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Abstract

Molodtsov proposed soft set theory to address uncertainty in
a parameter manner, and Atanassov introduced intuitionistic
fuzzy set which is very useful in providing a flexible model to
elaborate uncertainty and vagueness involved in decision mak-
ing. Using intuitive fuzzy set and soft set, Jun et al. introduced
a new notion, “soju structure”, as a kind of hybrid structure.
The concept of implicative soju ideal in BCK-algebra will be
introduced and several properties will be investigated in this
article. We will discuss the relationship between soju subal-
gebra, soju ideal, positive implicative soju ideal, commutative
soju ideal and implicative soju ideal. Also, characterizations
of implicative soju ideal will be established.
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A Title

1 Introduction

Soft set theory, as the general version of fuzzy set theory, was proposed by Molodtsov [20] to address
uncertainty in a parameter manner. Intuitionistic fuzzy set, introduced by Atanassov [4, 5], is also a
generalization of fuzzy set theory, and it is very useful in providing a flexible model to elaborate uncertainty
and vagueness involved in decision making. Using soft set theory and intuitionistic fuzzy set theory to study
several aspects including algebraic structures is being done by many scholars (see [1, 2, 3, 6, 7, 8, 10, 12, 11,
14, 15, 16, 18, 22, 23, 25]). Jun et al. used intuitionistic fuzzy set and soft set to introduce a new structure,
so called a soju structure, which is a kind of hybrid structure, and then it is applied to BCK/BCI-algebras
(see [17, 21, 24]).

In this paper, we introduce the implicative soju ideal in BCK-algebra and investigate several properties.
We investigate the relationship between soju subalgebra, soju ideal, positive implicative soju ideal, commu-
tative soju ideal and implicative soju ideal. We provide examples to show that any soju subalgebra (resp.,
soju ideal, positive implicative soju ideal and commutative soju ideal) is not an implicative soju ideal. We
find and present conditions under which soju subalgebra (resp., soju ideal, positive implicative soju ideal
and commutative soju ideal) can be implicative soju ideal. We discuss characterizations of implicative soju
ideal.

https://doi.org/10.52547/HATEF.JAHLA.2.3.3
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2 Preliminaries

This section lists the already well-known concepts for BCK-algebras and soju structures related to this
paper.

2.1 Basic concepts about BCK-algebras

A BCK-algebra is defined to be an algebra (X; ∗, 0) that satisfies the following conditions:

(I1) ((x̃ ∗ ỹ) ∗ (x̃ ∗ z̃)) ∗ (z̃ ∗ ỹ) = 0,

(I2) (x̃ ∗ (x̃ ∗ ỹ)) ∗ ỹ = 0,

(I3) x̃ ∗ x̃ = 0,

(I4) x̃ ∗ ỹ = 0, ỹ ∗ x̃ = 0 ⇒ x̃ = ỹ,

(K) 0 ∗ x̃ = 0

for all x̃, ỹ, z̃ ∈ X.
We define an order relation “≤” on a BCK-algebra X as follows:

(∀x̃, ỹ ∈ X)(x̃ ≤ ỹ ⇔ x̃ ∗ ỹ = 0). (1)

Every BCK-algebra X satisfies:

(∀x̃ ∈ X)(x̃ ∗ 0 = x̃), (2)

(∀x̃, ỹ, z̃ ∈ X)(x̃ ≤ ỹ ⇒ x̃ ∗ z̃ ≤ ỹ ∗ z̃, z̃ ∗ ỹ ≤ z̃ ∗ x̃), (3)

(∀x̃, ỹ, z̃ ∈ X)((x̃ ∗ ỹ) ∗ z̃ = (x̃ ∗ z̃) ∗ ỹ). (4)

(∀x̃, ỹ, z̃ ∈ X)((x̃ ∗ z̃) ∗ (ỹ ∗ z̃) ≤ x̃ ∗ y). (5)

A BCK-algebra X is said to be

• commutative (see [19]) if x̃ ∗ (x̃ ∗ ỹ) = ỹ ∗ (ỹ ∗ x̃) for all x̃, ỹ ∈ X.

• positive implicative (see [19]) if (x̃ ∗ z̃) ∗ (ỹ ∗ z̃) = (x̃ ∗ ỹ) ∗ z̃ for all x̃, ỹ, z̃ ∈ X.

• implicative (see [19]) if x̃ = x̃ ∗ (ỹ ∗ x̃) for all x̃, ỹ ∈ X.

A subset K of a BCK-algebra X is called an ideal of X if it satisfies:

0 ∈ K, (6)

(∀x̃, ỹ ∈ X)(x̃ ∗ ỹ ∈ K, ỹ ∈ K ⇒ x̃ ∈ K). (7)

A subset K of a BCK-algebra X is called

• a commutative ideal of X (see [19]) if it satisfies (6) and

(∀x̃, ỹ, z̃ ∈ X)((x̃ ∗ ỹ) ∗ z̃ ∈ K, z̃ ∈ K ⇒ x̃ ∗ (ỹ ∗ (ỹ ∗ x̃)) ∈ K). (8)

• a positive implicative ideal of X (see [19]) if it satisfies (6) and

(∀x̃, ỹ, z̃ ∈ X)((x̃ ∗ ỹ) ∗ z̃ ∈ K, ỹ ∗ z̃ ∈ K ⇒ x̃ ∗ z̃ ∈ K). (9)

• an implicative ideal of X (see [19]) if it satisfies (6) and

(∀x̃, ỹ, z̃ ∈ X)(((x̃ ∗ (ỹ ∗ x)) ∗ z̃ ∈ K, z̃ ∈ K ⇒ x̃ ∈ K). (10)

For more information on BCK-algebra, please refer to the book [19].
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2.2 Basic concepts about soju structures

In what follows, let W be an initial universe set unless otherwise specified.

Definition 2.1. [17] Let X be a set of parameters. For any subset K of X, let λ := (φλ, ηλ) be an
intuitionistic fuzzy set in K and (F̃ ,K) be a soft set over W . Then the pair (K, ⟨λ; F̃ ⟩) is called a soju
structure related to K (briefly, K-soju structure) over ([0, 1],W ). An X-soju structure over ([0, 1],W ) is
simply called a soju structure over ([0, 1],W ).

Given a soju structure (X, ⟨λ; F̃ ⟩) over ([0, 1],W ), we consider the following sets:

≡λ
F̃
:= {{x, y} ⊆ X | φλ(x) = φλ(y), ηλ(x) = ηλ(y), F̃ (x) = F̃ (y)}, (11)

Ωλ
F̃
:=

 x
(y,z) ∈

X
X×X

∣∣∣∣∣
φλ(x) ≥ min{φλ(y), φλ(z)}
ηλ(x) ≤ max{ηλ(y), ηλ(z)}
F̃ (x) ⊇ F̃ (y) ∩ F̃ (z)

 . (12)

It is clear that

(∀x, y, z ∈ X)
(

x
(y,z) ∈ Ωλ

F̃
⇔ x

(z,y) ∈ Ωλ
F̃

)
, (13)

(∀x, y, a, b ∈ X)
(

x
(y,y) ∈ Ωλ

F̃
, y

(a,b) ∈ Ωλ
F̃

⇒ x
(a,b) ∈ Ωλ

F̃

)
. (14)

(∀x, y, z, a ∈ X)
(

x
(y,z) ∈ Ωλ

F̃
, y

(a,a) ∈ Ωλ
F̃

⇒ x
(a,z) ∈ Ωλ

F̃

)
. (15)

(∀x, y, z, a ∈ X)
(

x
(y,z) ∈ Ωλ

F̃
, a

(x,z) ∈ Ωλ
F̃

⇒ a
(y,z) ∈ Ωλ

F̃

)
. (16)

(∀x, y, z, a, b ∈ X)
(

x
(y,z) ∈ Ωλ

F̃
, y

(a,b) ,
z

(a,b) ∈ Ωλ
F̃

⇒ x
(a,b) ∈ Ωλ

F̃

)
. (17)

Definition 2.2. [17] Let X be a BCK-algebra. A soju structure (X, ⟨λ; F̃ ⟩) over ([0, 1],W ) is called a soju
subalgebra of X if the following condition is valid.

(∀x, y ∈ X)
(

x∗y
(x, y) ∈ Ωλ

F̃

)
. (18)

Definition 2.3. [17] Let X be a BCK-algebra. A soju structure (X, ⟨λ; F̃ ⟩) over ([0, 1],W ) is called a soju
ideal of X if the following conditions are valid.

(∀x ∈ X)
(

0
(x,x) ∈ Ωλ

F̃

)
, (19)

(∀x, y ∈ X)
(

x
(x∗y, y) ∈ Ωλ

F̃

)
. (20)

Lemma 2.4. [17] Every soju ideal (X, ⟨λ; F̃ ⟩) of a BCK-algebra X satisfies:

(∀x, y ∈ X)
(
x ≤ y ⇒ x

(y,y) ∈ Ωλ
F̃

)
. (21)

Lemma 2.5. [17] Every soju ideal (X, ⟨λ; F̃ ⟩) of a BCK-algebra X satisfies:

(∀x, y, z ∈ X)
(
x ∗ y ≤ z ⇒ x

(y,z) ∈ Ωλ
F̃

)
. (22)

Definition 2.6. [24] Let X be a BCK-algebra. A soju structure (X, ⟨λ; F̃ ⟩) over ([0, 1],W ) is called a
positive implicative soju ideal of X if it satisfies (19) and

(∀x, y, z ∈ X)
(

x∗z
((x∗y)∗z, y∗z) ∈ Ωλ

F̃

)
. (23)
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Definition 2.7. [21] Let X be a BCK-algebra. A soju structure (X, ⟨λ; F̃ ⟩) over ([0, 1],W ) is called a
commutative soju ideal of X if it satisfies (19) and

(∀x, y, z ∈ X)
(

x∗(y∗(y∗x))
((x∗y)∗z, z) ∈ Ωλ

F̃

)
. (24)

Recall that every positive implicative and commutative soju ideal is a soju ideal (see [21, 24]).

Lemma 2.8. [21] Given a soju ideal (X, ⟨λ; F̃ ⟩) of a BCK-algebra X, the following are equivalent.

(i) (X, ⟨λ; F̃ ⟩) is a commutative soju ideal of X.

(ii) (X, ⟨λ; F̃ ⟩) satisfies:

(∀x, y ∈ X)
(

x∗(y∗(y∗x))
(x∗y, x∗y) ∈ Ωλ

F̃

)
. (25)

3 Implicative soju ideals of BCK-algebras

In this section, we define an implicative soju ideal in a BCK-algebra, and investigate several properties.
The symbol X in this section represent a BCK-algebra unless otherwise specified.

Definition 3.1. A soju structure (X, ⟨λ; F̃ ⟩) over ([0, 1],W ) is called an implicative soju ideal of X if it
satisfies (19) and

(∀x, y, z ∈ X)
(

x
((x∗(y∗x))∗z, z) ∈ Ωλ

F̃

)
. (26)

Example 3.2. (1) Let X = {0, 1, 2, 3} be a set with the Cayley table which is given in Table 1.

Table 1: Cayley table for the binary operation “∗”

∗ 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0

Then X is a BCK-algebra (see [19]). Let (X, ⟨λ; F̃ ⟩) be a soju structure over ([0, 1],W ) which is defined by
Table 2,

Table 2: Tabular representation of (X, ⟨λ; F̃ ⟩)

X φλ(x) ηλ(x) F̃ (x)
0 0.77 0.21 β1

1 0.58 0.39 β3

2 0.33 0.54 β2

3 0.45 0.32 β4

where β1 ) β2 ) β3 ) β4 ̸= ∅ in 2W . It is routine to verify that (X, ⟨λ; F̃ ⟩) is an implicative soju ideal of
X.

(2) Given an implicative ideal K of X, define a soju structure (X, ⟨λ; F̃ ⟩) over ([0, 1],W ) as follows:

λ := (φλ, ηλ) : X → [0, 1]× [0, 1], x 7→
{

(t, s) if x ∈ K,
(0, 1) otherwise,

F̃ : X → 2W , x 7→
{

α if x ∈ K,
β otherwise,
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where (t, s) ∈ (0, 1] × [0, 1) and α, β ∈ 2W with t + s ≤ 1 and α ) β. Then (X, ⟨λ; F̃ ⟩) is an implicative
soju ideal of X.

We set up the relationship between soju ideal and implicative soju ideal.

Theorem 3.3. Every implicative soju ideal is a soju ideal.

Proof. Let (X, ⟨λ; F̃ ⟩) be an implicative soju ideal of X. If we take y = x and z = y in (26) and use (I3)
and (2), then we obtain (20). Therefore (X, ⟨λ; F̃ ⟩) is a soju ideal of X.

Corollary 3.4. Every implicative soju ideal is a soju subalgebra.

Proof. Straightforward.

The example below shows that there exist a soju ideal and a soju subalgebra which is not an implicative
soju ideal.

Example 3.5. Let X = {0, 1, 2, 3, 4} be a set with the binary operation “∗” which is given in Table 3. Then

Table 3: Cayley table for the binary operation “∗”

∗ 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 0
2 2 2 0 0 0
3 3 3 3 0 0
4 4 3 4 1 0

(X, ∗, 0) is a BCK-algebra (see [19]). Let (X, ⟨λ; F̃ ⟩) be a soju structure over ([0, 1],W ), where W = Z,
which is defined by Table 4. It is routine to check that (X, ⟨λ; F̃ ⟩) is a soju ideal, and hence a soju subalgebra

Table 4: Tabular representation of (X, ⟨λ; F̃ ⟩)

X φλ(x) ηλ(x) F̃ (x)
0 0.65 0.29 N
1 0.57 0.42 2N
2 0.43 0.32 2N
3 0.34 0.54 4N
4 0.34 0.54 4N

of X. But it is not an implicative soju ideal of X since 1
((1∗(3∗1))∗2, 2) /∈ Ωλ

F̃
.

It is natural to ask under what conditions any soju ideal or any soju subalgebra can be an implicative
soju ideal. Below we will provide those conditions.

Lemma 3.6. Every soju ideal (X, ⟨λ; F̃ ⟩) of X satisfies:

(∀x, y ∈ X)
(

x
(y,0) ∈ Ωλ

F̃
⇔ x

(y,y) ∈ Ωλ
F̃

)
. (27)

Proof. Straightforward.

Theorem 3.7. Given a soju ideal (X, ⟨λ; F̃ ⟩) of X, the following are equivalent.

(i) (X, ⟨λ; F̃ ⟩) is an implicative soju ideal of X.
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(ii) (X, ⟨λ; F̃ ⟩) satisfies:

(∀x, y ∈ X)
(

x
(x∗(y∗x), x∗(y∗x)) ∈ Ωλ

F̃

)
. (28)

Proof. Assume that (X, ⟨λ; F̃ ⟩) is an implicative soju ideal of X. Taking z = 0 in (26) and using (2) induces
x

(x∗(y∗x), 0) =
x

((x∗(y∗x))∗0, 0) ∈ Ωλ
F̃
for all x, y ∈ X. It follows from Lemma 3.6 that x

(x∗(y∗x), x∗(y∗x)) ∈ Ωλ
F̃
for

all x, y ∈ X.
Conversely, suppose (X, ⟨λ; F̃ ⟩) satisfies (28). Since (X, ⟨λ; F̃ ⟩) of X is a soju ideal of X, we have
x∗(y∗x)

((x∗(y∗x))∗z, z) ∈ Ωλ
F̃

for all x, y, z ∈ X. It follows from (14) and (28) that x
((x∗(y∗x))∗z, z) ∈ Ωλ

F̃
for all

x, y, z ∈ X. Therefore (X, ⟨λ; F̃ ⟩) is an implicative soju ideal of X.

Lemma 3.8. Every soju ideal (X, ⟨λ; F̃ ⟩) of X satisfies:

(∀x, y ∈ X)
(

x
(y, y) ∈ Ωλ

F̃
, y

(x, x) ∈ Ωλ
F̃

⇒ {x, y} ∈≡λ
F̃

)
. (29)

(∀x, y ∈ X)
(

x
(x∗(y∗x), x∗(y∗x)) ∈ Ωλ

F̃
⇒ {x, x ∗ (y ∗ x)} ∈≡λ

F̃

)
. (30)

(∀x, y ∈ X)
(
{x, y} ∈≡λ

F̃
, y

(a, b) ∈ Ωλ
F̃

⇒ x
(a, b) ∈ Ωλ

F̃

)
. (31)

Proof. It is clear that (29) and (31) are established. Let x, y ∈ X be such that x
(x∗(y∗x), x∗(y∗x)) ∈ Ωλ

F̃
. Since

x ∗ (y ∗ x) ≤ x, it follows from Lemma 2.4 that x∗(y∗x)
(x, x) ∈ Ωλ

F̃
for all x, y ∈ X. Hence {x, x ∗ (y ∗ x)} ∈≡λ

F̃

by (29).

Theorem 3.9. Given a soju subalgebra (X, ⟨λ; F̃ ⟩) of X, the following are equivalent.

(i) (X, ⟨λ; F̃ ⟩) is an implicative soju ideal of X.

(ii) (X, ⟨λ; F̃ ⟩) satisfies:

(∀x, y, z, a ∈ X)
(
(x ∗ (y ∗ x)) ∗ z ≤ a ⇒ x

(z, a) ∈ Ωλ
F̃

)
. (32)

Proof. Let (X, ⟨λ; F̃ ⟩) be an implicative soju ideal of X. Then it is a soju ideal of X (see Theorem 3.3). If
we combine (28) with (30), then {x, x ∗ (y ∗ x)} ∈≡λ

F̃
. Let x, y, z, a ∈ X be such that (x ∗ (y ∗ x)) ∗ z ≤ a.

Then x∗(y∗x)
(z, a) ∈ Ωλ

F̃
by Lemma 2.5. Hence x

(z, a) ∈ Ωλ
F̃
by (31).

Conversely, suppose that (X, ⟨λ; F̃ ⟩) satisfies (32). Since (X, ⟨λ; F̃ ⟩) is a soju subalgebra of X, we have
0

(x,x) = x∗x
(x,x) ∈ Ωλ

F̃
for all x ∈ X. Since (x ∗ (y ∗ x)) ∗ ((x ∗ (y ∗ x)) ∗ z) ≤ z, we get x

((x∗(y∗x))∗z, z) ∈ Ωλ
F̃

for

all x, y, z ∈ X by (32). Consequently, (X, ⟨λ; F̃ ⟩) is an implicative soju ideal of X.

Theorem 3.10. In an implicative BCK-algebra, every soju ideal is an implicative soju ideal.

Proof. Let (X, ⟨λ; F̃ ⟩) be a soju ideal of an implicative BCK-algebra X. Since X is an impliative BCK-
algebra, we get x = x ∗ (y ∗ x) for all x, y ∈ X. Hence

(x ∗ ((x ∗ (y ∗ x)) ∗ z)) ∗ z = (x ∗ z) ∗ ((x ∗ (y ∗ x)) ∗ z) = ((x ∗ (y ∗ x)) ∗ z) ∗ ((x ∗ (y ∗ x)) ∗ z) = 0,

that is, x ∗ ((x ∗ (y ∗ x)) ∗ z) ≤ z for all x, y, z ∈ X. It follows from Lemma 2.5 that x
((x∗(y∗x))∗z, z) ∈ Ωλ

F̃
for

all x, y, z ∈ X. Therefore (X, ⟨λ; F̃ ⟩) is an implicative soju ideal of X.

Corollary 3.11. If every BCK-algebra X satisfies either of the following:

(i) (∀x, y ∈ X) ((x ∗ (x ∗ y)) ∗ (x ∗ y) = y ∗ (y ∗ x)),

(ii) (∀x, y ∈ X) ((x ∗ (x ∗ y)) ∗ (y ∗ x) = y ∗ (y ∗ x)),

(iii) (∀x, y ∈ X) ((x ∗ (x ∗ y)) ∗ (x ∗ y) = (y ∗ (y ∗ x)) ∗ (y ∗ x)),



Implicative soju ideals of BCK-algebras 35

then every soju ideal is an implicative soju ideal.

The following example shows that even if X is an implicative BCK-algebra, any soju subalgebra of X
may not be an implicative soju ideal of X.

Example 3.12. Let X = {0, 1, 2, 3, 4} be a set with the binary operation “∗” which is given in Table 5.

Table 5: Cayley table for the binary operation “∗”

∗ 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 1
2 2 2 0 0 2
3 3 2 1 0 3
4 4 4 4 4 0

Then (X, ∗, 0) is an implicative BCK-algebra (see [19]). Let (X, ⟨λ; F̃ ⟩) be a soju structure over ([0, 1],W ),
where W = Z, which is defined by Table 6. It is routine to verify that (X, ⟨λ; F̃ ⟩) is a soju subalgebra of X.

Table 6: Tabular representation of (X, ⟨λ; F̃ ⟩)

X φλ(x) ηλ(x) F̃ (x)
0 0.63 0.19 2Z
1 0.56 0.28 8N
2 0.47 0.32 8N
3 0.47 0.51 4Z
4 0.33 0.51 4N

But it is not an implicative soju ideal of X since 3
((3∗(2∗3))∗1, 1) /∈ Ωλ

F̃
.

We build the relationship between positive implicative soju ideal and implicative soju ideal.

Theorem 3.13. Every implicative soju ideal is a positive implicative soju ideal.

Proof. Let (X, ⟨λ; F̃ ⟩) be an implicative soju ideal of X. Then (X, ⟨λ; F̃ ⟩) is a soju ideal of X (see Theorem
3.3). Let x, y, z ∈ X. Since ((x ∗ z) ∗ z) ∗ (y ∗ z) ≤ (x ∗ z) ∗ y = (x ∗ y) ∗ z and

(x ∗ z) ∗ (x ∗ (x ∗ z)) = (x ∗ (x ∗ (x ∗ z))) ∗ z = (x ∗ z) ∗ z,

it follows from Lemma 2.5 that

(x∗z)∗(x∗(x∗z))
(y∗z, (x∗y)∗z) = (x∗z)∗z

(y∗z, (x∗y)∗z) ∈ Ωλ
F̃
. (33)

Note that x∗z
((x∗z)∗(x∗(x∗z)), (x∗z)∗(x∗(x∗z))) ∈ Ωλ

F̃
by Theorem 3.7, and hence {x ∗ z, (x ∗ z) ∗ (x ∗ (x ∗ z))} ∈≡λ

F̃

by (30). Thus x∗z
(y∗z, (x∗y)∗z) ∈ Ωλ

F̃
by (31), and therefore (X, ⟨λ; F̃ ⟩) is a positive implicative soju ideal of

X.

The following example shows that the converse of Theorem 3.13 is not ture in general.

Example 3.14. Let X = {0, 1, 2, 3, 4} be a set with the binary operation “∗” which is given in Table 7.
Then (X, ∗, 0) is a BCK-algebra (see [19]). Let (X, ⟨λ; F̃ ⟩) be a soju structure over ([0, 1],W ), where W = Z,
which is defined by Table 8.
It is routine to verify that (X, ⟨λ; F̃ ⟩) is a positive implicative soju ideal of X. But it is not an implicative
soju ideal of X since 2

((2∗(4∗2))∗3, 3) /∈ Ωλ
F̃
.
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Table 7: Cayley table for the binary operation “∗”

∗ 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 1 0
2 2 2 0 2 0
3 3 3 3 0 3
4 4 4 4 4 0

Table 8: Tabular representation of (X, ⟨λ; F̃ ⟩)

X φλ(x) ηλ(x) F̃ (x)
0 0.66 0.09 2Z
1 0.54 0.35 4Z
2 0.42 0.42 4N
3 0.49 0.23 16N
4 0.34 0.52 8N

Proposition 3.15. Every implicative soju ideal (X, ⟨λ; F̃ ⟩) of X satisfies:

(∀x, y ∈ X)
(

x∗(x∗y)
(y∗(y∗x), y∗(y∗x)) ∈ Ωλ

F̃

)
. (34)

Proof. Let x, y ∈ X. Since

(x ∗ (x ∗ y)) ∗ (y ∗ (x ∗ (x ∗ y))) ≤ (x ∗ (x ∗ y)) ∗ (y ∗ x) = (x ∗ (y ∗ x)) ∗ (x ∗ y) ≤ y ∗ (y ∗ x),

it follows from (2) and Lemma 2.4 that

((x∗(x∗y))∗(y∗(x∗(x∗y))))∗0
(y∗(y∗x), y∗(y∗x)) = (x∗(x∗y))∗(y∗(x∗(x∗y)))

(y∗(y∗x), y∗(y∗x)) ∈ Ωλ
F̃
. (35)

Using (26) leads to x∗(x∗y)
(((x∗(x∗y))∗(y∗(x∗(x∗y))))∗0, 0) ∈ Ωλ

F̃
, and it is equivalent to

x∗(x∗y)
(((x∗(x∗y))∗(y∗(x∗(x∗y))))∗0, ((x∗(x∗y))∗(y∗(x∗(x∗y))))∗0) ∈ Ωλ

F̃
(36)

by Lemma 3.6. Therefore (34) is induced by (14), (35) and (36).

We concider conditions for a positive implicative soju ideal to be an implicative soju ideal.

Lemma 3.16. [24] Let (X, ⟨λ; F̃ ⟩) be a soju ideal of X. Then it is a positive implicative soju ideal of X if
and only if it satisfies:

(∀x, y ∈ X)
(

x∗y
((x∗y)∗y, (x∗y)∗y) ∈ Ωλ

F̃

)
. (37)

Theorem 3.17. If every positive implicative soju ideal (X, ⟨λ; F̃ ⟩) of X satisfies the condition (34), then
it is an implicative soju ideal of X.

Proof. Let (X, ⟨λ; F̃ ⟩) be a positive implicative soju ideal of X that satisfies the condition (34). Then (X,
⟨λ; F̃ ⟩) is a soju ideal of X. Hence

x∗(y∗x)
((x∗(y∗x))∗z, z) ∈ Ωλ

F̃
(38)

for all x, y, z ∈ X. Since (y ∗ (y ∗ x)) ∗ (y ∗ x) ≤ x ∗ (y ∗ x), we get

(y∗(y∗x))∗(y∗x)
(x∗(y∗x), x∗(y∗x)) ∈ Ωλ

F̃
(39)
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by Lemma 2.4. Using Lemma 3.16 gives

y∗(y∗x)
((y∗(y∗x))∗(y∗x), (y∗(y∗x))∗(y∗x)) ∈ Ωλ

F̃
, (40)

and so

x∗(x∗y)
((y∗(y∗x))∗(y∗x), (y∗(y∗x))∗(y∗x)) ∈ Ωλ

F̃
(41)

by (14) and (34). Using (14), (39) and (40) induces

y∗(y∗x)
(x∗(y∗x), x∗(y∗x)) ∈ Ωλ

F̃
. (42)

Also, if we use (14), (34) and (42), then we get

x∗(x∗y)
(x∗(y∗x), x∗(y∗x)) ∈ Ωλ

F̃
. (43)

Since (x ∗ y) ∗ z ≤ x ∗ y ≤ x ∗ (y ∗ x), it follows from Lemma 2.4 that

(x∗y)∗z
(x∗(y∗x), x∗(y∗x)) ∈ Ωλ

F̃
. (44)

Since (X, ⟨λ; F̃ ⟩) is a soju ideal of X, we get x∗y
((x∗y)∗z, z) ∈ Ωλ

F̃
. Combine this with (44) and use (15) to

induce

x∗y
(x∗(y∗x), z) ∈ Ωλ

F̃
. (45)

Also, combine (38) with (45) and use (16) to induce

x∗y
((x∗(y∗x))∗z, z) ∈ Ωλ

F̃
. (46)

Since x
(x∗(x∗y), x∗y) ∈ Ωλ

F̃
, it follows from (15) and (41) that

x
((y∗(y∗x))∗(y∗x), x∗y) ∈ Ωλ

F̃
. (47)

By using (15), (39) and (47), we obtain x
(x∗(y∗x), x∗y) ∈ Ωλ

F̃
which implies from (17), (38) and (46) that

x
((x∗(y∗x))∗z, z) ∈ Ωλ

F̃
. Therefore (X, ⟨λ; F̃ ⟩) is an implicative soju ideal of X.

We look into the relationship between commutative soju ideal and implicative soju ideal.

Lemma 3.18. [21] Given a soju ideal (X, ⟨λ; F̃ ⟩) of X, the following are equivalent.

(i) (X, ⟨λ; F̃ ⟩) is a commutative soju ideal of X.

(ii) (X, ⟨λ; F̃ ⟩) satisfies:

(∀x, y ∈ X)
(

x∗(y∗(y∗x))
(x∗y, x∗y) ∈ Ωλ

F̃

)
. (48)

Theorem 3.19. Every implicative soju ideal is a commutative soju ideal.

Proof. Let (X, ⟨λ; F̃ ⟩) be an implicative soju ideal of X. Then (X, ⟨λ; F̃ ⟩) is a soju ideal of X (see Theorem
3.3). For every x, y ∈ X, we have

(x ∗ (y ∗ (y ∗ x))) ∗ (y ∗ (x ∗ (y ∗ (y ∗ x)))) ≤ (x ∗ (y ∗ (y ∗ x))) ∗ (y ∗ x)
= (x ∗ (y ∗ x)) ∗ (y ∗ (y ∗ x)) ≤ x ∗ y

which implies from Lemma 2.4 that (x∗(y∗(y∗x)))∗(y∗(x∗(y∗(y∗x))))
(x∗y, x∗y) ∈ Ωλ

F̃
. It follows from (14) and Theorem

3.7 that x∗(y∗(y∗x))
(x∗y, x∗y) ∈ Ωλ

F̃
. Therefore (X, ⟨λ; F̃ ⟩) is a commutative soju ideal of X by Lemma 3.18.
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Table 9: Cayley table for the binary operation “∗”

∗ 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 1 0 2
3 3 3 3 0

Table 10: Tabular representation of (X, ⟨λ; F̃ ⟩)

X φλ(x) ηλ(x) F̃ (x)
0 0.77 0.21 β1

1 0.52 0.41 β3

2 0.52 0.41 β3

3 0.43 0.34 β2

The next example shows that the converse of Theorem 3.19 is not ture in general.

Example 3.20. Let X = {0, 1, 2, 3} be a set with the Cayley table which is given in Table 9.
Then X is a BCK-algebra (see [19]). Let (X, ⟨λ; F̃ ⟩) be a soju structure over ([0, 1],W ) which is defined by
Table 10
where β1 ) β2 ) β3 ) β4 ̸= ∅ in 2W . It is routine to verify that (X, ⟨λ; F̃ ⟩) is a commutative soju ideal, and
hence a soju ideal, of X. Since 1

(1∗(2∗1), 1∗(2∗1)) =
1

(0, 0) /∈ Ωλ
F̃
, we know that (X, ⟨λ; F̃ ⟩) is not an implicative

soju ideal of X by Theorem 3.7.

We provide conditions for a commutative soju ideal to be an implicative soju ideal.

Lemma 3.21. If a soju ideal (X, ⟨λ; F̃ ⟩) of X satisfies the condition (37), then

(∀x, y ∈ X)
(
(x ∗ y, (x ∗ y) ∗ y) ∈≡λ

F̃

)
. (49)

Proof. Assume that a soju ideal (X, ⟨λ; F̃ ⟩) of X satisfies the condition (37) and let x, y ∈ X. Since

(x ∗ y) ∗ y ≤ x ∗ y, it follows from Lemma 2.4 that (x∗y)∗y
(x∗y, x∗y) ∈ Ωλ

F̃
. If we combine this with (37), then

(x ∗ y, (x ∗ y) ∗ y) ∈≡λ
F̃
.

Corollary 3.22. Every positive implicative soju ideal (X, ⟨λ; F̃ ⟩) of X satisfies the condition (49).

Lemma 3.23. If a soju ideal (X, ⟨λ; F̃ ⟩) of X satisfies the condition (25), then

(∀x, y ∈ X)
(
(x ∗ y, x ∗ (y ∗ (y ∗ x)) ∈≡λ

F̃

)
. (50)

Proof. Let (X, ⟨λ; F̃ ⟩) be a soju ideal of X satisfies the condition (25). Since x ∗ y ≤ x ∗ (y ∗ (y ∗x)), we get
x∗y

(x∗(y∗(y∗x)), x∗(y∗(y∗x))) ∈ Ωλ
F̃

by Lemma 2.4. If we combine this with (25), then we obtain (x ∗ y, x ∗ (y ∗
(y ∗ x)) ∈≡λ

F̃
for all x, y ∈ X.

Corollary 3.24. Every commutative soju ideal (X, ⟨λ; F̃ ⟩) of X satisfies the condition (50).

Theorem 3.25. If a commutative soju ideal (X, ⟨λ; F̃ ⟩) of X satisfies the condition (37), then it is an
implicative soju ideal of X.

Proof. Let (X, ⟨λ; F̃ ⟩) be a commutative soju ideal of X that satisfies the condition (37). Then (X, ⟨λ; F̃ ⟩)
is a soju ideal of X. Let x, y ∈ X. Since (y ∗ (y ∗ x)) ∗ (y ∗ x) ≤ x ∗ (y ∗ x), it follows from Lemma 2.4 that

(y∗(y∗x))∗(y∗x)
(x∗(y∗x), x∗(y∗x)) ∈ Ωλ

F̃
. (51)
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By the condition (37), we know that y∗(y∗x)
((y∗(y∗x))∗(y∗x), (y∗(y∗x))∗(y∗x)) ∈ Ωλ

F̃
and so

(y ∗ (y ∗ x), (y ∗ (y ∗ x)) ∗ (y ∗ x)) ∈≡λ
F̃

(52)

by Lemma 3.21. Using (31), (51) and (52) leads to

y∗(y∗x)
(x∗(y∗x), x∗(y∗x)) ∈ Ωλ

F̃
. (53)

On the other hand, since x ∗ y ≤ x ∗ (y ∗ x), we get x∗y
(x∗(y∗x), x∗(y∗x)) ∈ Ωλ

F̃
, and so

x∗(y∗(y∗x))
(x∗(y∗x), x∗(y∗x)) ∈ Ωλ

F̃
(54)

by (31) and Lemma 3.23. Since x
(x∗(y∗(y∗x)), y∗(y∗x)) ∈ Ωλ

F̃
by (20), we have x

(x∗(y∗x), x∗(y∗x)) ∈ Ωλ
F̃

by (17),

(53) and (54). Therefore (X, ⟨λ; F̃ ⟩) is an implicative soju ideal of X by Theorem 3.7.

The following corollary is the result of combining Lemma 3.16 and Theorems 3.13, 3.19 and 3.25.

Corollary 3.26. A soju structure (X, ⟨λ; F̃ ⟩) over ([0, 1],W ) is an implicative soju ideal of X if and only
if it is both a commutative soju ideal and a positive implicative soju ideal of X.

4 Conclusion

We introduced the concept of implicative soju ideal in BCK-algebra and further explored various properties.
In consideration of A and B, which are described next:

(1)

{
A: Soju subalgebra
B: Implicative soju ideal

(2)

{
A: Soju ideal
B: Implicative soju ideal

(3)

{
A: Positive implicative soju ideal
B: Implicative soju ideal

(4)

{
A: Commutative soju ideal
B: Implicative soju ideal,

we looked into the relationship between A and B. We proved that B becomes A, and gave examples of A
not being B. We found and presented conditions under which A can be B. Our future work will utilize ideas
and results in this paper to study the substructures of algebraic systems related to BCK/BCI algebra.
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