z © y) ~
0)<0=0andso0~0=0—=0<(z0y) O (rOy) ~0) = 0=-(r0y)®-(rOy)) and
since 1 € 0 ~ 0, there exists b € =((z ® y) ® =(z ® y)) such that 1 < b and so b = 1. Hence,
—((x®y)®-(x©y))NF # 0 and since F is S.-reflexive, we get that =((z ©y) ©® ~(x ©y)) C F.
Now, since F' is an integral prefilter of L, we conclude that —(z ® y) C F or =—=(x ©y) C F. If
—(z@y) C F,then -2 C F C Gor -y C F C G and if =—(z®y) C F, then =((z0y) - 0) C F C G
and so =((z®y) — 0)NG # () and so there exists ¢ € ~(x ®y) C G, such that (¢ — 0)NG # 0 and
so (¢ ~0)NG # 0 and since G is a prefilter of L and ¢ € G, by Proposition (w), we conclude
that 0 € G and so by Proposition (1), G = L which is impossible, because G is a proper prefilter
of L. Therefore, G is an integral prefilter of L. O

4 Obstinate and maximal (pre)filter in hyper EQ-algebras

In this section, we introduce the concept of obstinate and maximal (per)filters of a hyper EQ-
algebra and we study the relationship among obstinate (pre)filters, and some type of other (pre)filters
such integral, maximal, (positive)implicative and fantastic (pre)filters in hyper EQ-algebras

Definition 4.1. A proper (pre)filter F' of a hyper EQ-algebra L is called an obstinate (pre)filter,
ife,y€ F, thene -y CF andy — x CF, for any x,y € L.

Example 4.2. Let F' = {a,b,1} in Example . Then, F is an obstinate filter of L.

Example 4.3. Let F' = {b,1} in Example . Then F' is not an obstinate filter, because 0,a & F
anda—0=(aN0)~a=0~a={a,b 1} ZF.

Proposition 4.4. Let F' be an S~ -reflexive proper prefilter of a hyper EQ-algebra L. Then F' is
an obstinate prefilter of L if and only if v,y & F implies x ~y C F, for any x,y € L.

Proof. Let F be an S.-reflexive proper prefilter of a hyper EQ-algebra L and z,y ¢ F. Then
x—=yCFandy —xC Fandso (zAy)~xzCF and (x Ay) ~y C F. Since by Proposition
2.3(v), (xAy) ~ 2 < x ~ (z Ay) and since (z Ay) ~ z C F, by Proposition 2.7(i), we get
that (z ~ 2 Ay) N F # () and since F is S.-reflexive we conclude that x ~ (z Ay) C F and
since (z Ay) ~y C F, by Proposition (nz), we get that (x ~y)NF # () and so x ~ y C F.
Conversely, if ¢ ~ y C F and x,y ¢ F, then by Proposition (v), x ~y <<z — yand so by
Proposition i), we have (z — y) N F # () and so x — y C F. Moreover, since by Proposition
R3(v), z ~y <y ~z <y — 1z, weget that = ~ y < y — x and so by Proposition 2.7](),
(y = x)NF #0. Hence, y —  C F and so F is an obstinate prefilter of L. O

Theorem 4.5. Let F' be an S--reflexive proper prefilter of a hyper EQ-algebra L with bottom
element 0. Then F is an obstinate prefilter of L if and only if x € F implies —x C F.

Proof. Let F be an S.-reflexive proper prefilter of a hyper EQ-algebra L and x ¢ F. Since 0 ¢ F',
by Proposition [4.4] we conclude that -2 = z ~ 0 C F. Conversely, let z,y &€ F. Then -z C F and
-yC Fandsox~0C F and y~0C F. Since by Proposition(v), y~ 0«0~y and so by
Proposition 2.7)(i), (0 ~ y)NF # () and since F is S, reflexive, we conclude that 0 ~ y C F. Hence,
by Proposition [2.7((iii), we have (z ~ y) N F # () and so  ~ y C F. Therefore, by Proposition
F' is an obstinate prefilter of L. O
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Theorem 4.6. (Extension Property) Let F' and G be two proper prefilters of a hyper EQ-algebra
L such that FF C G and F be an obstinate prefilter of L. Then G is an obstinate prefilter of L.

Proof. Let x,y ¢ G. Then by F C G we get that x,y ¢ F' and since F' is an obstinate prefilters of
L, we conclude that x -y C Fand y -2 C Fandsoz —y C G and y — x C G. Therefore, G
is an obstinate prefilter of L. ]

L
Theorem 4.7. Let F' be an S--reflexive obstinate filter of a hyper EQ-algebra L. Then ya is a
chain-separated hyper EQ-algebra.

Proof. Let F be an S.-reflexive filter of a hyper EQ-algebra L. Then, by Theorem % is a

L
separated hyper EQ-algebra. Now, let [z],[y] € ik If x € F or y € F, then by Proposition

2.3(iii), * < y — x and so by Proposition 2.7)(7), (y — =) N F # 0. Hence, [y] < [z]. Similarly,
if y € F, then [z] < [y]. Let z,y ¢ F. Since F' is an obstinate filter of L, by Proposition 4.4, we

get that z ~ y C F and so (z ~ y) N F # (. Hence, x = y and so [z] = [y]. Therefore, i is a
chain-separated hyper EQ-algebra. O

Lemma 4.8. Let F be a prefilter of a hyper EQ-algebra L, ) # A,B C L and b,z € L. Then
(1) [fACF and A—bC F, thenbe F.

(it) Ifx € F and z — B C F, then BC F and BN F # ().

(1i1) If A, B C F, then A® BC F.

Proof. (i) Since () # A C F, there exists a € A such that a € F and sincea b C A — b C F, we
get that a — b C F and so (a — b) N F # (). Now, since F' is a prefilter of L and a € F, we get
that b € F.

(1) Since © — B C F, we get that for any b € B, bgB(x — b)) C ¢z - B C F and since

x—>b§bUB(a:—>b),foranybEB,wegetthatx%bgF,foranybEBandbya:GF,
€

we conclude that b € F. Therefore, B C F' and since B is nonempty subset of L, we get that

BNF # 0.

(13i) Let A, B C F. Then for any a € A and b € B, we have a,b € F and so a ® b C F. Hence,

A®B= U aGbCF. O
a€AbeEB

Theorem 4.9. Let F' be an S.-reflexive obstinate prefilter of a hyper EQ-algebra L. Then F is

an implicative prefilter of L.

Proof. Let F be an S.-reflexive obstinate prefilter of L and x,y € L such that (x — y) — 2 C F.
If y € F, then by Proposition [2.3|(#ii), y <  — y and so by Proposition 2.7(i), (z — y) N F # 0
and since F' is S.-reflexive, we get that x+ — y C F. Now, since F is a prefilter of L and
(x = y) - = C F, by Lemma i), x € F. Moreover, if z,y ¢ F, then x — y C F and since
(x - y) — = C F, we conclude that x € F, which is a contradiction. Therefore, F' is an implicative
prefilter of L. O

Corollary 4.10. Let F be a S~ -reflexive obstinate prefilter of good hyper EQ-algebra L with
residuated condition. Then F is a positive implicative prefilter of L.

Proof. It follows from Theorem (z) and Theorem O
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Lemma 4.11. Let L be a hyper EQ-algebra with residuated condition and x,y,z € L. Then
(i) zO(r—y) <y.

(i) v = (y = 2) Ky = (z — 2).

(iii) (zOy) >z < — (y = 2).

() z—y<(x®2) = (YO 2).

Proof. (i) Since x — y < x — y, by residuated condition, we conclude that z ® (z — y) < y.

(13) Let z,y,z € L. Then by (i), x ® (x — (y — 2)) < y — z, and so by residuated condition,
we have yOz ® (r = (y = 2)) K zand since y Oz O (z = (y - 2) =20y O (z — (y — 2)),
we conclude that t @y © (z — (y = 2)) < zand so y® (xr — (y — z)) < © — z. Hence,
r—= (y—=2) <y = (r— 2).

(13i) Let x,y,z € L. Then by (i), (t ®y) ® ((r ®y) — 2) < z and so by residuated condition, we
have y© ((zr O y) = 2) <Kz = zandso (2 Oy) = 2 <K<y = (r = 2). Now, ifpe (z0Oy) = 2,
then there exists ¢ € y — (x — z) and since by (ii), y = (z = 2) < © — (y — z2), there exists
r€x— (y — z), such that ¢ < r. Hence, p<randso (z0y) =z <z — (y — 2).

(1v) Since by (i) x® (z — y) < y, for z,y,z € L, by (HEQ2), we get that t 020 (z = y) K y© 2
and so by residuated condition, we have z — y < (z ® 2) = (y © 2). O

Theorem 4.12. Let F' be an S--reflexive obstinate filter of a good hyper EQ-algebra L with
residuated condition. Then

(i) v is an integral hyper EQ-algebra.

(1i) F is an integral filter of L.

Proof. (i) Let F be an S.-reflexive obstinate filter of good hyper EQ-algebra L with residuated
_ L
condition and [0] € [z]®[y], for [z], [y] € T Then 0 € z ® y and so

0~0C |J t~0)=(xoy) ~0,
tex®y

and since by Proposition[2.3(i), 1 € 0 ~ 0, we get that 1 € (z®y) ~ 0 and so ((z®y) ~ 0)NF # 0.
Hence, ((x ®y) — 0) N F # () and since F is S--reflexive, we get that ((x ©®y) — 0) C F and
since by Lemma iii), (x ®y) = 0 < =z — (y — 0), by Proposition [2.7(i), we get that
(x = (y = 0))NF # (. Now, if z,y € F, then by Lemma (zz), (y — 0) C F and since y € F,
we conclude that 0 € F', which is impossible, because F' is a proper filter of L. Moreover, if x € F'
and y ¢ F, then by (x — (y — 0)) N F # () and Lemma [4.8|(¢i), we have (y — 0) C F and so
(y ~0) C F. Hence, (y ~0)NF # () and so y =p 0. Therefore, [y] = [0] and by similar way,
ifye Fandz ¢ F, by (z — (y = 0)) N F # () and Lemma it), we conclude that [z] = [0].
Also, if 2,y € F, since F is an obstinate filter of L we have (r — y) C F and (y — ) C F and
by Corollary F' is a positive implicative . Now, since (z — y) € F and z — (y = 0) C F,
we conclude that (z — 0) C F and so (x ~ 0) C F. Hence, (x ~ 0)NF # () and so x = 0.
Thus, [z] = [0]. Moreover, since by Lemma it), (z = (y - 0)) < (y = (x — 0)) and
(x — (y — 0)) N F # 0, by Proposition 2.7)(¢), we conclude that (y — (z — 0)) N F # 0 and so
(y = (x = 0)) C F. Now, by (y — z) C F, we have (y ~ 0) C F. Hence, (y — 0) N F' # 0 and so

L
y =p 0. Therefore, [y] = [0] and so ya is an integral hyper EQ-algebra.
(73) Tt follows from Theorem O

Theorem 4.13. Let F' be an S -reflezive fantastic prefilter of a hyper EQ-algebra L with bottom
element 0. Then -—x — x C F, for any x € L.
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Proof. Since by Proposition (m), 1 €0 — x, for any x € L and since 1 € F, we get that
(0= 2)NF # () and so (0 — z) C F and since by Proposition iii), (0 - z) < 1 — (0 = x),
we have (1 = (0 — z)) N F # 0, by Proposition [2.7)(i), and so (1 — (0 — z)) C F. Now, since
F is a fantastic prefilter of L and 1 € F', we conclude that ((z — 0) — 0) — x C F. Therefore,
-—x —x CF, for any x € L. O

Theorem 4.14. Let F be an S~-reflexive integral and fantastic prefilter of a spanned hyper EQ-
algebra L with bottom element 0. Then, F' is an obstinate prefilter of L.

Proof. Let x,y € L such that x,y ¢ F. Since F is a fantastic prefilter of L, by Theorem
we get that ——2 — x C F and since by Proposition [2.3(iii),  ® -2z = = ® (z ~ 0) < 0 = 0.
Hence, by Proposition i), 0 ~0=0—0< (z®—x) = 0 and since 1 € 0 ~ 0, there exists
b€ (z®-z) — 0, such that 1 < b and since 1 is top element of L, we conclude that b = 1 and so
1 € =(xz®—z). Hence, -(z ® —x) N F # () and since F' is S.-reflexive, we get that —=(z ® —z) C F.
Now, since F' is an integral prefiletr of L, we conclude that -z C F or ==z C F. If =—z C F,
then by =—x — x C F, we have x € F which impossible because z ¢ F. Hence, -« C F and
by similarly, since y ¢ F, we get that -y C F. Now, by Proposition 2.3(iv), z = 0 < = = y
and since =z C F, by Proposition [2.7)(7), we conclude that (z — y) N F # ) and so z — y C F.
Similarly, since -y C F', we get that y — x C F. Therefore, F' is an obstinate prefilter of L. [

Theorem 4.15. Let F' be an S -reflexive obstinate prefilter of a hyper EQ-algebra L. Then, F is
a fantastic prefilter of L.

Proof. Let F be an S.-reflexive obstinate prefilter of L and x,y, z € L such that z — (y = z) C F
and z € F. Then by Lemma [4.§(ii), y — = C F. If z € F, then by Proposition [2.3(i),
z < ((z = y) = y) — x and so by Proposition R.7(i), (((zx = y) = y) = ) N F # () and since
F is S.-reflexive, we get that (((z - y) > y) - 2) CF. Ifx ¢ F and ((x - y) > y) C F,
since y — = C F by Proposition 2.7(iv), we get that ((z — y) — z) N F # () and since F is
S.-reflexive, we conclude that ((z — y) — xz) C F. Moreover, since by Proposition i),
(z =y —2)<l— ((r —-y) — x), we get that (1 — ((x — y) — z)) N F # 0 and since
by Theorem F' is an implicative prefilter of L and 1 € F', we conclude that « € F which is
impossible. Now, if z ¢ F and ((zx — y) — y) € F, then ((x — y) — y) N F = 0, indeed if
((x = y) = y)NF # 0, since F is S--reflexive, we have ((x — y) — y) C F which impossible.
Hence, for any k € ((x — y) — y), we have k ¢ F. Now, since F' is an obstinate perfilter of L,

we conclude that £ — = C F and since (k — x) C e U : )(k: —x)C (x> y) =y =z, we
c((z—y)—y

get that ((z > y) > y) > xNF # 0 and so ((z — y) - y) — @ C F. Therefore, F is a fantastic

prefilter of L. 0

Lemma 4.16. Let L be a spanned hyper EQ-algebra and ) # A C L. Then 0 € A® —A.

Proof. Let ) # A C L and L be a spanned hyper EQ-algebra. Then there exists a € A and since
by Proposition (zzz), a®-a=a®(a—0)<0=0, we get that for any x € a ® —a, z < 0 and

so z = 0. Hence, a ® ~a = {0} and since a ® ~a C A ® -4 = AL}J 80 b, we conclude that
acA,be—

0e Ao —A. O

Theorem 4.17. Let F be an S -reflexive obstinate prefilter of spanned hyper EQ-algebra L. Then
F is an integral prefilter of L.
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Proof. Let =(x ©®y) C F, =z ¢ F and -y ¢ F, for some z,y € L. Since F is a proper prefilter
of L, we get that 0 ¢ F' and since F is an obstinate prefilter of L and -z ¢ F, we conclude that
——z = (-z — 0) C F, indeed, since =z ¢ F, then exists b € -z, such that b ¢ F and since F is
an obstinate prefilter of L and 0 € F', we conclude that b — 0 C F' and since

b—0C U(t—>0)gﬁaz—>0,

te—x

we conclude that (—z — 0) N F' # () and since F is S.-reflexive, we get that ——x C F. Similarly,
——y C F and since by Theorem [£.15] F is a fantastic prefilter of L, by Theorem [£.13] we have
-—z — 2 C F and =-—y — y C F. Now, by Lemma i), we conclude that x,y € F and so
(zx ®y) C F. Hence, by Lemma [1.iii), (z ® y) ® (=(z ® y)) C F and since by Lemma [4.16]
0€(x®y)® (~(r®y)), we conclude that 0 € F, which is impossible. Therefore, -2z C F or
—y C F and so F' is an integral prefilter of L. O

Corollary 4.18. Let F be an S~ -reflexive integral prefilter of spanned hyper EQ-algebra L. Then
-x CF or——x CF, for any x € L.

Proof. Since L is a spanned hyper EQ-algebra, by Lemma [4.16] we get that x ® -z = 0 and so
1€0~0=-(zr®—x). Hence, ~(x ® ~z) N F # ) and since F is an S..-reflexive integral prefilter
of L, we get that =(z ® —z) C F and so =z C F or -—x C F. O

Theorem 4.19. Let F' be an S -reflexive proper prefilter of a spanned hyper EQ-algebra L such
that x € F or mx C F, for any x € L. Then F is an integral filter of L.

Proof. Let ~(x ®y) C F, =z ¢ F and -y € F, for some z,y € L. Then z € F and y € F and
so (z ®y) C F. Hence, by Lemma [4.8(i77), (z ® y) ® (=(z ®y)) C F and since by Lemma
0€(x0y)® (~(r©®y)), we conclude that 0 € F, which is impossible. Therefore, -z C F or
-y C F and so F is an integral prefilter of L. O

Theorem 4.20. Let F' be an S~ -reflexive prefilter of a spanned hyper EQ-algebra L. Then the
following conditions are equivalent:

(1) F is an obstinate prefilter of L.

(1) F is an integral and fantastic prefilter of L.

Proof. Tt follows from Theorem Theorem and Theorem O

Proposition 4.21. Let F' be an S--reflexive prefilter of a hyper EQ-algebra L with residuated
condition. Then F is a filter of L.

Proof. Let F be an S.-reflexive prefilter of L and z,y,z € L such that x — y C F. Since by
Lemma ), z =y < (x©z) = (y© z), by Proposition R.7(i), (z ©2) = (y©@2))NF #0
and since F' is S.-reflexive, we get that ((z ©® z) — (y ©® 2)) C F. Therefore, F' is a filter of L. [

Definition 4.22. A prefilter F' of a hyper EQ-algebra L is called a maximal prefilter, if it is proper
and no proper prefilter of L strictly contains F', that is, for each prefilter, F # G, if F C G, then
G=1L.

Example 4.23. Let F = {a,b, 1} in Example . Then, F is a mazximal filter of L.

Proposition 4.24. Let F be an S--reflexive obstinate prefilter of a hyper EQ-algebra L with
bottom element 0. Then F is the mazimal perfilter of L.
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Proof. Let F be an obstinate prefilter of L. Then F' is a proper perfilter of L and if ¥ C G C L
and F' # G such that G is a prefilter of L, then there exists x € G such that x € F and since
0 & F, we get that x — 0 C F C G and since z € G and G is a prefilter of L, we conclude that
0 € G and so by Proposition [2.7|(i), G = L. Therefore, F' is maximal perfilter of L. O

Theorem 4.25. Let ' be an S~ -reflexive positive implicative prefilter of a hyper EQ-algebra L
with the residuated condition. Then Fo = {x € L | a — x C F'} is the least filter of L contains F'
and {a}.

Proof. Let F' be an S._-reflexive positive implicative prefilter of L and a € L. Then by Proposition
[2.3(it), we get that 1 € @ — 1 and so (a — 1) N F # 0 and so (a — 1) C F. Hence, 1 € F,.
Moreover, if x € F, and © — y C Fy, for 2,y € L, thena - = C F and a — (x — y) C F and
since F' is a positive implicative prefilter of L, we conclude that a — y C F and so y € F,. Now,
let z,y € Fy, for z,y,2 € L. Then a — x C F and a — y C F and since by Proposition Fis
a filter of L, we get that (r®a) = (z®y) C F and (a ®a) — (x ® a) C F and so by Proposition
2.7(iv), (a®a) = (x©y))NF # 0 and since F' is S.-reflexive, we get that (a®a) — (z©y) C F.
Now, since by Theorem [2.9(i7), a = (a ® a) = (a Aa) = (a ® a) C F, by Proposition [2.7iv),
we get that (a — (z ©®y)) N F # 0 and since F' is S.-reflexive, we get a — (r ©® y) C F. Hence,
x©®y CF,, indeed ift e x®y,thena -t Ca— (x®y) C F. Hence, t € F, and so z ©®y C Fy,.
Therefore, F, is a prefilter of L and so by Theorem F is a filter of L. Moreover, since by
Proposition [2.3)(i), 1 € @ — a and so (¢ = a) N F # § and so (¢ — a) C F. Hence, a € F, and
since by Proposition (uz), xr < a — x, x € F by Proposition (z), for x € F, we conclude
that (¢ - )N F # 0 and so a — x C F and so « € F,. Now, let B be a filter of L contains F
and {a} and u € Fj,. Then a — « C F C B and since a € B, we get that u € B. Therefore, F, is
the least filter of L contains F' and {a}. O

Theorem 4.26. Let F' be an S~ -reflexive mazximal and positive implicative prefilter of a hyper
EQ-algebra L with residuated and (EP)condition. Then F is an obstinate filter of L.

Proof. Let F' be an S.-reflexive maximal and positive implicative prefilter of L and z,y € L such
that 2,y ¢ F. Then by Proposition [£.21] F' is a filter of L and by Theorem F C F,CLand
since I’ is a maximal filter of L, we get that F,, = L and so y € F,. Hence, x — y C F and by
similar way, y — « C F. Therefore, F' is an obstinate filter of L. O

By Proposition and Theorem [2.9(4) and Theorems the following Theorem

is provided.

Theorem 4.27. Let ' be an S--reflexive proper prefilter of a good hyper EQ-algebra L with
residuated and (EP) condition. Then the following are equivalent:

(1) F is a maximal and implicative filter of L.

(13) F is a mazimal and positive implicative filter of L.

(1i1) F is an obstinate filter of L.
(

iv) F is an integral and fantastic filter of L.

In the following, we introduce the concept of a good hyper EQ-homomorphism, and we give
some related results.

Definition 4.28. Let (L1, A1,®1,~1,1) and (L2, A2, ®2,~2,1) be two hyper EQ-algebras and P :
L1 — Lo be a mapping. Then ® is called a good hyper EQ-homomorphism, if ®(1) =1 and for
any x,y € L1 satisfies in the followings:
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(i) ©(z A1y) = (z) A2 2(y),
(i1) @(z ©1y) = (z) ©2 2(y),
(iii) ®(x ~1 y) = ®(x) ~2 D(y).
Note that

P(x —1y) =2((x A1y) ~17) = D(x A1 Yy) ~2 D(z) = (B(2) A2 D(y)) ~2 P(z) = (z) —2 P(y).

Moreover, ®(A) = {®(a) | a € A}, for any ) # A C Ly and ®1(B) = {z € L, | ®(x) € B}, for
any ) # B C L.

Example 4.29. Let L be a hyper EQ-algebra in Example and ®(0) = 0,®(a) = a,®(b) =
b,®(1) = 1. Then, it is easy to check that ® is a good hyper EQ-algebra homomorphism.

Proposition 4.30. Let ® : Ly — Lo be a good hyper EQ-homomorphism and () # A, B C L.
Then

(1) ®(A©1 B) = ®(A) ©2 ®(B),

(17) ®(A ~1 B) = ®(A) ~o (B),

(1i1) P(A —1 B) = ®(A) =2 ®(B).

Proof. (i) Let ® : Ly — Ly be a good hyper EQ-homomorphism, ) # A,B C L; and z €

(A1 B)=¢( |J a®b). Then there exists ag € A and by € B such that z € ®(ag ®1 bg) and
acA,beB
by Definition we have

®(ag ©1bo) = P(ag) ©2 P(bo)
C U ®(ag) ©2 P(bo)
a€A,beB
— B(A) 0 3(B).

Hence, x € ®(A) @2 ®(B) and so (A ©1 B) C ®(A) ©2 ®(B). If z € &(A) ©2 (B), then there
exists ag € A and by € B such that 2 € ®(ag) ®2 ®(by) and since by Definition [4.2§

®(ag) ©2 ®(bo) = P(ap ©1bo)

C o |J ao®1b)
acAbeB

= (I)(A ™1 B),

we conclude that z € ®(A ®;1 B) and so ®(A) ©2 (B) C (A ©1 B).
(#4) The proof is similar (7).
(7i1) It follows from Definition and (i7). O

Proposition 4.31. Let ® : L1 — Lo be a good hyper EQ-homomorphism and x,y € L1. Then
(1) 1 € (x ~q x).

(13) If Ly is separated and x <y, then ®(z) < ®(y).

(iii) If F is a (pre)filter of Lo, then ®1(F) is a (pre)filter of L.

(iv) If F is a (pre)filter of Ly and ) # A C Lo, then ®(A) C F if and only if A C @~ 1(F).

Proof. (i) Since by Proposition i), 1 € ®(x) ~o ®(z), for any x € L; and since ®(x ~1 x) =
O(x) ~g ®(z), we get that 1 € (z ~1 x).
(ii) Let Ly be a separated hyper EQ-algebra and z < y. Then by Proposition [2.3ii), 1 € z — y
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and so 1 = ®(1) € &(x —;1 y) = ¢(x) —2 P(y) and so 1 € (P(x) A2 P(y)) ~2 ®(x) and since Lo is
separated, we get that ®(x) A2 ®(y) = ®(z). Hence, ®(z) < O(y).

(iii) Let F be a prefilter of L and x,y € L, such that z € ®~}(F) and z —; y € ®~1(F). Then
®(z) € F and ®(x —1 y) C F and since ¢ is a good hyper EQ-homomorphism, we get that
®(x) —9 ®(y) C F. Hence, ®(y) € F and so y € ®~(F). Moreover, since ®(1) =1 € F, we
conclude that 1 € ®~1(F). Also, if a,b € ®~1(F), then ®(a),®(b) € F and so ®(a) ©3 ®(b) C F
and since ®(a) ©y ®(b) = ®(a ®1 b), we get that ®(a ®1 b) C F. Hence, a ©®1 b C & 1(F)
and so ®~!(F) is a prefilter of L;. Now, let F' be a filter of Ly and z,y,z € Li such that
r =1y C @ Y(F). Then ®(x) — ®(y) = ®(z —1 y) € F and since F is a filter of Ly and
®(z) € La, we conclude that (®(z) ©2 ®(2)) =2 (®(y) ®2 ®(z)) C F and since by Definition [4.28]
(O(2)©2P(2)) =2 (P(y)©2P(2)) = P(xO12 =1 YO z) we conclude that ®(x©12z =1 y©12) C F
and so (z ©1 2) —1 (y ©1 2) € ®~1(F). Therefore, ®~1(F) is a filter of L;.

(iv) Let ®(A) C F and = € A, then ®(z) € ®(A) and so ®(x) € F. Hence, x € & }(F) and
so A C @ Y(F). Conversely, if A C & 1(F) and y € ®(A), then there exists @ € A such that
y = ®(a) and since A C ®71(F), we get that ®(a) € ®(A) C ®®~L(F) and since &~ 1(F) C F,
we conclude that y = ®(a) € F and so ®(A) C F. O

Proposition 4.32. Let ® : Ly — Loy be a good hyper EQ-homomorphism and F be a (pre)filter
of Ly. Then

(i) If L1, Ly are hyper EQ-algebras with bottom element 0, ®(0) = 0 and F is an integral (pre)filter
of Lo, then ®~1(F) is an integral (pre)filter of L.

(ii) If F is an obstinate (pre)filter of Lo, then ®~1(F) is an obstinate (pre)filter of L.

(iii) If F is a positive implicative (pre)filter of Lo, then ®~1(F) is a positive implicative (pre)filter
Of L1 .

(iv) If F is an implicative (pre)filter of Lo, then ® 1 (F) is an implicative (pre)filter of L.

Proof. (i) Let F be an integral (pre)filter of Ly and —(z ®; y) € ®~1(F), for 2,y € L;. Then
O((x ®1y) ~1 0) = P(—=(x ®1y)) C F and by Proposition iii), ®1(F) is a (pre)filter of L.
Now, since ® is good hyper EQ-homomorphism, we get that —(®(z) @2 ®(y)) = ®(x) @2 P(y) ~e
0=®(z®1y) ~2 ¢(0) C F and since F is integral, we conclude that =®(z) C F or =®(y) C F
and so ®(—x) = ®(z) ~2 0 C F or &(—y) = ®(y) ~2 0 C F. Hence, ~x € ®~1(F) or -y € ®~1(F)
and so ®~1(F) is an integral (pre)filter of L;.
(ii) Let F be an obstinate (pre)filter of Ly and z,y & ®~1(F), for 2,y € L. Then ®(x) ¢ F and
®(y) ¢ F. Hence, ®(x —1 y) = (x) =2 P(y) C F and ®(y —1 z) = P(y) —2 ®(z) C F and so
r =1y C @ (F)and y —1 x C & 1(F). Therefore, ®1(F) is an obstinate (pre)filter of L;.
(iii) Let I be a positive implicative (pre)filter of Ly and  —1 (y —1 2) € ®1(F) and (z —
y) C ®~(F), for z,y,z € L1. Then by Definition [4.28) ®(z) —2 (®(y) —2 ®(2)) = ®(z —1 (y —1
z)) € F and ®(x) —9 ®(y) = ®(z —1 y) C F and since F is positive implicative, we conclude
that ®(x — 2) = ®(x) =9 ®(2) C F and so z —1 2 C ®~1(F). Therefore, d~1(F) is a positive
implicative (pre)filter of L;.
(iv) Let F be an implicative (pre)filter of Lo and z —1 ((z —1 y) =1 2) € &1 (F) and z € &~ 1(F),
for z,y,z € Ly. Then by Definition .28 ®(z) =2 ((®(z) —2 ®(y)) =2 ®(2)) = ®(z =1 ((x
y) =1 z)) C F and ®(z) € F and since F' is implicative, we conclude that ®(x) C F and so
x € ®7Y(F). Therefore, ®~1(F) is an implicative (pre)filter of L;.

U
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5 Conclusion

The results of this paper are devoted introducing integral hyper EQ-algebras, integral (pre)filters
and obstinate(pre)filters of hyper EQ-algebras. We presented some characterizations of this
(pre)filters in hyper EQ-algebras and we proved that the quotient hyper EQ-algebras induced by
a hyper filter F' is an integral hyper EQ-algebra if and only if F' is an integral filter. Moreover, we
introduced the concept of obstinate (pre)filter in hyper EQ-algebras and we studied relationship
among obstinate (pre)filters and some types of other (pre)filters such integral, maximal, (posi-
tive)implicative and fantastic (pre)filters in hyper EQ-algebras. There are still some questions:
How do we define the notions of primary (pre)filters of hyper EQ-algebras, and what is the quotient
algebra induced by these filters?

What is the relationship between these (pre)filters and other types (pre)filters of hyper EQ-
algebras?

These could be a topic of further research.
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