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1 Introduction

The hyper structure theory was introduced by Marty [I6] at the 8th Congress of Scandinavian Mathemati-
cians. In an algebraic hyper structure, the composition of two elements is not an element but a set. Since
then many hyper algebraic structures have been extensively researched such as hyper BCK-algebras [T5], hy-
per MV-algebras [[3], hyper EQ-algebras [B, [ and hyper equality algebras [d], etc. Also, in 2020, Borzooei,
Aaly [l] and Davvaz [I0] gave comprehensive overviews of hyper logical algebras, respectively. Now, hyper
structure theory has been applied to many disciplines such as geometry, graphs, automata, cryptography,
artificial intelligence, probability theory, dismutation reactions and inheritance, etc (see [9, [1]). Recently,
Radfar, Rezaei and Saeid [I¥] introduced the notion of hyper BE-algebras as a generalization of BE-algebras
where some types of hyper BE-algebras and hyper filters were given. Then they investigated commutative
hyper BE-algebras in [[9]. Cheng and Xin [4] systematically studied the filter theory of hyper BE-algebras
and they also constructed quotient hyper BE-algebras via normal hyper filters.

The notion of states on MV-algebras was introduced by Mundici 7] in 1995 with the intent of capturing
the notion of average degree of truth of a proposition in Lukasiewicz logic, and so the states have been used
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as a semantical interpretation of the probability of fuzzy events a. That is, if s is a state and a is a
fuzzy event, then s(a) is presented as averaging of appearing the event a. State operators on MV-algebras
(correspondingly, state MV-algebras) were introduced by Flaminio [I2] in order to preserve some basic
properties of the states on MV-algebras. In fact, state operators on logical algebras [?, 8, B, [[4] are able to
cope with states in an universal algebraic setting. With the intent of representing the average of the true
values of more fuzzy events in the logic, states on hyper MV-algebras [21] were introduced by Xin and Wang
as a generalization of the states on MV-algebras. Then Xin and Davvaz [20, 22] applied the state theory
to hyper BCK-algebras and introduced and systematically studied the states and state operators on hyper
BCK-algebras. The above are our motivation to study state hyper BE-algebras.

This paper is organized as follows: In Section 2, we review some basic concepts and results on hyper
BE-algebras. In Section 3, we introduce state operators (correspondingly, state hyper BE-algebras) and in-
vestigate some related properties of them. In Section 4, we introduce state hyper filters of hyper BE-algebras
and give some representations of generated state hyper filters. Also, we present some characterizations of
maximal (prime) state hyper filters and discuss the relationships between them. In Section 5, we introduce
the concepts of state (compatible) hyper congruences and find some conditions that there is an isotone
bijection between all state strong regular o-reflexive hyper filter Fi(H,¢) and all state compatible hyper
congruence Cs(H, &) on hyper BE-algebra (H,£).

2 Preliminaries

Definition 2.1. [IR] Let H be a nonempty set and o : H x H — P*(H) be a hyperoperation. Then (H,o,1)
is called a hyper BE-algebra provided it satisfies the following axioms:

(HBE1l) x < 1 and z < x;

(HBE2) zo(yoz)=yo(xoz);

(HBE3) x € lox;

(HBE4) 1 < x implies © =1,

for all x,y € H, where the relation < is defined by v < y < 1 € x oy. For any two nonempty subsets A
and B of H, A < B means that there exist a € A;b € B such that a < b.

Notice that in any hyper BE-algebra, AocoB= |J aoband A < B means for any a € A, there exists
acA,beB
b € B such that a < b.

Example 2.2. [(8] Let H = {a,b,1}. Define operations 01,09 on H as follows:

01 ‘ 1 a b 09 ‘ 1 a b

A1 {ae b} {0} oy {a} {0}
o | {1} {Lab}  {b} o | {Lab} {1} {ab}
b | {1,b} {l,a,b} {1,a,b} b | {1,a,b} {1l,a,0} {1}

Then (H,o01,1) and (H,o09,1) are two hyper BE-algebras.

Proposition 2.3. [, (8] Let (H,0,1) be a hyper BE-algebra. Then for any xz,y € H/A,B C H:
(P1) y € 1oz implies y < x;
(P2) z < yox and A< Bo A;

(P3) z < (zoy)oy and A< (Ao B)o B;

(P4) A< B and B<C imply A< C;

(P5) A< Band1le€ A imply 1 € B;

(P6) A < B implies 1 € Ao B.

Definition 2.4. [@, O8] A hyper BE-algebra is said to be a/an

(1) R-hyper BE-algebra if 1 ox = {z}, for allx € H;

(2) D-hyper BE-algebra if x ox = {1}, for allz € H;

(3) RD-hyper BE-algebra if it is both an R-hyper BE-algebra and a D-hyper BE-algebra;

(4) Transitive hyper BE-algebra if yoz < (xoy)o(roz) andxoy < (yoz)o(xoz), foral z,y,z € H.
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Definition 2.5. [iR] Let H be a hyper BE-algebra. A nonempty subset F' of H is said to be a hyper filter
if it satisfies:

(1) 1eF;

(2) zoyNF#D andx € F implyy € F, for all z,y € H.

Lemma 2.6. [A] Let F be a hyper filter of a hyper BE-algebra (H,o0,1). Then for any nonempty subset
A BofH, ANF #0 and A< B imply BN F # (.

Definition 2.7. [4] Let H be a hyper BE-algebra and 6 be an equivalence relation on H. Then

(1) for any A,B C H, AOB means for all a € A there exists b € B such that adb and for all b € B there
exists a € A such that afb;

(2) 0 is called a hyper congruence relation if for all x,y,u,v € H, z0y and ubv imply (x o u)f(y o v).

Lemma 2.8. Let 0 be a hyper congruence on a hyper BE-algebra H. Then AOB and BOC imply AOC'.
Proof. The proof is clear. O

One can easily prove that an equivalence relation on H is a hyper congruence relation if and only if 20y
implies (z o u)f(y ou) and (uo x)f(uoy), for all u € H.

Let 6 be a hyper congruence relation on a hyper BE-algebra H. Denote H/0 = {[z]o : * € H} where
[2]p = {y € H : y0z}. We define 5 by [z]4o[y]s = {[alg : @ € x oy}, and define <4 on H/O by [z]g <4 [y]s
iff [1]p € [z]po[ye for any [z]e, [y]e € H/O, where [1]g is said to be the kernel of § and is denoted by Ker(0).
Clearly, * < y implies that [z]g < [y]e. Moreover, for A,B € H/0, A <y B means that for any [z]s € A4,
there exists [y]p € B such that [z]s <g [y]s-

Theorem 2.9. [4] Let (H,0,1) be a hyper BE-algebra and 0 be a hyper congruence on H. Then (H/6;3, [1]g)
is a hyper BE-algebra, which is called as a quotient hyper BE-algebra with respect to 6.

3 State hyper BE-algebras

In this section, we introduce state operators on hyper BE-algebras and investigate some related properties
of them. By H denote a hyper BE-algebra (H, o, 1), unless otherwise specified.

Definition 3.1. A map £ : H — H is said to be a state operator on H, if for all x,y € H, it satisfies the
following conditions:

(51) £(1) = 1;

(52) £(€(z)) = &(2);

(S3) z < y implies £(x) < &(y);

(54) §(zoy) <&((woy)oy)o&(y);

(55) £(&(x) 0 &(y)) = &(x) 0 &(y)-

Meanwhile, the pair (H,€) is said to be a state hyper BE-algebra.

Remark 3.2. (1) A state BE-algebra is a state hyper BE-algebra.
(2) By (P2), it is easy to see that (H,Idy) is a state hyper BE-algebra, where Idy : H — H is the identity
map. Therefore a hyper BE-algebra can be seen as a state hyper BE-algebra.

Example 3.3. Let H = {a,b,1}. Define an operation o on H as follows:

‘ 1 a b
{1 A{a} {o}
{1} {l,a,0} {0}
{1} a0}  {L,0}

Then (H,o,1) is a hyper BE-algebras [IR]. Consider the map £ : H — H:

>N Q ~| O
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One can check that (H,§) is a state hyper BE-algebra.

Definition 3.4. A state hyper BE-algebra (H,£) is called:

o s-positively ordered if £(x) < &(y) implies £(z) o &(x) < &(2) 0 &(y);

o s-negatively ordered if £(x) < £(y) implies {(y) 0 &(z) < &(x) 0 &(2);

o s-ordered if (H,§) is both s-positively ordered and s-negatively ordered,
forall x,y,z € H.

Definition 3.5. A hyper BE-algebra H is called:

e positively ordered if v < y implies zox < zoy;

o negatively ordered if v < y implies yoz < xwoz;

e ordered if H is both positively ordered and negatively ordered,

for all z,y,z € H. In particular, if £ is a state operator on H, we call the state hyper BE-algebra (H,§)
positively ordered (negatively ordered, ordered).

It is evident that if (H,¢) is positively ordered (negatively ordered, ordered), then it is s-positively
ordered (s-negatively ordered, s-ordered).

Example 3.6. In Example @3, we can check that the state hyper BE-algebra (H,E) is both s-positively
ordered (s-negatively ordered, s-ordered) and positively-ordered (negatively ordered, ordered).

Proposition 3.7. Given a state hyper BE-algebra (H,&) and z,y € H, we have:
(SP1) &(H) is a subalgebra of H;

(SP2) ((H) N Ker(§) = {1};
(SP3) {(H) = Fize(H), where Fizg(H) = {x € H : {(x) = z};
(SP4) If (H,€) is s-negatively ordered, then {(xoy) < &(x)o&(y). More generally, if (H,&) is ordered, then

@m0 (o (a?o(al ow)) ) S E(@") o (-0 ((€(a%) o (€(a) 0 &(2))) ).

Proof. (SP1) and (SP2) are obvious.

(SP3) If x € £(H), then there exists a € H such that {(a) = z. Hence &(z) = £{(£(a)) = &€(a) = =, and
so x € Fix¢(H). Conversely, if € Fix¢(H), then {(z) = x and so x € £(H).

(SP4) Since x < (zoy) oy, we get {(x) K £((x oy) oy). Considering (H, &) is s-negatively ordered, it
follows that £(xoy) < &((zoy)oy) o&(y) < &(x) o&(y). Therefore, {(xoy) < &(x) 0 &(y). The second part
can be easily seen. O

4 State hyper filters of state hyper BE-algebras

In this section, we introduce state hyper filters in state hyper BE-algebras. We focus on giving the generated
representations of state hyper filters and investigating maximal (prime) state hyper filters in state hyper
BE-algebras.

Definition 4.1. Let (H,&) be a state hyper BE-algebra. A hyper filter F' of H is said to be a state hyper
filter of (H, &) if x € F implies {(x) € F, for any x € H.

Example 4.2. Consider the hyper BE-algebra (H,o01,1) from Ezample Z23. Define a map £ : H — H,
where £(b) = b,(a) = &(1) = 1, then it can be calculated that (H,E) is a state hyper BE-algebra, and
F ={a,1} is a state hyper filter of (H,§).

Proposition 4.3. Let (H,§) be an s-negatively ordered state hyper BE-algebra. Then Ker(§) is a state
hyper filter of (H,&).

Proof. Clearly, 1 € Ker(&). Let z,y € H such that (zoy) N Ker(§) # 0 and z € Ker(§). Then &(z) =1
and 1 € {(zoy). Hence {(zoy) < &(x)o&(y) =10&(y) and so 1 € 1 0&(y), which implies 1 < £(y). This
results in £(y) = 1, that is, y € Ker(§). Therefore, Ker(&) is a state hyper filter of (H,¢). O

Proposition 4.4. Let (H,§) be an s-negatively ordered state hyper BE-algebra. If F in £(H) is a state
hyper filter, then E~1(F) in H is also a state hyper filter.
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Proof. Clearly, 1 € ¢ 1(F) from £(1) = 1. Let z € F and (zoy) N F # (. Hence £(x) € F and
E(xoy)NF #10. Since (H, &) is s-negatively ordered, we have {(xoy) < &(x) 0&(y). It follows from Lemma
P8 that (£(x) 0&(y)) N F # 0 and so £(y) € F. Therefore y € ¢~1(F), which implies that £¢~1(F) is a hyper
filter of H. Let x € &1F. Then £(z) € F. Since F is a state hyper filter, we have £(£(x)) € F and so
&(z) € €71(F). Tt shows that £71(F) is a state hyper filter of (H, ). O

Let (H,&) be a state hyper BE-algebra and A be a nonempty subset of H. Denote by [4), the least
state hyper filter containing A of (H,¢), and call the state hyper filter generated by A. In particular, if
A = {a}, then we write [{a})s = [a)s. In addition, we denote by [F'U {a})s the generated state hyper filter
by F and a, where a € H \ F. In the following, we give some generated representation of state hyper filters
in state hyper BE-algebras.

Theorem 4.5. Given a state hyper BE-algebra (H,£) and ) # A C H. Then, we have
[A)s={z€H:1€a10(azo(-+(ano(&br)o (- - (§(bm)ox)--+)), for some ar -+ ,an,b1, -, by € A,n,m > 1}.

Proof. Denote the right side by B. Firstly, B C [A),. In fact, if # € B, then there are ay « -+ , an, b1, , by €
A such that 1 € a3 o (ag o (- (an o (E(by) o (-++ (£(bm) o) --+)). Hence

aro(ago (-~ (ano (§(b) o (- (E(bm) 0x)---)) N[A)s # 0.

Since a; € A C [A]s and [A]; is a state hyper filter of H, we have

az o (- (an o (§(br) o (-+- (&(bm) o) -+ )) N[A)s # 0.
Considering £(b;) € [A]s, for all i and repeating the above process, we obtain x € [A),. O
Theorem 4.6. Given an ordered state hyper BE-algebra (H,€) and ) # A C H. Then, we have
[A)s={z€H:1€a0(ao( (ano(Ebi)o (- (E(bm) o) --)) for somear--- ,anbis---, bm € Anym > 1}

Proof. Denote the right side by B. Firstly, B C [A)s. Next, we prove [A)s C B, namely, B is a state hyper
filter including A of H. To do this, we need have the following steps.

Step 1: 1€ Band AC B,sincel €aol and 1 € xzox, for any a,z € A.

Step 2: We show that B is a state hyper filter of H.

Let € B and (zoy)NB # (0. Then there are a1, az, -+, an,b1,b2, -+ by, C1,¢2, - ,Cp,dr,do, - ,d, €
A such that

Learo(azo(---(ano(§(br)o (- (§(bm)ox) ) and 1 € cro(czo -+ (cpo(§(di)o (- (§(dg) o (woy) ).
Hence using (HBE2) repeatedly, we get
c1o(czo (- (cpo(€ldr)o (- (&(dg)o(zoy) ) =zo(c1o(czo (- (cpo(&(dr)o (- (Eldg)oy) ).
This implies 1 € 70 (¢ 0 (c2 0 (+++ (¢p 0 (£(d1) o (- (€(dy) 0 y) -+ )), and so
z<Lerofezo (o (cpo(§(di)o (- (E(dg)oy):-+))
Since H is ordered, we have

a10 (a0 (- (an o (E(b1) o (- (E(bm) o) ---))

< aro(azo (- (ano(§(br)o (- (§(bm) o (cro(cao (- (cpo(&(dr)o (- (E(dg) 0 y) -+ )).
It implies that

1€ aro(azo (- (an o () o (- (E(bm) o (e10 (e20 (- ey 0 (E(dr) o (- ((dg) 0 9) )

= ajo(ago(---(ano(cro(cgo(---(cpo(&(br)o (- (§(bm)o (&(dr)o (- (&(dg)oy)--+)),
which shows y € B.
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Step 3: We prove that € B implies £(z) € B.
By x € B, there are ey, e, , €., f1, -+, ft € A such that

lLeero(ezo(--(eno(&(fi)o (- (&(fm)ox) )
It follows from (S1),(SP2) and (SP3) that

166(610(620( o(€(f)e (- (E(fm)om)--+))
<&(e)o(E(e2) 0 ( ~(&len) 0 (€(E(F1)) © (-~ (E(&(fm)) 0 () --+))
= &(er) o (&lex) o (-~ (Elen) o (E(f1) © (- (E(fm) 0 E(x)) -+ ).

This shows 1 € £(e1) o (§(e2) o (-~ (§(en) o (§(f1) © (- (£(fm) 0 &()) -+ +)) and so {(z) € B. O
Corollary 4.7. Given an ordered state hyper BE-algebra (H,€) and a € H,
[@)s={xeH:1€a”o({(a)™ ox),n,m>1}.
Theorem 4.8. Given an ordered state hyper BE-algebra (H,£),
[FU{a})s={z € H:a"o((a)"ox)NF #0,m,n> 1},
where F is a state hyper filter of H and a € H\ F.

Proof. Set B={x € H:a"o ({(a)™ox)NF # (,n,m > 1}. Firstly, B C [F U {a})s. If x € H, then
a™o (£(a)™ox)NF # () and so a™ o (E(a)™ ox)N[FU{a})s # 0. Since a € [FU{a}),&(a) € [FU{a})s and
[FFU{a})s is a state hyper filter of H, we get = € [F'U {a})s.

Conversely, we show [FU{a})s C B. By (aol)NF # 0 and (aca)NF # (), we have 1 € B and a € B. Let
x € F. It follows from z < £(a)ox that (£(a)oz)NF # (). By using £(a)ox < £(a)o(&(a)ox) = £(a)?ox, we
get £(a)?oxNF # (). Repeating the above process, a™o(£(a)™ox)NF # (), which shows x € B and so F C B.
Next let « € [FFU{a}]s. Then according to Theorem B, there are ay,ag, - ,an, b1, -+ , by € FU{a} such
that 1 € a3 o (ag o (-+- (an 0o (§(b1) o (- (£(by) 0o x) - -+)).

Case 1. If there are some i, such that a; = a,b; = a, then 1 € aj o (ag o (---(a" o ((a)t o x)--+)).
Since ay,, &(by) € F(p # i,q # j) and F is a state hyper filter of H, we have a” o (£(a)t o x) N F # (), which
implies « € B.

Case 2. If a;,b; # a for all 4, j, then a;,£(b;) € F. Since F is a state hyper filter of H, we get z € F
and so xz € B. O

A state hyper filter F of a state hyper BE-algebra (H, &) is said to be proper if F' # H. In the following,
we introduce maximal (prime) state hyper filters in state hyper BE-algebras.

Definition 4.9. Let (H, &) be a state hyper BE-algebra. A proper state hyper filter F is of (H,£) is called
e maximal provided that H = [FU{a})s for anya € H\ F.
e prime provided that Fy N Fy C F implies Fy C F or Fy C F for any state hyper filters Fy, Fy of (H,§).

In the following, we investigate characterizations of maximal (prime) state hyper filters in a state hyper
BE-algebra.

Theorem 4.10. Let (H,§) be a state hyper BE-algebra and P is a proper state hyper filter of (H,§). Then
F is mazimal if and only if M C F C H implies M = F or F'= H for any state hyper filter of (H,§).

Proof. Assume that M is a maximal state hyper filter and F is a state hyper filter of (H, &) such that
M CFCH. If M #F, then M C F and there exists a € F but a ¢ M. Since M is maximal, we
have [M U {a})s = H. Hence for any z € H, z € [M U {a})s, that is, there is m,n € N such that
a™o (&(a)™ox) N M # () and thus a” o (£(a)™ oxz) N F # (). Since a € F and F is a state hyper filter of H,
we get £(a) € F. According to the definition of the hyper filter of H, we obtain x € F and so H C F. Tt
follows that F' = H.

Conversely, assume that the condition is true and M is a proper state hyper filter of (H,¢). Let a € H\M.
If [M U{a})s # H, then there exists € H such that ¢ [M U {a})s. Hence M C [M U {a})s C H and
thus M = [M U {a})s. Therefore, a € M, a contradiction. This shows that [M U {a}); = H, namely, M is
a maximal state hyper filter of (H,¢). O
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Theorem 4.11. Let (H,&) be a state hyper BE-algebra and P be a proper state hyper filter of (H,§). Then
P is prime if and only if [x)s N [y)s C P impliesxz € P ory € P, for all z,y € H.

Proof. Assume that P is a prime state hyper filter of (H,). Set [z)s N [y)s C P for z,y € H. Then
x €[x)s CPoryc€ ly)s C P. Conversely, if F} and Fy are two state hyper filters of (H,¢) such that
FiINF, CP. Let x € Fy and y € Fy. Then [z); C F; and [y)s C F». Hence [z);N[y)s € F1 N F>, C P and
sox € Porye P. Therefore, F; C P or Fy, C P. ]

Next, we deduce some properties about maximal (prime) state hyper filters in a state hyper BE-algebra.

Proposition 4.12. Suppose that (H,&) is an ordered state hyper BE-algebra. If &1(F) in H and F in
E(H) are two state hyper filters, then £~1(F) is mazimal implies F is mazimal.

Proof. Assume that ¢ 1(F) is a maximal state hyper filter of H. Then for any z € H and a € H \ F, there
are n,m > 1 such that a" o (£(a)™ oz) NE~L(F) # (). Hence it follows from (SP4) that there is y € £~1(F),
e, £(y) € F such that £(y) € £(a” o (€(a)™ 0 2)) < £(a)" o (€(€(a))™ 0 £(x)). Since £(y) € F and F is a
state hyper filter of H, we get {(a)" o (§(§(a))™ o £(x)) N F" # 0. This shows {(H) = [F'U{{(a)})s for any

§(a) € E(H) \ E(F). O

Theorem 4.13. Let F be a state hyper filter of a state hyper BE-algebra (H,£). Then for any a,b €
H,[a)sN[b)s C F if and only if [FU{a})s N[FU{b})s =F.

Proof. Assume that [FU{a})sN[FU{b})s = F. Since a € [a)s and b € [b)s, we have [a)s C [FU{a})s and
[b)s C [FU{b})s. Hence [a)s N[b)s C [FU{a})s N[FU{b})s = F.

Conversely, assume that [a); N [b)s C F for a,b € H. Clearly, F' C [F U {a})s N [F U {b})s. Now,
set € [FU{a})s N[F U{b})s. Then there are m,n,r,t € N such that a™ o (§(a)™ ox) N M # 0 and
b" o (£(b)t ox) N M # (). Hence there exist p,q € F such that p € a™ o (£(a)™ o x) and ¢q € b" o (£(b)! o x).
Thus

1€popCpo(ao (€)™ o) =a o (¢(@)™ o (pow)),

and so a™ o (§(a)™ o (pox)) N[a)s # B. Since [a)s is a state hyper filter of H and a € [a)s, we get
(poz)Nla)s # 0. By the similar way, (gox) N [b)s # 0. Also pox < go(pox) = po(gox) and
goz < po(goz). It follows from Lemma A that po (goz) N[a)s # 0 and po (goz) N [b)s # @. Thus
po(goz)N([a)sN[b)s) # B, which implies F N (po (qox)) # 0. Considering p,q € F, we have x € F. This
shows that [F'U {a}), N [FU{b})s C F. O

Theorem 4.14. Let (H,£) be an s-negatively ordered state hyper BE-algebra with £(x)" ™™ o £(a) < a™ o
(&(x)™oa) for allm,n € N,a,z € H, and §(H) be a state hyper filter of H. If F in &(H) is a prime state
hyper filter and €1 (F) # H, then E~Y(F) in H is also a prime state hyper filter.

Proof. By Proposition B4, £~!(F) in H is a state hyper filter. Now, let [2)s N [y)s € ¢ 1(F),x,y € H and
p € [€(x))s N[£(y))s. Then there exist m,n,rt € N such that

1=¢(1) € §(x)" o (£(5(x))™ 0 p) = &(2)" o (§(2)™ op) = &(x)" M op

and
1=£(1) €&(y) o (EEy) op) =) o (E(y) op) = Ey) T op.

Hence &(z)"t™ op N E(H) # 0. Since &(z) € &(H) and £(H) is a hyper filter, we have p € &(H). Thus
there is a € H such that p= &(a) and so 1 € &(a)™t™ op = £(z)" ™o (a) < a™o (§(x) oa). It implies
that 2™ o (f(x)m oa)n¢t ( ) ;é () and hence a € [£7Y(F) U {x}) . Slmllarly, a € [¢HF)U{y})s. This
shows a € [ (F)U {y}) [€71(F) U {y})s. Considering [z)s N [y)s € £ 1(F) and Theorem ET3, we get
o € [ (F)U{p)nlE-(F)U{})s = € (F). Therefore, p = £(a) € F, which implies [£(x))sN[E(y))s C F.
Since F'in {(H) is a prime state hyper filter, we obtain £(z) € F or £(y) € F. It follows from Theorem BT
that ¢~1(F) in H is a prime state hyper filter. O

The following theorem delivers the relationship between maximal state hyper filters and prime state
hyper filters in a state hyper BE-algebra.
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Theorem 4.15. FEvery maximal state hyper filter of a state hyper BE-algebra (H, &) is a prime state hyper
filter.

Proof. Let M be a maximal state hyper filter of (H,&) and [a)sN[b)s C M, a,b € H. Assume that a,b ¢ M,
we have [M U {a})s = H,[M U {b})s = H. Hence [M U {a}); N [M U {b})s = H. By Theorem BT3
[a)s N [b)s € M, a contradiction. Therefore a € M or b € M and so M is a state prime hyper filter. O

5 State hyper congruences on state hyper BE-algebras

In this section, we introduce the concept of state hyper congruences on state hyper BE-algebras.

Let H be a hyper BE-algebra and F' be a hyper filter of H. Denote by 6 the binary relation generated
by F. Define Ap as follows: zApy iff (xoy)NF # 0 and (yox) N F # (). If Ap is a hyper congruence,
then we denote the quotient algebra H/Ap by H/F = {[z]p : « € H}. Thus (H/F,5,[1]r) is a hyper
BE-algebra, where {[1]r} is a hyper filter of H/F.

Definition 5.1. A hyper congruence 0 on a hyper BE-algebra H is called compatible if for all x,y € H,
there exists z € H such that x o y0z.

Let 6 be an equivalence relation on a hyper BE-algebra H and A, B,C' C H. Then AOB is defined by
afb for all a € A and b € B. Thus A9B and BOC imply A6C.

Lemma 5.2. Let (H,0,1) be a hyper BE-algebra and 0 be an equivalence relation on H. Then the following
are equivalent:

(1) 0 is a compatible hyper congruence on H;

(2) 0 satisfies: x0y and ubv imply x o uby o v.

Proof. (1) = (2) Assume that 6 is a compatible hyper congruence on H. Let 20py. Then (zo0a)f(yoa) and
(aox)f(aoy) for all a € H. Hence for all ¢t € x o a, there exists s € yoa such that sft and for all m € yoa,
there exists n € x o a such that mfn. On the other hand, since # is compatible, there are u,v € H such
that (z o a)fu and (y o a)fv. Based on the two parts, we deduce tdpudpndpm. Thus for all t € z o a and
m € yoa, we have tdpm. That is, (xo0a)f(yoa), for all @ € H. Similarly, we can obtain (a o x)f(a oy), for
all a € H. Tt is not difficult to see that (x o u)f(y o v).

(2) = (1) Assume that the condition (2) holds. Then one can easily deduce that 6 is a hyper congruence

on H. Moreover, it follows from zfz,y0y that (x o y)f(x o y). This implies that there exists t € zoy C H
such that (x o y)ft. Consequently, 6 is a compatible hyper congruence on H. O

Definition 5.3. Let (H,o,1) be a hyper BE-algebra. For all z,y,u,v € H, a hyper filter F' of H is called
o o-reflexive if toy N F # 0 implies toy C F;
o reqular if xApy and uApv imply (x o u)Ap(yov);
e strong reqular if tApy and uApv imply (x o u)Ap(yov).

It is easy to see that, a hyper filter F' of a hyper BE-algebra H is strong regular if and only if zAry
implies (z o u)Ap(yowu) and (uwo x)Ap(uoy), for all u € H.

Definition 5.4. Let (H,&) be a state hyper BE-algebra. A hyper congruence 0 on H is said to be a state
hyper congruence on (H, &) if x8y implies £(x)0&(y), for all x,y € H.

Proposition 5.5. Let (H,£) be an s-negatively ordered state hyper BE-algebra and 6 be a state hyper
congruence on (H,&). Then F is a state hyper filter on (H,&) if and only if F = {[z] : © € F} is a state

o~

hyper filter on (H/0,€).

Proof. Assume that F is a state hyper filter on (H,¢). Firstly, 1 € F results in [1] € F. Let [z] € F and
[z]5[y) N F # 0. Then z € F and there is [a] € [z]5[y] such that [a] € a € F, where a € x o y. Hence
(roy)NF # (. Since F is a hyper filter on H, we have y € F and so [y] € H/0. Therefore, F is a hyper
filter on H/0. Next let [z] € F. Then x € F and so £(z) € F. Thus £([z]) = [¢(z)] € F. It shows that F is

~

a state hyper filter on (H/0,¢).



State hyper BE-algebras 9

Conversely, assume that F is a state hyper filter on (H/G,g). Then [1] € F implies 1 € F. Let € F
and (zoy) N F # (. Then [z] € F and there is a € z oy such that a € F. Hence, there is a € z oy such
that [a] € F but [a] € []o[y]. It implies that that ([#]o[y]) N F # 0. Since F is a hyper filter on H/#,
we get [y] € F, which derives y € F. Therefore, F is a state hyper filter on H. Now, let [x] € F. Then
[€(z)] = g([:v]) € F. Hence £(z) € F, which proves that F is a state hyper filter on (H, &). O

Theorem 5.6. Let (H,&) be an s-negatively ordered state transitive hyper BE-algebra. If F' is a state strong
reqular o-reflexive hyper filter of (H,§), then Ar is a state compatible hyper congruence on (H,§).

Proof. The reflexivity and the symmetry of Ap are evident. Now, let xAry and y0pz. Then (zoy)NF #
and (yox)NF # (. Since H is transitive, it follows from yoz < (zoy)o(zoz) that ((xoy)o(zoz))NE # 0.
Also, since F' is o-reflexive, we have z oy C F. Hence (z o z) N F # (. Similarly, (zox)NF # (.
Consequently, zArz and so the transitivity holds. It shows that 6 is an equivalence relation. Considering
that F' is strong regular hyper filter, by Lemma B2 we deduce that Ap is a compatible hyper congruence
on H. Next, let zApy. Then (zoy)NF # () and (yoxz) N F # (). Since F is state hyper filter, we get
E(roy)NF # 0. Combining {(x oy) < &(x) o &(y), it follows from Lemma P8 that (£(x) o £(y)) N F # 0.
Similarly, (£(y) o &(z)) N F # 0. Therefore, £(x)0&(y), that is, Ap is a state hyper congruence on (H,§).
Thus Ar is a state compatible hyper congruence on (H,¢). Combing the above arguments, we obtain Ap
is a state compatible hyper congruence on (H,¢). O

Theorem 5.7. Let (H,§) be a state RD-hyper BE-algebra such that {(x o y) o &(y) = &(y o x) o &(x), for
any x,y € H, and 0 be a hyper congruence on H. Then 0 is a state hyper congruence on (H, &) if and only
if 10z implies 10¢(x), for all x € H.

Proof. The necessity is clear. Now, assume that the condition holds. Let a0y for any x,y € H. Then
(x o x)8(x o y) and hence 16(x o y). Thus there exists b € x oy such that 10b and for any ¢ € zoy
such that c1. It follows from the condition that for the above b, ¢ there exists £(b) € &(z o y) such that
1 € £(b) and for any £(c) € &(x o y) such that 1 € £(c¢). According to Definition B0, we get 16£(x o y),

which shows 10 £(y)0(z 0 y) o &(y). That is, £(y)8€(x o y) o £(y). Similarly, £(x)8(y o ) 0 £(x). Since
E&(zoy)o&(y) =&(yox)ol(x), we obtain {(x)0¢(y). Therefore, 0 is a state hyper congruence on (H,§). O

Theorem 5.8. Let (H,&) be an s-negatively ordered state hyper BE-algebra and 6 be a state congruence
on (H,€&). Then (H/0,§) is a state hyper BE-algebra, where the map & : H/6 — H/0 is defined by &([x]) =
[§(z)].

Proof. From Theorem 79 (H/6,73,[1]) is a hyper BE-algebra. Let [z], [y] € H/6. Then ¢ is well defined. In
fact, if [z] = [y], we have 6y and hence £(x)0¢(y). This implies [£(x)] = [£(y)], namely, f([ )= f([ D). In
the following, it suffice to prove that £ is a state operator on H/6.

(S1) &([1]) = [&)] = [1].

(2) €(€la])) = E(¢(@)]) = [E(E@))] = [¢(=)]
(S3) Let [z] <o [y] for any x,y € H. Then [1] € [z]5]y] and so [1] € {[a] : @ € z o y}. It implies that
1l e€zoyand thus 1 = (1) € £(zoy). Since {(xoy) < E(x) o ([ , from (P5) we have 1 € £(z) o &(y),
€ S

)
which shows 1] € {[6(@)] - (o) [€()]s(y). Therefore [€(x)] <o [£(y)] and 5o
E(l) <o &l

(84) &([]oly]) = {&([a]) s a € w0y} = {[¢(a)] : €(a) € E(z 0 y)}, and

§(x)0&(y)}. That is, [1]

(([z3[y))aly))BE(y]) = E(([215[y])Bly])slE ([y])]
={[{()] : b€ (zoy)oy}o[5(y)]
={[{(c)] :c€ ((zoy)oy)oy}
= {[€(c)] : {(c) € E(((woy) oy) o y)}.
Denote A = {[¢(a)] : £(a) € &(zoy)} and B = {[¢(c)] : &(c) € E((xoy)oy)oy)}. By (P3) zoy <
((zoy)oy)oy, we have {(zoy) <E(((zoy)oy)o

;) Since £(a) < £(c), we get [£(a)] <o [£(c)]. Hence for
any [¢(a)] € A and {(a) € {(zoy), there s [{(c)] € B and {(c) € £((z oy) oy) oy) such that [§(a)] < [£(c)]-
That is, A <g B, which shows &([z]3[y]) <o 5(([x] [y])3[y])a

I
—~~
= Mm
AN
—~
—
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O

In the following, we deliver characterizations of state strong regular o-reflexive hyper filters of a state
hyper BE-algebra. To do this, we first investigate a related result.

Lemma 5.9. Let H be a transitive hyper BE-algebra and F be a hyper filter of H. Then [1]F is a hyper
filter and Ker(Ap) =[1]p = F.

Proof. Let z € Ker(Ar) = [1]p. Then zApl and so 1oz N F # (. Since F is a hyper filter, we have
x € F, which implies that Ker(Ap) C F. On the other hand, let x € F. It follows from x € 1o x that
(Loz)NF # (). This together with (xo1)NF # @) imply 20r1, namely, z € [1]p = Ker(6r). Consequently,
Ker(Ap) = [1]F = F and [1]F is hyper filter. O

Theorem 5.10. Let (H, &) be an s-negatively ordered state transitive hyper BE-algebra such that 101 = {1}.
If F is a strong regular o-reflexive hyper filter of H, then the following are equivalent:

(1) F is a state strong reqular o-reflexive hyper filter of (H,&);

(2) There exists a state compatible hyper congruence on (H, &) whose kernel is F;

(3) x,y € F implies £(x) 0 &(y) C F.

Proof. (1) = (2) Assume that F is a state strong regular o-reflexive hyper filter of (H,&). Then from Theo-
rem B8, Ay is a state compatible hyper congruence on (H, ¢) and moreover from Lemma 659, Ker(Ap) = F.
(2) = (3) Assume that there exists a state compatible hyper congruence 6 on (H,§) such that F =
Ker(f). Let 2,y € F. Then we have £01 and y61 thus £(x)81 and £(y)01. Hence ({(x)0&(y))0(101) = {1}.
This shows that for any a € £(x) o £(y), afl, namely, a € Ker(f) = F. Therefore, £(x) o &(y) C F.
(3) = (1) Assume that the condition (3) holds. Let = € F. Since z,1 € F, we derive {(z) € 1o &(x) =
£(1)o&(z) C F and so &(x) € F. It shows that F' is a state regular o-reflexive hyper filter of (H,¢). O

Lemma 5.11. Let (H,§) be a state R-hyper BE-algebra and 0 is a state compatible hyper congruence on
(H,&). Then Ker(0) = [1]p is a state strong regular o-reflexive hyper filter of (H,§).

Proof. 1t is clear that 1 € Ker(f). Let « € Ker(f) and (x oy) N Ker(f) # (). Then z01 and there exists
a € zoy such that a € Ker(6). Since 201, we have (zoy)f(1loy) = y. Hence for the above element a € zoy,
we get afy, namely, a € [y]p. Thus [ylp = [1]g, which implies y € Ker(#). Therefore, Ker(d) is a hyper
filter of H. Now, let = € Ker(0). Then 201. Taking into consideration that 6 is a state hyper congruence,
we deduce that £(x)0¢(1) and so &(x)01. Consequently &(x) € Ker(0), proving that Ker(f) is a state hyper
filter of (H,¢).

Next we prove that Ker(0) is o-reflexive. Let x,y € H such that (z o y) NKer(f) # (). Then there exists
a € x oy such that afl. Since 6 is compatible, we have (z o y)0t for some ¢t € H. Hence aft and so 160t. It
shows that z oy C [1]y = Ker(6).

Finally, we shows that Ker(f) = [1]y is strong regular. Let 2Aker(p)y. Then (z o y) N [1]g # 0. Since H
is transitive, we have z oy < (uox)o (uoy) and so (uoz)o (uoy)N[lly # 0. It follows that there exist
m € uox,n € uoy such that monN 1]y # 0. Considering that [1]g is o-reflexive, we get that mon C [1]s,
that is, m o nf1l. On the other hand, since 6 is compatible, there exist p,q € H such that u o zfp, u o ygq.
It implies that for all s € wox, r € uoy, sfp, rfq and hence s o rfp o g. Also we can see that mép, nfq
and thus m o nfp o q. So we have s orfp o gdm onfl. It deduce that s o701 and thus sor N [1]g # @ for all
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s €Euox,r € uoy. Also, it is similar that we can get the other part rosN[l]g # () for all s € uox,r € uoy.
This implies (u o 2)Ager(g)(u 0 y). Meanwhile in a similar way, we can deliver that (2 o v)Age ) (y © v).
Therefore, Ker(0) = [1]p is strong regular.

Combing the above arguments, Ker(6) = [1]y is a state strong regular o-reflexive hyper filter of (H,&). O

Corollary 5.12. Let (H,{) be a state transitive R-hyper BE-algebra and 6 is a state compatible hyper
congruence on (H, ). Then
(1) Ager(s) is a compatible hyper congruence on H ;

(2) H/Ker(ﬂ),g) is a state hyper BE-algebra, where the map & : H/0 — H/O is defined by g([x]Ker(g)) =
[€(2)] er(o)-

Proof. (1) According to Lemma BT, we know that Ker(#) is a state strong regular o-reflexive hyper filter of
(H,§). It suffice to prove that Age,(g) is an equivalence relation on H. In fact, the reflexivity and symmetry
of Aker(py are obvious. Let ,y,z € H such that £Ager(9)y and yAge(g)z. Then (z oy) NKer(d) # () and
(yoz)NKer(f) # 0. Since H is transitive, we have zoy < (yoz)o(zoz) and so (yoz)o(xoz)NKer(f) # 0.
Considering that Ker(f) is o-reflexive, it follows from z o y C Ker(6) that (z o z) N Ker(f) # 0. Similarly
(zox)NKer(f) # 0. Therefore, £Aker(p)2, which implies the transitivity is true. The proof is completed.
(2) It can be seen immediately according to Theorem BS. O

Given a state hyper BE-algebra (H,¢), denote by Cs(H, &) all state compatible hyper congruence on
(H,&) and denote by Fi(H, &) all state strong regular o-reflexive hyper filter of (H,¢).

Theorem 5.13. Let (H, &) be a state commutative transitive RD-hyper BE-algebra. Then there is an isotone
bijection between C4(H, &) and Fs(H,E).

Proof. Define ® : C5(H, &) — Fs(H, &) by ®(0) = Ker(6). According to Lemma 511, Ker(0) is a state strong
regular o-reflexive hyper filter, namely, Ker(0) € Fs(H, §). It is obvious that the map ® is well-defined.

Assume that 61,02 € Cs(H, &) such that ®(6,) = ®(02). Let xb1y,z,y € H. Then (x oy)d;(y oy). This
together with y oy = {1} implies that (x o y)8;1. Hence z oy C Ker(;) = Ker(2) and so (z o y)f31. Thus
(x oy) oyhsl oy. Combining 10y = {y}, we have (x oy) o yhoy. In a similar, we can get (y o x) o zfsz.
It follows from (x oy) oy = (y o x) o = that xfy. Therefore, §; C 0. Similarly, 6 C 6. It leads to ® is
one-to-one.

Let F be a state strong regular o-reflexive hyper filter of (H,&). Then by Theorem B0, Af is a state
compatible hyper congruence on (H,¢) and Ker(Ap) = F. Therefore, ®(Ar) = Ker(Ap) = F. This shows
that ® is onto.

Finally, we prove ® is isotone. Set 67 C 65, for 01,6, € Cs(H,€) and x € ®(6;) = Ker(6;). Then
(JZ, 1) €6, C 02, which implies T € Ker(Gg) = @(92) It follows that @(01) - @(92)

Combing the above arguments, we deduce that there is an isotone bijection between Cs(H,¢) and
Fu(H,€). O

6 Conclusions

States play an important role in studying fuzzy logics and the related algebraic structures. In this paper,
we introduce Bosbach states on hyper BE-algebras and obtain some important results. In future work, we
shall further study state theory, especially on quotient hyper BE-algebras.
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