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1 Introduction

Let G be a group and k,n € N. Then the lower k-central series of (G is defined by G = 'y(])C(G) )
¥¥(G) D ..., where

11 (G) = {lz,y] | z € vi(G),y € G* ={g" | g € G}}).

A group G is called a k-nilpotent group, if for some n € N we have fyﬁ(G) = {1}, in particular for
=1 it is a nilpotent group.

The hyperstructure theory was first introduced, by Marty at the 8th congress of Scandinavian
Mathematicians in 1934 [[7]. Marty introduced the concept of hypergroups as a generalization
of groups and used it in different contexts like algebraic functions, rational fractions, and non-
commutative groups. In classical algebraic structures, the synthetic result of two elements is an
element, while in the hyper algebraic system, the synthetic result of two elements is a set of
elements, therefore it can be said that the notion of hyperstructures is a generalization of classical
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algebraic structures, from this point of view. Hyperstructures have many applications to several
sectors of both pure and applied sciences as geometry, graphs and hypergraphs, fuzzy sets and
rough sets, automata, cryptography, codes, relation algebras, C—algebras, artificial intelligence,
probabilities, chemistry, physics, especially in atomic physics and in the harmonic analysis [3, .

In this paper, we introduce a strongly regular relation as extended fundamental relation on any
hypergroup in such a way that some fundamental relations are a special case of this relation. The
motivation of this relation is obtained from the connection between hypergroups and groups. This
study introduces the concept of relation—part and investigates some properties of relation—part.
Indeed, we apply the extended fundamental relation to constructing of relation—part. The main
result of this paper is the derivation of the class of k—nilpotent groups from hypergroup.

2 Preliminaries

In this section, we review some definitions and results from [6], which we need in what follows.

Let H be a non-empty set and P*(H) be the family of all non-empty subsets of H. Every
function +; : H x H — P*(H) where i € {1,2,...,n} and n € N is called a hyperoperation. For
all x, y of H, -j(z,y) is called a hyperproduct of x, y. An algebraic system (H,-1,-2,...,) is
called a hyperstructure and binary structure (H,-) endowed with only hyperoperation is called a
hypergroupoid. For every two non-empty subsets A and B of H, A - B means U a - b. Recall

acA,beB

that a hypergroupoid (H,-) is called a semihypergroup if for any z,y,z € H,(x -y) -z =z - (y - 2)
and a semihypergroup (H,-) is called a hypergroup if satisfies in the reproduction azxiom, i. e. for
any v € Hyx-H = H-x = H. A semihypergroup (H,-) is called a polygroup, provided that (7)
it has a scalar identity e (i.e., e-x = z-e = {z},for every x € H), (ii) € y - z implies y €
z-z"'and z € y~! - 2, where —1 is a unitary operation on H (it follows that every element x of
H has a unique inverse 2=t in H iee € (z-2 ) N(z~ ! -2),et =e¢,(z7!)7! = 2) and we will
denote it by (H,-,e,”'). A non-empty subset K of H is said to be a sub-polygroup of H, if for
any x,y € K,z-y~! C K and is denoted by K < H. Let X be a non-empty subset of a polygroup
H define the sub-polygroup generated by X, (X) to be the intersection of all sub-polygroups of
H which contain X.

In every hypergroup H, a commutator of z,y € H is denoted by [z,y| ={h € H |z-yNh-
y-x # 0} and H = Lo(H) 2 L1(H) 2 --- is called a lower series of H, where for all n € N*,
Loyi(H)={hez,y]|x € L,(H),yc H}. Also, H=T¢(H) DT'1(H) D --- is called a derived
series of H, where for alln € N*, I, 1 (H) = {h € [z,y] | x,y € T, (H)}.

The polygroup (H, -, e, ) is called a nilpotent polygroup, if for some integer n € N, I,,(H)-wy =
wg, where U1 (H) = ({h € [z,y] | v € l,(H),y € H}) and lo(H) = H (if there exists the smallest
integer ¢ in such a way that I.(H) - wg = wp, then c is called the nilpotency class for H). Also
for all n € N, we have H' = HY) = (I'y(H)) and H"D = (HM™)Y’,

Let (H, ) be a hypergroup and p be an equivalence relation on H. Letting % ={plg) | g€ H},
be the set of all equivalence classes of H with respect p. Define a hyper operation * by p(a)*p(b) =
{p(c) | c € p(a) - p(b)}. In [5] it was proved that (%, x) is a hypergroup if and only if p is a regular
equivalence relation. Moreover, (%, ) is a group if and only if p is a strongly regular equivalence
relation([5]). Let U(H) denote the set of all finite product of elements of H. Define relation § on H
by afb <= 3 u € U(H) such that {a,b} C w. In [5] it was proved that §* is the transitive closure

of 8 (the smallest transitive relation such that contains 5 ), and (BL{" ) is called the fundamental
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group of (H,-). In [6] it was rewritten the definition of 8* on H as follows:
af*b <= 321 = a,29,...,2n41 = b € Hyup,ug, -+ ,up €U st {z,zi41} Cu,V1<i<n

Also, Freni, introduced a strongly regular relation v on hypergroup H as follows: v = {(z,z) | z €
H} and for all n > 2, (z,y) € v, if and only if there exist z1,22,...,2, € H, 0 € S, such that
n n

T € Hzi, Y € Hza(i) and v = U n, in addition, it was proved that G/v* is an abelian group
i=1 i=1 n>1
Davvaz et. al introduced the relation v, = U Vm,n, Where vy, = 71 and for every m > 1,vp,5,

m>1
m

is defined by, (a,b) € vmn < Ju =[]z € U, Jo € Sy, such that o(i) = i if 2 ¢ Ln(H)
i=1
and a € u,b € u,, in addition, it was proved that G/v* is a nilpotent group. Also 7, = U Tm,n,
m>1
where 71, = {(z,2) | z € H} and for every m > 1,7, is defined by, (a,b) € 7y & Fu =
I[i2 2,30 € Sp:o(i) =iif z ¢ T, (H)and a € u,b € ugy, in addition, it was proved that G /~*
is a solvable group [, 2.

The map f : Hi — Hs is called a homomorphism of hypergroups if for all =,y € Hy, we have
f(z-y) = f(x)- f(y). A homomorphism f is called an isomorphism if f is a one-to-one and
onto a map, also we define Aut(H) = {f: H — H | f is an isomorphism on hypergroup H}. Let
¢ : H— H/B* by p(x) = 8*(x) be the canonical homomorphism. Then wy = {z € H | p(z) = 1}
is called heart of H.

3 Relation-part in hypergroups

In this section, we introduce a fundamental relation on hypergroups such that it is a generalization
of fundamental relations such as * and ~*. Also, the concept of relation-part in hypergroups is
defined and is obtained some relation-part with respect to this extended fundamental relation on
hypergroups.

Definition 3.1. Let H be a hypergroup and K C H. Define Ry x = {(z,z) | x € H} and for all
2<neN:

(x,y) € Rk & 3 (21,...,2,) € H" Ju = ﬁzi, do €S,, suchthatx € u,y € uy
i=1 )
and for all 1 < i < n,z € K implies that o(i) = i, where u, = Hzg(i).
i=1
Obviously, R = U R, i is a reflexive and symmetric relatizon. Let R}, be the transitive closure
of Rx ( the smallest tj“i:witive relation in such a way that contains R), then we have the following
results.

Example 3.2. Let H = {a,b,c}. Consider the hypergroup (H,-) as follows:
. ‘ a b c
a|{bc} {a} {a}
b|{a} {b} {c}
c|{a}  {bct {bc}
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If K = {a,b}, then R = Ry i U{(b,¢),(c,b)} = Rl = B*.

Theorem 3.3. Let H be a hypergroup and K C H. Then R}, is a strongly reqular relation on H.

n

Proof. Let (z,y) € Rx and z € H. Then there exist (21,...,2,) € H",u = sz and o € S, in
i=1

such a way that x € u,y € u, and for all 1 <i <mn,z € K implies 0(i) = i. So we have -z C u-z,

y-2 Cuy-z and z; € K implies that (i) = ¢. Consider z,4+1 = 2, a(i) = 0(i), where i € {1,...,n}
n+1

and a(n+1)=n+1. Thusz -z C sz =wv and y - z C v, such that z; € K implies «(i) = i. It
i=1

follows that (z-z) Ry (y-z). In a similar way, we have (z-z) R} (z-y). Hence R} is a strongly

regular relation on H. O

Theorem 3.4. Let H be a hypergroup. Then 18 a group.

Ry

Example 3.5. Let H be a hypergroup and n € N. Then
(i) if H is a commutative hypergroup, then Rx = ="y = Ty, = Up;

(13) if K = H, then Rg = f3;

if K=H\T,(H), then R = 7p;

)
)
(i13) if K =0, then R = ~;
(iv)
)

(v
(vi) if K={x € H|x-h=h-z,Yh € H}, then H/ R}, is an abelian group.

if K=H\ L,(H), then Rx = vy;

Definition 3.6. Let H be a hypergroup, A C H and R be a strongly reqular relation on H. We
say that A is an R-complete part of H (or simply R-part) if for every x € A andy € H, (z,y) € R
implies that y € A and it will be denoted by A Er H. Clearly H Cr H.

Consider the hypergroup as in Example B2 and R = 5. Then {a} Cg H.

Theorem 3.7. Let H be a hypergroup, and R be a strongly regular relation on H. If A,BC H,
and ARB, then A = B.

Theorem 3.8. Let H be a hypergroup and ) # M C H and K C H. Then M 1is called an R -part
of H if for anyn € N, z1,...,2, € H and 0 € S,, such that z; € K implies that (i) = i, then
n n

sz- N M # 0 implies Hza(i) C M.
i=1 i=1

Corollary 3.9. Let H be a hypergroup and A C H. Then
(1) ACgr,, H if and only if for allu e U, unN A # 0 implies u C A.
(ii) A Cr, H if and only if for alln € N and u = sz eU, un A # 0 implies for all o € Sy,

i=1
us C A.
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Theorem 3.10. Let H be a hypergroup, A C H and Ry, Ry be strongly reqular relations on H.
Then

(i) If Ry € Re and A is an Ra-part of H, then A is an Ry-part;
(13) If A is an Ri-part or Ra-part, then A is an (R1 N Ra)-part;
(13i) If A is an Ry-part and Ra-part, then A is an (R1 U Rg)-part.
Theorem 3.11. Let H be a hypergroup and R be a strongly regular relation on H.
(i) If K1,Ko Cp H, then K1 N Ko CF H.
(i) If K1,K2 Cg H, then K1 UKo CF H.
(13) For alla € H, R(a) Cg H.

Definition 3.12. Let H be a hypergroup and A C H. The intersection of all R-complete parts of
H which contains A is called an R-closure of A in H and it will be denoted by Cr(A). Consider
T1(A) = A and for everyn € N,

To1(A) ={z € H |y € Tu(A) st (x,y) € R} and T(A) = | ] Tn(A).

n>1

Example 3.13. Let H = {e,a,b}. Consider the polygroup (H,-) as follows:

e b
ele
ala
b|b

a b
{e,b} {a,b}
{b,a} {e,a}

For R=H x H, A= {e,a} and for alln > 1, we have T,,(A) = H.

From now on, we consider R is a strongly regular relation on hypergroup H and Cy will by C.
Theorem 3.14. Let H be a hypergroup and ) # A C H. Then
(1) Cr(A) =T(A);
(i4) Cr(A) = | Crla).
acA

Proof. (i) Let x € T(A) and y € H. Then (z,y) € R implies that there exists n € N such that
x € T,,(A). So we have y € T,,11(A). In addition, if A C B and B C H, then by induction we
show that T'(A) C B. Clearly T1(A) = A C B. Suppose T,,(A) C B. Thus for every = € T),4+1(A),
there exists y € T,,(A) such that (z,y) € R. Since BC H, we get = € B.
(74) By induction, we have T,,(A) C U T,.(a). Hence Cr(A) = U Cr(a). O
acA acA

Lemma 3.15. Let H be a hypergroup, x € H and n € N. Then
(1) To(T(z)) = Tnta(z);
(7i) for allz,y € H andn € N, x € T,,(y) if and only if y € T,,(x).
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Proof. By definition, T1(T5(z)) = Ta(z). If T),—1(T2(x)) = T (x), then by induction,

T(T2(z)) = {z|3y€T—1(T2(r)) and (z,y) € R}
= {z|3JyeTyz)and (z,y) € R} = Th41(x)

(73) Tt is clear that x € T1(y) < y € Ti(z). Let for every z,y € H, x € T,,_1(y) if and only if
y € Th_1(x). If © € T,,(y), then there exists z € T,,_1(y) such that (x, z) € R. Using hypotheses of
induction, we conclude that y € T,,_1(z). Moreover, x € Ti(x), and (z, z) € R implies z € Ty(z).
Hence y € T;,—1(2) C Ty—1(Ta(2)) = T (). O

Theorem 3.16. Let H be a hypergroup and S = {(z,y) | x € T(y)}. Then S = R.

Proof. Let z,y € H. Since (z,y) € S we have x € T'(y), then there exists n € N such that z €
T,(y). Thus, z; € T,,—1(y) such that (x,z1) € R Hence, there is zo € T},_2(y) such that (z1,22) €
R. Then there exists z,—1 € T1(y) = {y} such that (z,_2,2,—1) € R. So (z,y) € R.

Conversely

(r,y) e R=y € Ti(y) and (x,y) € R =z € Tr(y) = (z,y) € S.

Theorem 3.17. Let H be a hypergroup and ) # A C H. Then Cr(A) = U R(a).
acA

Proof. Let x € H. Then

x € Cr(4) Ja € A such that x € Cr(a)
Ja € A such that (a,z) €T
Ja € A such that (a,x) € R
Jae€ A:z € R(a)

z € | J R(a).

a€A

t o

O

Let R be a strongly regular relation on a hypergroup H and 7 : H — H/R by m(x) = R(x) be
the canonical homomorphism and wr = {x € H | 7(z) = 1}. Then wg, is called an R-heart of H.

Proposition 3.18. Let H be a hypergroup and ) # A C H. Then
(i) wg = 7T_1(1H/R) is a sub-hypergroup of H;
(ii) 7 i7(A) =wr- A= A-wg.

Proof. (i) It is concluded immediately.

(ii) Suppose that x € 7 'm(A), then there is a € A such that m(z) = n(a) and by the
reproduction axim there exists v € H such that z € a-u so R(z) = R(a) - R(u). It follows
R(u) = 1g/R, thus u € wg and z € A-wg. Conversely, if ¥ € A-wg then there are a € A, w € wr
such that = € a-w so n(x) = R(z) = R(a) = 7(a) and so x € 7~ '7(A). In a similar way, we can

prove wg - A = 71w (A). O

Theorem 3.19. Let H be a hypergroup and ) # A C H. Then n~'w(A) = Cr(A).
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Proof. Let * € R. Then z € 7 1n(A) if and only if there is a € A such that 7(x) = w(a) if
and only if there exists a € A such that R(x) = R(a) if and only if there exists a € A such that
(x,a) € R =T if and only if there exists a € A, x € Cr(a) C Cr(A) if and only if z € Cr(A4). O

Corollary 3.20. Let H be a hypergroup and ) # A C H. Then
(i) Cr(A) =77 11(A) =wr- A=A wg;
(1) if w € wg then Cr(w) = wg.

Corollary 3.21. Let H be a polygroup and ) # A, B C H. If A is an R-part of H, then
(i) A is a complete part of H;

(ii) for every x € H, we have v -x~1- A= A;

)
)
(iii) A™Y is a complete part of H;
(iv) for all z € P, we have x - A and A - x are complete parts of H;
(v) A-B and B - A are complete parts of H;
)

(vi) if for everyi € I, A; is an R-part, then U A; and ﬂ A; are R-parts of H;
icl icl

(iz) if H is a commutative polygroup and N < H is an R-part, then N < H.

Theorem 3.22. Let H be a hypergroup and O # M, K C H. Then the following statements are
equivalent:

(i) M is an Rg-part of H;
(1i) if x € M and (z,y) € Rk, theny € M;
(t3i) if v € M and (x,y) € R}, theny € M;
Theorem 3.23. Let H be a hypergroup and K C H. Then the following conditions are equivalent:
(i) foralla € H, Rk (a) is an Ry -part of H;
(i1) Rk = Rj,.
Remark 3.24. Consider K = H, then Ry = 8 and every B-part is called the complete part of H.

Definition 3.25. Let H be a hypergroup and A C H. The intersection of all Ry -parts which
contain A is called an Ry -closure of A in H and it will be denoted by C(A). Consider K1(A) = A

and for everyn € N, K,11(A) ={z € H | Ju = HZ’Z‘,:C € u and 3 o € Sy, such that o(i) =

=1
i if zi € K and ug N Kn(A) # 0 and K(A) = | | Kn(A).
neN

Theorem 3.26. Let H be a hypergroup and A C H. Then
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(i1) C(A) = | C(a).

a€A

Theorem 3.27. Let H be a hypergroup. Then for all x,y € H and for all n € N:
(1) Kn(K2(2)) = Knya1(2);
(17) x € Ky(y) if and only if y € K,(x).

Let H be a hypergroup and T' = {(z,y) | © € K(y)}. Then T is an equivalence relation and
we have the following results.

Lemma 3.28. Let H be a hypergroup. Then Ry =T.

m
Proof. Let (x,y) € Ri. Then there exist u = H z; and o € S, such that z; € K implies o(i) = 1,
i=1
x € uand y € u,. It follows that = € v and y € u, N K1(y) , thus x € Ks(y). Then (z,y) € T and
R CT*=T.
Conversely, if (x,y) € T, then x € K(y) = U K, (y) and so there is n € N such that
n>1

ni

x € Kp+1(y) and by definition there are u; = Hzli and o1 € Sy, with 01(1;) = 1; if z, € K,
i=1

such that = € uy and u1, NKp(y) # 0. Hence there exists x1 € u1, N K,(y) and so (x,71) € Ri.

na

Now, z; € K,(y) and by definition there are uy = Hzgi, o9 € Sp, with 02(2;) = 2; if 29, € K
i=1

and z1 € uz, T2 € ug,, N K,-1(y) # 0. So x1 € ug and x5 € ug,,- It implies that (r1,22) € Rk

and by induction, there are u, and o, and x, such that x, € u,, N Ki(y), (xp-1,2,) € Rg. In

addition, z, =y and (z,y) € R}, so T C R}. O

Let R be a strongly regular relation on a hypergroup H and 7 : H — H/R be the canonical
homomorphism. Then wx = 7T_1(]_H/R) is a sub-hypergroup of H. If R = R}, then 7T_1(1H/R) is
called an Rg-heart.

Proposition 3.29. Let H be a hypergroup and A C H. Then n'n(A) = wg - A= A - wg.
Theorem 3.30. Let H be a hypergroup and A C H. Then n~'n(A) = C(A).
Corollary 3.31. Let H be a hypergroup and ) # A C H. Then

(i) C(A) =7"1n(A) =wg - A=A wg;

(1) if w € wi, then C(w) = wi.
Corollary 3.32. Let H be a polygroup, x € H and A,B C H. If A is an Rx-part of H, then
(1) A is a complete part of H;
b A= A;

8

(iii) A~Y is a complete part of H;

)
(i)
)
)

(iv) - A and A-x are complete parts of H;
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(v) A-B and B - A are complete parts of H;
(vi) if for everyi € I, A; is an Ry-part, then U A; and ﬂ A; are complete parts of H;
el icl
(vii) if H is a commutative polygroup and N < H is an Ry -part of H, then N < H.
Theorem 3.33. Let H be a polygroup. Then R(wk) = {(z,y) | -y~ Nwg # 0} = R}
Proof. Let xz,y € H. Then we have

(z,y) € R} if and only if R} (z) = Ri(y) if and only if Ry (z) - Ry (y) ' =1
if and only if = -y~ Nwg # 0.

Example 3.34. Consider the polygroup H = {1,2,3,4,5,6,7} as follows:

1 2 3 4 5 6 7

{1y {2y {35 {4 {5p {6 {7}
{2y {12y {3t {4 {5p ({64 {7}
3t 3+ {12y {7+ {6} {5} {4
{4y {4 {6y {12} {7} {3} {5}
{5y {5y A7 {6p {1,2} {4} {3}
{6y {6y {4 {5 B {7 {12}
{7 5y 8 {4 {12} {6

If K ={1,6} and A = {7}, then it is easy to see that K(A) = {1,2,6,7}. Also, wxg = {1,2,6,7}.
If A= {3}, then K(A) = {3,4,5} and by Corollary 332, C(3) =3 -{1,2,6,7} = {3,4,5}.

N O TR W N

Example 3.35. Let H = {a,b,c} be a hypergroup as follows:

S

c
b,c} a a

ISERSECaES)

b c
{b,c} {b,c}

If K = {a,b}, then wg = {b,c} = K(b) = K(c), K(a) = {a}, C(a) = a-wg = {a} and
T=AU{(b,c),(c,b)}.

Example 3.36. Let H = {e,a,b,c,d, f,g} and (H,o) be a polygroup as follows:
ole a b c d f g
ele a b c d f g
ala b {e,9} f c d a
b|b {e,g} a d f c b
cle d f {e,g} a b ¢’
d|d f c b {e,9} a d
flf e d a b {e.q} f
glg a b c d f e

If K = H and A ={a,c,d}, then wg ={e, g}, C(A) = Aowg = {a,c,d} o{e,g} = {a,c,d} and
T =Au{(e9),(g:€)}-
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3.1 Transitivity conditions of Ry

In this subsection, we show that for any hypergroup H and for all K C H, Rk is a transitive
relation.

Definition 3.37. Let H be a hypergroup and x € H. Then
(1) Un(z) ={ueld(H) |z eu=]]",z, zcH},
(i) U(x) ={u€eU(H) | In €N s.t, u€Uy(x)},
(iit) P(x) =U{us | IneN, o €Sy, u=1T[["12 €Un(x), o(i) =1, if z; € K}.

Example 3.38. Consider the hypergroup H which is defined in (8233) and K = H. Then Uz(a) =
{ab,ba, ca,ac} and P(x) = {b,c}.

Lemma 3.39. Let H be a hypergroup and x € H. Then P(x) ={y € H | (z,y) € Rx}.

Proof. Let y € H and (z,y) € Rg. Then there exist u = [[;"; z; € Un(x) and o € S, such that
o(i)=1iif z; € K and y € uy, so y € P(x). O

Theorem 3.40. Let H be a hypergroup. Then the following conditions are equivalent:
(1) Rk = Rj;
(it) for all x € H, R} (x) = P(x);

(#i7) for all x € H, P(x) is an Ry -part of H.

Proof. (i) = (ii) Let z,y € H. Then

y € Ri(z) & (x,y) € Ry = Rg & y € P(x).

(17) = (vii) Let u = sz €U(H) and a € un P(x), then (a,x) € Rk. For every o € S, such
i=1
that o(i) =4 if 2; € K and y € u, we have (a,y) € Rk so (z,y) € R};. Thus y € R} (x) = P(x)
and thus u, C P(x).
(tii) = (i) Let (z,y) € R}. Then z € P(z), (z,y) € R} and by Lemma BZ2, we conclude
that y € P(x). Thus there exist u =[], z; € U(x) and o € S, such that o(i) =i if z; € K and
Y € uy 0 (z,y) € Rk O

Theorem 3.41. Let H be a hypergroup with an identity e (for allh € Hye-h =h-e =h). Then
Ry = R}

Proof. Let z € H and u = [[;; zi € U(H) such that x € uNP(z). If z = z, then for every o € Sy,
such that o(i) =i if z; € K and for every y € u, we have x = z, (z,y) € Rx and so y € P(z). It
follows that u, C P(z2).

Let x # z and o € Sy, such that o(i) =i if z; € K. Then (z,2) € Rg \ A and so there exist
w; € H,i=1,...,n and a € Sy, such that a(i) =i if w; € K, z € [[{_; w; and = € [[}_; wq().
By the reproduction axiom, there exist a,b € H such that z € - b and 2,41 =€ € a- z. Hence

m m m m n
zEx-bgHzi-b:Hzi-zmH-bgHzi-a‘z‘bgHzi-a'Hwi~b:v€Z/{m+n+2(z).
i=1 i=1 i=1 i=1 i=1
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Moreover, if o(m + 1) = m + 1, then
Hza(i):Hza(i)'zm-‘rlgnza(i)'a' H ca-x-b
] RN | )

i=1
So there exists § € Sy ynt2 such that vs € P(z). In addition, since [[;"; 2,4y € vs and z € v,
we get P(z) is an Ri-part of H and by Theorem B20, the proof is complete. O

4  k-nilpotent groups derived from hypergroups

In this section, we consider a hypergroup H, for any K C H, apply the relation Rx and show that
H/Rj, is a k-nilpotent group.

Definition 4.1. Let k € N and H be a hypergroup. Define Lk(H) H and for every n > 0,
Lr (H)={h€[z,y] |z € Lk(H),y € H" = U h¥}. Clearly, for allm € N, Lk (H) C Lk (H).
heH

Lemma 4.2. Let H be a hypergroup. Then for every n € N, LE(H/R%,) = {h = R} (h) | h €
Ly (H)}.

Theorem 4.3. Let H be a hypergroup and K = H \ LE(H). Then G = H/R}; is a k-nilpotent
group.

Proof. Let h € LF ,(H). Then there exists € L%(H) and y € H” such that h € [z,y], so
r-yNh-y-z#0and z,h € LE(H). By definition of R}, we have T - =h-§-Z =% -7 - h,
hence h = 1 and so L | (G) = {1}. For i = 0, Y¥(G) C LE(G). Let a € 4F,1(G). Without loss
generality, suppose that a = [z,y], where z € ~; k(@) and y € G*. By the hypothesis of induction
we conclude that z € LF(G), thus a = [z,y] € L¥ | (G). Now we have v* ,(G) C LF ,(G) = {1}
and so G is a k-nilpotent group of class at most n + 1.

O

Example 4.4. Consider the hypergroup which is defined in Fxample Z34. Let k € N, then

Ik — H, if k is odd,
{b,c}, if kis even,

and for every n € N, LE(H) = {b,c}. If K = {b,c}, then b = ¢ and G = {@, b} is a k-nilpotent

group and we have the following tables:
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5 Conclusions

(i) The current paper introduced a fundamental relation as a generalization fundamental re-

lations on hypergroups in such a way that in particular is a generalization of 8*,~*, and

",

(7i) The concept of relation-part of hypergroups is introduced and is shown that the heart of
every hypergroup is a relation-part of hypergroup.

(747) By using the concept of relation-part and fundamental relation on hypergroups, we obtain
some relation-part of hypergroup.

(1v) With respect to the concept of relation the concept of k—nilpotent groups are obtained.

(v) It is proved that this relation is on a hypergroup with an identity that is transitive.

We hope that these results are helpful for furthers studies in hypergroup. In our future studies,
we hope to obtain more results regarding polygroups, groups, and their applications.
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