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Abstract

In this paper, we introduce the concept of fuzzy multi-
graphs and a type of isomorphism on fuzzy multi-graphs
and study their properties. We show that how to assign a
fuzzy multi-graph to the appropriate fuzzy multi-groups.
We also prove that every fuzzy multi-group of group G
can be embedded into the fuzzy multi-group of the group
Aut(Γσ∧), where Aut(Γ

σ
∧) is a group of automorphisms of

the fuzzy multi-graph Γσ∧.
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A Title

1 Introduction

The concept of fuzzy sets was first introduced by Zadeh in 1965 [29]. The study of fuzzy algebraic
structures was started with the introduction of the concept of fuzzy subgroups by Rosenfeld in
1971 [21]. In 1975 Negoita and Ralescu [20], considered a generalization of Rosenfeld’s definition in
which the unit interval I = [0, 1] was replaced by an appropriate lattice structure. In 1979 Anthony
and Sherwood [1] redefined a fuzzy subgroup of a group using the concept of the triangular norm.
In fact, many basic properties in group theory are found to be carried over to fuzzy groups.

In the classical set theory, repetition of elements in a collection is not allowed. The notion of
a group was built on this standpoint. However, the repetition of objects in real-life situations can
not be ignored. This gave birth to the idea of multi-sets. The term multi-set was first suggested
by N.G. De Bruijn in private correspondence to Knuth as noted in [15], as a generalization of
sets (that is, in a multi-set, elements are allowed to repeat). Elaborate works on multi-set and its
applications can be found in [7, 8, 27].
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By the generalization of a set as a multi-set, then it is natural to generalize group as a multi-
group. The notion of multi-group was first mentioned in [10]. Further studies on the concept of
multi-groups via multi-sets can be found in [2, 16, 24].

The concept of fuzzy multi-groups was proposed in [25] as an algebraic structure of fuzzy multi-
sets that generalized fuzzy groups. This algebraic structure is a multi-set of G × [0, 1] satisfying
some set of axioms, where G is a classical group. In fact, since fuzzy multi-set is a generalization
of fuzzy set, it follows that fuzzy multi-group is an extension of fuzzy group. The concept of fuzzy
multi-groups constitutes an application of fuzzy multi-sets to the notion of group. The notion of
fuzzy multi-groups and some properties of fuzzy multi-groups were explicated in [3, 12, 14]. The
idea of homomorphism in fuzzy multi-groups context was extensively explored in [11, 13].

Rosenfield et al. [21, 22] introduced the concept of fuzzy graphs. Recently, Borzooei et al.
[9] obtained some results in fuzzy graphs. Mirvakili and Naraghi [17] gave some results between
hypergroups, fuzzy subgroups, and fuzzy graphs. A multi-graph [4] is a graph that may contain
multiple edges between any two vertices, but it does not contain any self-loops. A generalization
of multi-graphs and fuzzy graphs is fuzzy multi-graphs. To define a fuzzy planar graph, a fuzzy
multi-graph is essential as planar graphs contain multi-edges. In [23] fuzzy multi-graph is defined.
Double layered fuzzy planar graphs (DLFPG) are defined by fuzzy multi-graphs [23].

Bhutani and Bhattacharya [5, 6] gave some results of fuzzy graphs based on fuzzy subgroups.
This fact motivated us to generalize the concept of fuzzy graphs to fuzzy multi-graphs. In fact,
fuzzy multi-graph is a generalization of multi-graph, fuzzy graph, and graph. Moreover, there are
some methods for obtaining fuzzy multi-groups from fuzzy multi-graphs. This leads us to construct
some fuzzy multi-groups by fuzzy multi-graphs.

Fuzzy algebraic structures play a prominent role in mathematics with wide applications in
many other branches such as theoretical physics, computer sciences, control engineering, informa-
tion sciences and coding theory. Graph theory has numerous applications to problems in systems
analysis, operations research, transportation, and economics. However, in many cases, some as-
pects of a graph-theoretic problem may be uncertain. It is natural to deal with the uncertainty
using fuzzy set theory and multi-set theory. An application of fuzzy multi-groups is given by
Mirvakili et al., [18]. They generated one-time passwords (OTP) by fuzzy multi-groups.

The organization of this paper is as follows: In Section 2, some preliminary definitions and
concepts are given. In Section 3, we obtain a fuzzy multi-group by a fuzzy graph and a fuzzy
multi-graph. In Section 4, we define the concept of isomorphism and automorphism on a fuzzy
multi-graph and find several new results between fuzzy multi-graph and fuzzy multi-group by using
the group of automorphism of a fuzzy multi-graph. Finally, a fuzzy multi-group is embedded in a
fuzzy multi-group of the automorphism group of a fuzzy multi-graph.

2 Preliminaries

In this section, we study the fundamental definitions that will be used in the sequel. We use
I = [0, 1], the real unit interval, as a chain with the usual ordering, which ∧ stands for infimum (or
intersection), ∨ stands for supremum (or union) as the degree of membership and by In we mean
that I × I × · · · × I for n times. A fuzzy subset of a set X is defined as a mapping µ : X → [0, 1].
Moreover, we define

αµ =
∨

{µ(x) | x ∈ X}, βµ =
∧

{µ(x) | x ∈ X}.

In throughout of paper, let W be the set of all nonnegative integers and Nn = {1, 2, . . . , n}.
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We denote the set of all fuzzy subsets of X by [0, 1]X . Further, we denote fuzzy subsets by the
Greek letters µ, ν, η, etc. Let µ, ν ∈ [0, 1]X . If µ(x) ≤ ν(x), for all x ∈ X, then we say that µ is
contained in ν (or ν contains µ) and we write µ ⊆ ν. Let µ ∈ [0, 1]X , for α ∈ [0, 1], then the α-cut
(or α-level) subset of µ denoted by µα can be defined as µα = {x | x ∈ X , µ(x ) ≥ α}.

The fuzzy subset µ of the group (G, ·,−1 , e) is called a fuzzy subgroup of G if:

(1) µ(x · y) ≥ µ(x) ∧ µ(y), for all x, y ∈ G ;

(2) µ(x−1) ≥ µ(x), for all x ∈ G .

Let X be a universal set and CM : X → W be a function. A multi-set M over the set X is the
following set

M = {(x,CM (x)) : x ∈ X,CM (x) > 0} ,

where the value CM (x) is called the multiplicity (count) of x in M, that is, CM (x) is the number
of copies of x occur in the multi-set M.

Definition 2.1. [28] Let X be a non-empty set. A fuzzy multi-set A of X is characterized by a
count membership function CMA : X → Q, where Q is the set of all multi-sets drown from the
unit interval [0, 1].

From [26], a fuzzy multi-set can also be characterized by a high-order function. In particular,
a fuzzy multi-set A can be characterized by a function

CMA : X → W[0,1] or CMA : X → [0, 1] → W.

By [19], for each x ∈ X, the membership sequence is defined as the decreasingly ordered sequence
of elements in CMA(x) and it is denoted by:

{µ1(x), µ2(x), . . . , µp(x), . . . : µ1(x) ≥ µ2(x) ≥ · · · ≥ µp(x) ≥ . . .}.

Whenever the fuzzy multi-set is finite, we write

CMA(x) = (µ1(x), µ2(x), . . . , µn(x)),

where µ1(x), µ2(x), . . . , µn(x) ∈ [0, 1] such that

µ1(x) ≥ µ2(x) ≥ · · · ≥ µn(x),

or simply
CMA = (µi)i∈Nn ,

for µi ∈ [0, 1]. Now, a fuzzy multi-set A is given as

A =

{
CMA(x)

x
: x ∈ X

}
or A = {(x,CMA(x)) : x ∈ X} .

In a simple term, a fuzzy multi-set A of X is characterized by the count membership function
CMA(x) for x ∈ X, which takes the value of a multi-set of a unit interval [0, 1].

Fuzzy multi-sets are the generalization of the fuzzy sets. In fact every fuzzy set is a fuzzy
multi-set but the converse is not true.

The set of all fuzzy multi-sets is depicted by FMS(X).
If there is no ambiguity, then we use CMA = (µ1, µ2, . . . , µn) instead of A.
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Example 2.2. Assume that X = {a, b, c} is a set. Then for CMA(a) = {1, 0.5, 0.4}, CMA(b) =
{0.9, 0.6} and CMA(c) = {0}, we get that A is a fuzzy multi-set of X written as

A =

{
(1, 0.5, 0.4)

a
,
(0.9, 0.6)

b

}
.

Definition 2.3. [25] Let (G, ·,−1 , e) be a group. A fuzzy multi-set A over G is a fuzzy multi-group
over G if the count (count membership) of A satisfies the following two conditions.

(1) CMA(x · y) ≥ CMA(x) ∧ CMA(y) ∀x, y ∈ G

(2) CMA(x
−1) ≥ CMA(x) ∀x ∈ G.

If there is no ambiguity, then we use CMA = (µ1, µ2, . . . , µn) over G instead of multi-group A.
If there is no ambiguity, then we use xy instead of x · y.

It can be easily verified that if A is a fuzzy multi-group of G, then

CMA(x
−1) = CMA(x) ∀x ∈ G.

Moreover, if e ∈ G is the identifying element of G, then

CMA(e) = ∨x∈GCMA(x).

The set of all fuzzy multi-groups over G is depicted by FMG(G).

Example 2.4. Let (Z4,+) be a group. Consider

A =

{
(0.8, 0.7, 0.7, 0.5, 0.1)

2
,
(0.6, 0.4, 0.3, 0.1)

1
,
(0.6, 0.4, 0.3, 0.1)

3
,
(0.9, 0.8, 0.7, 0.5, 0.1)

0

}
and

B =

{
(0.6, 0.4, 0.3, 0.1)

2
,
(0.9, 0.7, 0.7, 0.5, 0.1, 0.1)

1
,
(0.8, 0.7, 0.7, 0.5, 0.1, 0.1)

3
,

(0.9, 0.8, 0.7, 0.5, 0.1, 0.1)

0

}
.

Then A is a fuzzy multi-group, but B is not a fuzzy multi-group, because of CMB(1) ̸= CMB(3).

Definition 2.5. [5] Let V be a non-empty set, σ be a fuzzy set on V and µ be a fuzzy set on
V × V . Then (σ, µ) is a fuzzy graph on V , if for every x, y ∈ V we have:

(i) µ (x, y) = µ (y, x).

(ii) µ (x, y) ≤ σ(x) ∧ σ(y).

If (V,E) is a graph, then set µ(x, y) =

{
1, xy ∈ E
0, xy ̸∈ E

and σ(x) = 1 for all x ∈ V . Then (µ, σ)

is a fuzzy graph on V . Also, for a fuzzy graph (µ, σ), we denote underlying graph (V ∗, E∗) where
V ∗ = {u|σ(u) > 0} and E∗ = {(u, v)|µ(u, v) > 0}.

Definition 2.6. [23] Let V be a non-empty set and σ : V → [0,1] be a mapping. Moreover, let

E =
{
µi(x,y)
(x,y) |(x, y) ∈ V × V, i ∈ Nn

}
be a fuzzy multi-set of V ×V such that (σ, µi) is a fuzzy graph,

for all i ∈ Nn. Then Γ = (σ,E) is denoted as a fuzzy multi-graph of V .
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If there is no ambiguity, then we use {µi}i∈Nn instead of E.

Example 2.7. Let V = {a, b, c, d, e}. Then Figure 1 is a fuzzy multi-graph of set V .
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Figure 1:

3 Fuzzy multi-groups and fuzzy multi-graphs

In this section, we introduce the concepts of fuzzy multi-groups and fuzzy multi-graphs. By giving
some results on these notions, we obtain a fuzzy multi-graph from a fuzzy multi-group.

Lemma 3.1. [18] Let µ be a fuzzy subgroup of V . Then {µi}i∈N is a family of fuzzy subgroups of
V and µ1(x) ≥ µ2(x) ≥ · · · ≥ µn(x) where µn : V −→ [0, 1], for any n ∈ N is as follows

µ1(x) = µ(x) and µn(x) =
µn−1(x)

1 + αµn−1 − µn−1(x)
, for n ≥ 2.

Corollary 3.2. Let µ be a fuzzy subgroup of V . If CMVµ = (µ1, µ2, . . . , µn), then Vµ =
{
CMVµ (x)

x |x ∈ V
}

is a fuzzy multi-group over G.

Example 3.3. Consider the group V = Z4 and µ : V −→ [0, 1] is as follows:

µ(x) =

{
1, x ∈ {0, 2};
1
2 , x ∈ Z4 − {0, 2}.

Set n = 3. Therefore

µ1(x) =

{
1, x ∈ {0, 2};
1
2 , x ∈ Z4 − {0, 2} , µ2(x) =

{
1, x ∈ {0, 2};
1
3 , x ∈ Z4 − {0, 2}

and

µ3(x) =

{
1, x ∈ {0, 2};
1
5 , x ∈ Z4 − {0, 2}.
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By the above obtained results, we have

Vµ =

{
(1, 1, 1)

0
,
(12 ,

1
3 ,

1
5)

1
,
(1, 1, 1)

2
,
(12 ,

1
3 ,

1
5)

3

}
.

Now, we obtain some fuzzy multi-graphs from a fuzzy graph.

Proposition 3.4. Let (σ, µ) be a fuzzy graph on set V and n ∈ N. For all x, y ∈ V , define a map
µi : V × V −→ [0, 1] as follows

µi(x, y) =
µ(x, y)

1 + (2 + i)ασ − µ(x, y)
,

and define a map σ : V −→ [0, 1] as follows

σ∗(x) =
σ(x)

1 + ασ − σ(x)
.

Then (σ∗, E = {µi}i∈N) is a fuzzy multi-graph on V .

Proof. It is not difficult to see that for every i = 1, 2, . . . , n, we have

µi(x, y) =
µ(x, y)

1 + (2 + i)ασ − µ(x, y)
≤ σ(x)

1 + ασ − σ(x)
∧ σ(y)

1 + ασ − σ(y)
= σ∗(x) ∧ σ∗(y).

So, (σ∗, E) is a fuzzy multi-graph.

Proposition 3.5. Let CMV = (σ1, σ2, . . . , σn) be a fuzzy multi-group of V . Set µi(x, y) = σi(x)∧
σi(y) and σ(x) = σ1. Then Γσ∧ = (σ,E = {µi}i∈N) is a fuzzy multi-graph of V , where i ∈ Nn.

Proof. It is straightforward.

4 Isomorphism on fuzzy multi-graphs

In this section, we show that how to assign a fuzzy multi-graph to the appropriate fuzzy multi-
groups.

Definition 4.1. Let (σ,E = {µi}i∈Nn) on set V and (σ′, E′ = {µ′i}i∈Nn) on set V ′ be two fuzzy
multi-graphs. By a homomorphism h of fuzzy multi-graphs we mean a map h : V −→ V ′ that
satisfies

1. σ(x) ≤ σ′(h(x));

2. µi(x, y) ≤ µ′i(h(x), h(y)),

for all x, y ∈ V . A map h : V −→ V ′ is called an isomorphism if h is a bijective map such that h
and h−1 are homomorphisms.

A homomorphism h : V −→ V is called endomorphism. An isomorphism h : V −→ V is called
an automorphism.

Lemma 4.2. Let (σ,E = {µi}i∈Nn) on set V and (σ′, E′ = {µ′i}i∈Nn) on set V ′ be two fuzzy
multi-graphs and h : V −→ V ′ be a homomorphism. Then h is an isomorphism if and only if h is
bijective and
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1. σ(x) = σ′(h(x));

2. µi(x, y) = µ′i(h(x), h(y)),

for all x, y ∈ V .

Proof. Let h be an isomorphism. Then we have

1. σ(x) ≤ σ′(h(x));

2. µi(x, y) ≤ µ′i(h(x), h(y)),

and

1. σ′(u) ≤ σ(h−1(u));

2. µ′i(u, v) ≤ µi(h
−1(u), h−1(v)),

for all x, y, u, v ∈ V . Let x, y ∈ V . Then there exist u, v ∈ V such that h(x) = u and h(y) = v. No
we have

1. σ′(h(x)) = σ′(u) ≤ σ(h−1(u)) = σ(h−1(h(x))) = σ(x);

2. µ′i(h(x), h(y)) = µ′i(u, v) ≤ µi(h
−1(u), h−1(v)) = µi(h

−1(h(x)), h−1(h(x))) = µi(x, y),

Conversely, σ(x) = σ′(h(x)) and µi(x, y) = µ′i(h(x), h(y)) imply that h and h−1 are homomor-
phisms and therefore h is an isomorphism.

Proposition 4.3. Let (σ,E = {µi}i∈Nn) on set V and (σ′, E′ = {µ′i}i∈Nn) on set V ′ be two finite
fuzzy multi-graphs, h : V −→ V ′ be an isomorphism and V and V ′ be two groups. Now,

(i) If σ is a fuzzy subgroup of V , then σ′ is a fuzzy subgroup of V ′.

(ii) If µi is a fuzzy subgroup of V × V respect to h, then µ′i is a fuzzy subgroup of V ′ × V ′.

Proof. (i) Let x′, y′ ∈ V ′. Then there are x, y ∈ V such that h(x) = x′ and h(y) = y′. Thus

σ′(x′y′) = σ′(h(x)h(y)) = σ′(h(xy)) = σ(xy)

≥ σ(x) ∧ σ(y)
= σ′(h(x)) ∧ σ′(h(y))

and

σ′(x′−1) = σ′(h(x)−1) = σ′(h(x−1))

= σ(x−1) = σ(x) = σ′(h(x))

= σ′(x′).

(ii) The proof is similar to the case (i).

Corollary 4.4. Let (σ,E) on set V and (σ′, E′) on set V ′ be two finite fuzzy multi-graphs and
h : V −→ V ′ be an isomorphism. If V ′ is a group and E is a fuzzy multi-group on V × V , then E′

is a fuzzy multi-group of V ′ × V ′.

Proposition 4.5. Consider a fuzzy multi-graph Γ = (σ,E = {µi}i∈Nn) on set V . Let (Aut(Γ), ◦)
be the set of all automorphisms of V . Then (Aut(Γ), ◦) is a group.
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Proof. Let ϕ, ψ ∈ Aut(Γ) and x, y ∈ V . Then

σ(ϕ ◦ ψ(x)) = σ(ϕ(ψ(x))) = σ(ψ(x)) = σ(x),

and

µi(ϕ ◦ ψ(x), ϕ ◦ ψ(y)) = µi(ϕ(ψ(x)), ϕ(ψ(y)))

= µi(ψ(x), ψ(x))

= µi(x, y).

Thus, ϕ ◦ ψ ∈ Aut(Γ). Clearly, Aut(Γ) satisfies associativity under the operation ◦. Also,
ϕ ◦ id = ϕ = id ◦ ϕ, where id : V → V defined by id(x) = x, for all x ∈ V. This shows id is an
identity element. Moreover, for every ϕ ∈ Aut(Γ),

µi
(
ϕ−1(x), ϕ−1(y)

)
= µi(ϕ ◦ ϕ−1(x), ϕ ◦ ϕ−1(y)) = µi(x, y)

and
σ(ϕ−1(x)) = σ(ϕ ◦ ϕ−1(x)) = σ(x),

hence, ϕ−1 ∈ Aut(Γ). Therefore (Aut(Γ), ◦) is a group.

Proposition 4.6. If two fuzzy multi-graphs Γ = (σ,E = {µi}i∈Nn) on set V and Γ′ = (σ′, E′ =
{µ′i}i∈Nn) on set V ′ are isomorphic, then Aut(Γ) ∼= Aut(Γ′).

Proof. There is an isomorphism π : V −→ V ′. For every f ∈ Aut(Γ) we have π◦f ◦π−1 ∈ Aut(V ′),
because,

σ′(π ◦ f ◦ π−1(x)) = σ(f ◦ π−1(x))

= σ(π−1(x))

= σ′(x),

and

µ′i(π ◦ f ◦ π−1(x), π ◦ f ◦ π−1(y)) = µi(f ◦ π−1(x), f ◦ π−1(y))

= µi(π
−1(x), π−1(y))

= µ′i(x, y),

for all x, y ∈ V . Also, it is clear that the function ϕ : Aut(Γ) −→ Aut(Γ′) defined by ϕ(f) =
π ◦ f ◦ π−1 is a groups isomorphism. Hence, Aut(Γ) ∼= Aut(Γ′).

The converse of Theorem 4.6 is not true:

Example 4.7. Consider two sets V = {a, b} and V ′ = {a′, b′}. Let σ, σ′ and (σ′1, σ
′
2) be as follows:

σ(x) =

{
1, x = a;
1
2 , x = b

, σ′(x) =

{
1
4 , x = a′;
1
8 , x = b′

,

µ1(x, y) = σ(x) ∧ σ(y), µ2(x, y) =
σ(x) ∧ σ(y)

2
,

µ′1(x, y) = σ′(x) ∧ σ′(y), µ′2(x, y) =
σ′(x) ∧ σ′(y)

4
.

Then two fuzzy multi-graphs Γ = (σ,E = {µi}i∈N2) on set V and Γ′ = (σ′, E′ = {µ′i}i∈N2) on set
V ′ are not isomorphic because for every map h : V → V ′ and every x ∈ V , σ(x) ̸= σ′(h(x)). But
Aut(Γ) ∼= Aut(Γ′) ∼= {id}.
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Proposition 4.8. Let (σ,E) on set V be a fuzzy multi-graph and c ∈ [0, 1]. Define a map τc :
Aut(Γ) −→ [0, 1] as follows

τc(f) =

{
c f is an even permutation
0 f is an odd permutation,

(1)

for all f ∈ Aut(Γ). Then Aut(Γ)τc is a fuzzy multi-group.

Proof. We prove this result in two following cases:
Case 1. Suppose f, g ∈ Aut(Γ) both are even or odd permutations. Thus, f ◦ g becomes an

even permutation. Thus,

• if f, g both are even permutations, then

τc(f ◦ g) = c ≥ min{c, c} = min{τc(f), τc(g)}.

• if f, g both are odd permutations, then

τc(f ◦ g) = c ≥ min{0, 0} = min{τc(f), τc(g)}.

Case 2. Suppose f, g ∈ Aut(Γ) such that one of them is even permutation and the other one
is an odd permutation. Thus, f ◦ g becomes an odd permutation. Thus,

0 = τc(f ◦ g) = min{0, c} = min{τc(f), τc(g)}.

Moreover, for all f ∈ Aut(Γ), f and f−1 both are even permutations or both are odd permu-
tations. This follows that τc(f

−1) = τc(f), for all f ∈ Aut(Γ). Therefore, τc is a fuzzy subgroup
on Aut(Γ).

Now, by Corollary 3.2, we obtain Aut(Γ)τC is a fuzzy multi-group.

Proposition 4.9. Let (σ,E) be a fuzzy multi-graph on set V . Set Θm(f) = min{σ(i) : f(i) ̸= i}
and ΘM (f) = max{σ(i) : f(i) ̸= i}. Define a map ψ : Aut(Γ) −→ [0, 1] as follows

ψ(f) =

{
Θm(f)

1+ΘM (f) , f ̸= id,

1 f = id

for all f ∈ Aut(Γ). Then Aut(Γ)ψ is a fuzzy multi-group.

Proof. Clearly, if f, g ∈ Aut(Γ) and f ◦g = id, then ψ(f ◦g) ≥ min{ψ(f), ψ(g)}. Suppose f ◦g ̸= id.
Hence, there exists r ∈ V such that f ◦ g(r) ̸= r and

Θm(f ◦ g) = min{σ(i) : f ◦ g(i) ̸= i} = σ(r).

We have the following two cases for Θm(f ◦ g):
Case 1. If f ◦ g(r) ̸= g(r), then

Θm(f ◦ g) = σ(r) = σ(g(r))

≥ min{σ(i) : f(i) ̸= i} = Θm(f)

≥ min{Θm(f),Θm(g)}.
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Case 2. Assume f ◦ g(r) = g(r). Thus, g(r) ̸= r. Then we have

Θm(f ◦ g) = σ(r)

≥ min{σ(i) : g(i) ̸= i} = Θm(g)

≥ min{Θm(f),Θm(g)}.

Now, Let ΘM (f ◦ g) = σ(t). We have g(t) = t or g(t) ̸= t. If g(t) = t, then f(t) ̸= t and
σ(t) ≤ max{σ(i) : f(i) ̸= i} = ΘM (f). If g(t) ̸= t, then σ(t) ≤ {σ(i) : g(i) ̸= i} = ΘM (g). Thus we
obtain

ΘM (f ◦ g) ≤ max{ΘM (f),ΘM (g)}.
Therefore,

ψ(f ◦ g) ≥ min{ψ(f), ψ(g)}.

Moreover, {σ(i) : f(i) ̸= i} = {σ(i) : f−1(i) ̸= i}, and so ψ(f−1) = ψ(f).

5 A fuzzy multi-group embedded in a fuzzy multi-group of Aut(Γ)

In this section, we show that a finite fuzzy multi-group has an embedding into the finite fuzzy
multi-group of the group of automorphisms of some fuzzy multi-graphs.

Definition 5.1. Let V and V ′ be two finite groups. We say a fuzzy multi-group CMA = (σ1, . . . , σn)
has an embedding into a fuzzy multi-group CMA′ = (σ′1, . . . , σ

′
n) if there exists a one-to-one map

h : V → V ′ such that CMA(x) ≤ CMA′(h(x)).

Example 5.2. Consider two groups V = Z2 and V ′ = Z4. Let CMA = (σ1, σ2) and CMA′ =
(σ′1, σ

′
2) be as follows:

σ1(x) =

{
4
5 , x = 0;
1
3 , x = 1

, σ′1(x) =

{
1, x ∈ {0, 2};
1
2 , x ∈ Z4 − {0, 2} ,

σ2(x) =

{
2
3 , x = 0;
1
4 , x = 1

, σ′2(x) =

{
1, x ∈ {0, 2};
1
3 , x ∈ Z4 − {0, 2} ,

Set h : V → V ′ by h(x) = 2x. Then h is an embedding of CMA to CMA′ .

Proposition 5.3. Let Γ = (σ,E) be a fuzzy multi-graph of finite group V . Define the mappings
τi : Aut(Γ) −→ [0, 1]

τi(f) =

{
ασi f is an odd permutation
ασi + 1

2
f is an even permutation,

(2)

where i = 1, 2, . . . , n, f ∈ Aut(Γ) and σi(x) = supy∈V µi(x, y). Then CMA(Γ) = ({τi}i∈N) is a fuzzy
multi-group.

Proof. We prove this result in two following cases:
Case 1. Suppose f, g ∈ Aut(Γ) both are even or odd permutations. Thus, f ◦ g becomes an

even permutation. Thus, if f, g both are odd permutations, then

τi(f ◦ g) =
ασi + 1

2
≥ min{ασi , ασi}
= min{τi(f), τi(g)}.
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Moreover, if f, g both are even permutations, then

τi(f ◦ g) =
ασi + 1

2

≥ min

{
1 + ασi

2
,
1 + ασi

2

}
= min{τi(f), τi(g)}.

Case 2. Suppose f, g ∈ Aut(Γ) such that one of them is an even permutation and the other
one is an odd permutation. Thus, f ◦ g becomes an odd permutation. Then,

ασi = τi(f ◦ g) ≥ min

{
ασi + 1

2
, ασi

}
.

Also, for all f ∈ Aut(Γ), f and f−1 both are even permutations or both are odd permutations.
This follows that τi(f

−1) = τi(f), for all f ∈ Aut(Γ). Therefore, τi is a fuzzy subgroup on Aut(Γ),
so CMA(Γ) = ({τi}i∈N) is a fuzzy multi-group on the group Aut(Γ).

Proposition 5.4. A bijective endomorphism of finite multi-graph (σ,E) on V is an automorphism.

Proof. It is straightforward.

Proposition 5.5. Every fuzzy multi-group has an embedding into the finite fuzzy multi-group of
the group of automorphisms of some fuzzy multi-graphs.

Proof. Let CMA = ({σi}i∈Nn) be a fuzzy multi-group. Then by Proposition 4.3, Γσ∧ is a fuzzy
multi-graph.

Let a ∈ V such that ασ = σ(a) and define h : V → Aut(Γσ∧) by h(u) = hu when hu(x) = ax,
for all x ∈ V . Then hu is a bijective endomorphism because

σ(hu(x)) = σ(ax) ≥ σ(x) ∧ σ(a) = σ(x).

Moreover,

µi(hu(x), hu(y)) = σi(hu(x)) ∧ σi(hu(y))
= σi(ax) ∧ σi(ay)
≥ σi(x) ∧ σi(y).

Therefore, according to Proposition 5.4, hu is an automorphism. Given this inequality
1 + ασi

2
≥

ασi . Hence
τi (hu) ≥ ασi ≥ σi(u)

for all u ∈ V . Thus CMA(Γσ
∧)

= ({τi}i∈Nn) is a fuzzy multi-group on the group Aut(Γσ∧).
Therefore CMA = ({σi}i∈Nn) has an embedding in CMA(Γσ

∧)
= ({τi}i∈Nn).

Example 5.6. Consider the group V = (Z3,+). Let CMA be a multi-group on the group V as
follows:

CMA =

{
(0.6, 0.4, 0.3)

2
,
(0.6, 0.4, 0.3)

1
,
(0.9, 0.8, 0.7)

0
}.
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Then By Proposition 4.3, for all x, y ∈ V , we have µ1(x, y), µ2(x, y), µ3(x, y) as follows.

µ1 0 1 2

0 0.9 0.6 0.6
1 0.6 0.6 0.6
2 0.6 0.6 0.6

µ2 0 1 2

0 0.8 0.4 0.4
1 0.4 0.4 0.4
2 0.4 0.4 0.4

µ3 0 1 2

0 0.7 0.3 0.3
1 0.3 0.3 0.3
2 0.3 0.3 0.3

Set σ(x) = σ1(x) and so σ(x) =

{
0.9 x = 0
0.6 x = 1, 2

. It easy to see that P (V, µ) = (σ,E) is a fuzzy

multi-graph. By the proof of Proposition 5.5, we have a = 0, and hu(x) = 0 + x = x for all
u ∈ V. Also the group of automorphisms of the fuzzy multi-graph Γσ∧ is Aut(Γσ∧) = {id, (12)}, when

(12) is a permutation

(
0 1 2
0 2 1

)
, and τ1(f) =

{
0.95 f = id
0.9 f = (12)

, τ2(f) =

{
0.85 f = id
0.8 f = (12)

,

τ3(f) =

{
0.75 f = id
0.7 f = (12)

. Then τi(hu) ≥ σi(u) and this shows that the fuzzy multi-group CMA

is embedded in the fuzzy multi-group CMA(Γσ
∧)

= ({τi}i∈N3).

6 Conclusion

In this work, we obtained some results in fuzzy multi-groups and fuzzy multi-graphs. We presented
a fuzzy multi-group of a fuzzy multi-graph. We introduced the notion of automorphisms on multi-
graphs and described a fuzzy multi-group with the underlying group of automorphisms from a
fuzzy multi-graph. Finally, we proved that every fuzzy multi-group can be embedded in a fuzzy
multi-group of the group of automorphisms of some fuzzy multi-graphs.

For future work, it will be interesting to introduce a t-norm over a fuzzy multi-group and a
fuzzy multi-graph and obtain a t-norm fuzzy multi-group and a t-norm fuzzy multi-graph.

Moreover, it will be interesting to introduce the idea of this paper on multi-hypergroups and
multi-hypergraphs.
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