Journal of Algebraic Hyperstructures /
and Logical Algebras

il

- a,
e ST,

Volume 1, Number 4, (2020), pp. 1-19

\WAY

Lattices of fractions and flat morphisms of bounded distributive
lattices

G. Georgescu!

L University of Bucharest, Faculty of Mathematics and Computer Science, Bucharest, Romania

georgescu.capreni@yahoo.com

Abstract Article Information
The lattices of fractions were introduced by Brezuleanu Corresponding Author:
and Diaconescu in 1969. They used this concept in or- G. Georgescu;
der to construct a Grothendieck - style duality for the Received: December 2020;
category Dg; of bounded distributive lattices. Then the Accepted: Invited paper
lattices of fractions are studied in connection with other Paper type: Original.
themes in lattice theory: lattices schemas, localization
. . . Keywords:
of bounded distributive lattices, sheaf representations of
normal lattices,etc. Lattices of fractions, flat lat-
This paper continues this research vein. We relate the tices morphisms, flat topol-
lattices of fractions to flat lattice morphisms, patch and ogy.
flat topologies on the spectra of bounded distributive lat- ‘
tices, conormal and Stone lattices, etc. '.)
We define the flat morphisms of Dy; in terms of the resid-
uation operation existing in the frames of lattice ideals. Upeaiee

We study how the lattices of fractions preserve the flat-
ness property of morphisms. Two characterization theo-
rems of flat and patch topologies are proved. The lattices
of fractions are used for obtaining new characterizations
of conormal and Stone lattices.

1 Introduction

The lattices of fractions were introduced by Brezuleanu and Diaconescu in [10] in order to obtain
a Grothendieck-like duality for the category Dg; of bounded distributive lattices. They are the
lattice-theoretic version of rings of fractions [4] and there exists much similarity between their
theories. The subject was developed in relationship with other themes: Lattices schemas [9], lo-
calization theory of bounded distributive lattices [19], [20], sheaf representations of normal lattices
[22], etc.
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The aim of this paper is to use the lattices of fractions in the study of flat morphisms of Dy,
flat and patch topologies on the spectra of a bounded distributive lattice, as well as to obtain new
characterizations of conormal and Stone lattices.

The notion of flat ring morphism plays an important role in commutative algebra and algebraic
geometry [4], [8], [15], [1]. Usually, the flat ring morphisms are defined by using the tensor product
of commutative rings (see eg. [4], p.30).

By Exercise 22 of [8], p.65 or [32], p.46, a morphism f : R — @ of commutative rings is flat if
and only if (I : J)Q = (IQ : JQ), where I, J are ideals of R and J is finitely generated. We remark
that this characterization of flat ring morphisms is expressed in terms of residuation operation in
lattices of ring ideals. This observation is the starting point in order to define the flat morphisms
in the category Dg;.

If A € Do, then the set Id(A) of ideals in A is a frame [27], hence Id(A) is endowed with a
residuation operation. Recall that if I is an ideal of A and a € A, then (I : a) = {x € AlzANa € I}
is an ideal of A. Each morphism u : A — B of Dy induces a map u® : Id(A) — Id(B): For each
I €Id(A), u*(I) is the ideal (u(I)] of B generated by u(I).

A morphism u : A — B of Dy; is said to be flat if u*(I : z) = (u*(I) : u(z)), for all I € Id(A)
and x € A.

The first goal of this paper is to connect the lattices of fractions and the flat morphisms of
bounded distributive lattices. In particular, we emphasize how the flateness of lattice morphisms is
preserved by lattices of fractions construction. Our second goal is to characterize the flat topology
on prime spectra of a bounded distributive lattice in terms of lattices of fractions. Besides them,
by using some lattices of fractions we obtain new characterizations of conormal and Stone lattices.

The paper is organized as follows: Section 2 contains two theorems on the prime spectra of
colimits in Dg;. In Section 3, we recall from [10] the definition of lattice of fractions L/S associated
with a A-closed subset S of bounded distributive lattice L, as well as some basic properties of prime
and minimal prime spectra of L/S.

Section 4 concerns the flat morphisms in Dg;. Similar to the case of rings [4], [§], the main
example of flat morphism in Dy is the canonical morphism ng : L — L/S associated with a
A-closed subset S of L. Some characterization theorems of flat lattice morphisms are proved. We
show that the flatness property is preserved by the lattice of fractions and colimit constructions.

In Section 5, we obtain an algebraic characterization of flat topology on the prime spectrum
Spec(L) in terms of lattices of fractions. Another result describes the patch topology on Spec(L).
These two theorems (= Theorems 5.4 and 5.10) can be view as a lattice counterpart of some results
of Tarizadeh [36] on the flat and patch topologies on the prime spectra of rings. Similar to the
rings case [36], much of the flat and patch topologies theory can be developed by using Theorems
5.4 and 5.10. Two theorems of Section 6 characterize conormal and Stone lattice in terms of some
lattices of fractions.

2 Preliminaries

Let L be a bounded distributive lattice. Then Id(L) the frame of its ideals [27] and Spec(L)
the set of prime ideals of L. Spec(L) is called the prime spectrum of L. For any ideal I of L we
denote D(I) = {P € Spec(L)|I € P} and V(I) = {P € Spec(L)|I C P}. In particular, if a € L,
then we denote D(a) = {P € Spec(L)|a ¢ P} and V(a) = {P € Spec(L)|a € P}. According to
B, 27, (D(I))rerdcr) is the family of open sets for the Stone topology on Spec(L). The family
(D(a))qcr is a basis of compact open sets for this topology. The set Max (L) of maximal ideals in
L is called the maximal spectrum of L. Then Maxz(L) C Spec(L) and Maxz(L) is a subspace of
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Spec(L) w.r.t. the Stone topology.

Following [b], Do will denote the category of bounded distributive lattices. Any morphism
f: L — L' of Dy induces a map f* : Id(L') — Id(L) defined by f*(J) = f~1(J), forall J € Id(L').
By restricting f* to prime ideals one obtains a continuous map f* : Spec(L’) — Spec(L).

We shall recall from [5] the construction of direct inductive limits (= colimits) in the category
Dg;. Let us consider an inductive system (L;,u;j : L — Lj)i<j in Dgi, indexed by the direct
ordered set (I,<). We take the following equivalence relation ~ on the disjoint union | |;c; L;:
For all x € L; and y € Lj, v ~ y if and only if there exists an element k of I such that i < &,
J < k and uy(x) = ur(y). Then colimierL; = | |;c; Li/ ~ is a bounded distributive lattice,
named the colimit of the system (L;,u;; : L; — Lj)i<j in Do1. For any x € | |;c; L, /~ will
denote the equivalence class of x. Let us consider the canonical morphisms w; : L; — colim;crL;,
i € I, defined by u;(z) = x/~, for all z € L;. The colimit colim;c;L; has the following property
of universality: For any family (f; : Ly = A)ier of morphisms in Doy such that f; o u;; = f;, for
all ¢+ < j, there exists a unique morphism f : colim;c;L; — A such that fou; = f;, for all i € I.

Keeping the previous notations we shall present some known results on the prime spectrum
Spec(colimierL;). For sake of completeness we shall sketch their proofs.

Lemma 2.1. For any P € Spec(colim;erL;) we have P = J;c; u; H(P)/~.

For any i € I, consider the continuous map u} : Spec(colim;crL;) — Spec(L;) induced by the

lattice morphism w; : L; — colim;crL;.

Proposition 2.2. Spec(colimicrLi) = (\;e;ui (Spec(L;)).

Proof. We shall prove that for each ideal P of colim;crL;, the following equivalence holds:

P € Spec(colimicrL;) if and only if u; '(P) € Spec(L;), for all i € I.

The implication (=) is obvious. In order to prove that the converse implication (<), assume
that u; '(P) € Spec(L;), for all i € I. Let a,b be two elements of colim;c;L; such that a Ab € P,
hence there exist i, j € I such that v € L;, y € Lj, a = o/~ and b = y/~. Thus aAb=z/~ANy/~
= up(uir(r) A ;i (y)), hence ui(z) A ujr(y) € u '(P). Since u, '(P) is a prime ideal of Ly, it
follows that w,(v) € uy ' (P) or ujr(y) € up,'(P), so a = up(ui(z)) € P or b = ug(u;(y)) € P.
Therefore P is a prime ideal of colim;crL;.

0

Proposition 2.3. f*(Spec(colimierL;)) = (N;er(fif (Spec(Ly)).

Proof. The map f* preserves the arbitrary intersections, hence by using Proposition 2.2 the fol-
lowing equalities hold:

F*(SpecleolimierL)) = £*(Niey i (Spec(L)) = Mier £ (i (Spee(Li))) = Mies (£ (Spee(L).

O

3 Lattices of fractions

The lattices of fractions were introduced by Brezuleanu and Diaconescu in [10]. In this section
we shall recall some basic facts on the lattices of fractions and we give new proofs for some known
properties of prime ideals.

Let us fix a bounded distributive lattice L. A subset S of L is A-closed if 1 € S and z,y € S
implies x Ay € S. For any A-closed subset S of L consider the following congruence relation:
x =g y if and only if there exists ¢ € S such that At =y At. Following [10], the quotient lattice
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L/S = L/ =g is called the lattice of fractions of L modulo =g. We remark that any filter of L is
a A-closed subset of L. If [S) is the filter generated by a A-closed subset S of L, then =g = =(s)5
hence L/S = L/[S). For any element a € L, a/S will denote the congruence class of a modulo =g.

Let us consider the surjective morphism wg : L — L/S, defined by ng(z) = s/S, for each
x € L. Thus /S = 1/S if and only if z € [S) and L/S is a nontrivial lattice if and only if 0 & [S).
Following Proposition 1.4 of [[10], recall the universality property of the lattice of fractions L/S:
For each morphism f : L — A such that f(S) = 1 there exists a unique morphism g : L/S — A
such that gomwg = f.

Lemma 3.1. (1) If I € Id(L), then wg(I) is an ideal of L/S;
(2) For any ideal J of L/S we have wg(ng'(J)) = J.

If n¥ : Spec(L/S) — Spec(L) is the continuous map associated with 7}, then Im(n}) =
{P € Spec(A)|PNS = 0} (see Observation 1.1 of [10]).

Lemma 3.2. [10] 7% : Spec(L/S) — {P € Spec(L)|P (S = 0} is a homeomorphism.

We observe that the map 7 : Spec(L/S) — {P € Spec(L)|P (S = (0} is an order-isomorphism.

Let (I,<) be a directed ordered set and (S;);es be a family of A-closed subsets of L such that
S; € S for all i < jin I. For any pair (7,7) such that ¢ < j we denote u;; : L/S; — L/S; the
lattice morphism defined by w;;(x/S;) = /S;, for all x € L.

Lemma 3.3. [L0]
(1) (L/S;,uij)i<j is an inductive system in Doy ;

(2) S = Uer Si is a N-closed subset of L and the lattices L/S and colim;crL/S; are isomorphic
(we shall identify these isomorphic lattices).

For any a € L we shall denote by L, the lattice of fractions L/[a) associated with the filter
[a) generated by {a}. If x € L, then we shall denote by z/a the congruence class z/[a). Let
7o : L — L, be the canonical morphism defined by 7,(x) = z/a, for all x € L.

Remark 3.4. IfS is a A-closed subset of L then (S, >) is a direct ordered set and the family (Lq)qes
provides an inductive system of bounded distributive lattices. We observe that [S) = J,cq Sa, 0,
by applying Lemma 3.3 one gets LS = colimgecsLy.

Let P be a prime filter of L. Then S = L— P is a filter. In this case we denote by Lp = L/(L—P)
the lattice of fractions of L w.r.t. the A-closed subset L — P. For any a € L, [a]p will denote the
congruence class of a (modulo =;,_p). Then 7p : L — Lp will be the canonical morphism defined
by mp(a) = [a]p, for all a € L.

Consider the continuous map 7} : Spec(Lp) — Spec(L) associated with mp. If we denote
A(P) ={Q € Spec(L)|Q C P}, then Im(n}) = A(P). From Lemma 3.2 on gets:

Lemma 3.5. 7}, : Spec(Lp) — Spec(L) is a homeomorphism.

We remark that 73 is also an order-isomorphism. Following [14], for any prime ideal P of L
we consider the ideal: O(P) = {x € L|z Ay =0, for some y € L — P}.

The annihilator of an element 2 € L is the ideal 2 = {y € L|z Ay = 0}. Therefore for any
P € Spec(L) we have O(P) = {z € L|z*+ ¢ P}.

Lemma 3.6. For all x € L the following equivalence holds: x € O(P) if and only if mp(x) = [0]p.
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Proof. If x € L, then np(z) = [0]p if and only if x At = 0, for some ¢ € L — P if and only if
x € O(P).
O

Recall that a minimal prime ideal of L is a minimal element of Spec(L). The set Min(L) of
minimal prime ideals of L is said to be the minimal prime spectrum of L. By using Zorn’s axiom
it follows that for any P € Spec(L) there exists Q) € Min(L) such that Q C P.

By using Lemma 3.6 one obtains new proofs of some known results on minimal prime ideals in
bounded distributive lattices:

Corollary 3.7. For any P € Spec(L) we have O(P) = (YA(P). If P is a minimal prime ideal of
L, then O(P) = P. If P and O(P) are prime ideals of L, then O(P) is minimal prime.

Proof. Assume that @ € A(P) and z € O(P). Thus x Ay = 0 for some y ¢ P, hence y ¢ Q, so
x € @ because @ is prime. It follows that x € (A(P), so O(P) C A(P).

If x € A(P), then np(z) € 7p(Q) for all Q € Spec(L) such that Q@ C P. Since 7} :
Spec(Lp) — Spec(L) is an order-isomorphism the following hold:

mp(z) € N{rH(Q)Q € AP)} = m5(( Spec(Lp)) = {[0].

Thus 7p(xz) = [0]p so z € O(P) (cf. Lemma 3.6). Therefore the converse inclusion (JA(P) C
O(P) is proven, and so O(P) = [JA(P). The other two properties are easy consequences of this
equality.

0

The following known lemma follows immediatelly from Corollary 3.7.
Lemma 3.8. If P is a prime ideal of L, then the following are equivalent
(1) P is a minimal prime ideal of L;
(2) For all x € P, there exists y € L — P such that x ANy = 0.

Proposition 3.9. Let f: L — A be an injective morphism in Doy and P a minimal prime ideal
of L. Then there exists Q € Spec(A) such that f~1(Q) = P.

Proof. We observe that S = f(L— P) is a A-closed subset of A. Let us assume that 0 € [f(L— P)),
so 0 = f(a1)A...Af(ay) for some elements ay, ..., a, € L—P. Denoting a = ay, - - , ay it results that
a€ L — P and f(a) =0 = f(0), hence a = 0. This contradiction shows that 0 ¢ [f(L — P)) =S,
so A/S is a non-trivial lattice. Thus there exists a prime ideal Q" of A. According to Lemma
3.1, if @ = 75(Q’), then we have @ € Spec(A) and Q' = 75(Q). Let us consider the following
commutative diagram in Dg;:

f
L - A
Tp TS
g
Lp - A/S

where g : Lp — A/S is the morphism defined by g([z]p) = f(z)/S, for all z € L. The above
diagram induces the following commutative diagram in the category of topological spaces and
continuous maps:
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g
Spec(As) > Spec(Lp)
TS Tp
f*
Spec(A) > Spec(L)

hence f*(Q) = f*(74(Q") = 75(¢"(Q")) C P, because ¢g*(Q') is a prime ideal of L and
Im(r}) = A(P). Since P is a minimal prime ideal of L and f*(Q) € Spec(L), we get f*(Q) = P.
O

A bounded distributive lattice L is said to be local if it has a unique maximal ideal (denoted
by ML)

Lemma 3.10. A bounded distributive lattice L is local if and only if the following sentence holds
in L:
VeylrAy=1=x=1o0ry=1].

Lemma 3.11. [10] If P € Spec(L), then the lattice Lp is local and its unique mazximal ideal is
mp(P) = {[z]plx € P}.

Lemma 3.12. If L is a local lattice, then the quotient lattice L /M, is isomorphic to the Boolean
algebra Ly = {0, 1}.

Proof. By Lemma 1.1 of [10], = ¢ M|, implies x = 1.
O

Corollary 3.13. If P € Spec(L), then Lpy = Lp/mp(P) is isomorphic to the Boolean algebra
Lo.

Lemma 3.14. If f : L — A is morphism in Dgy, then the following properties are equivalent:
(1) f(ML) C May;
(2) f7H(Ma) = My,
(8) For all x € L, f(x) =1 implies x = 1.

If a morphism f : L — A fulfils the equivalent conditions (1)-(3) from Proposition 3.13, then
it is called a local morphism.

Remark 3.15. For any P € Spec(L) consider the map ep : L — L(py = Lo defined by: For all
x € L, ep(x) = 0 if and only if x € P. It is well-known that ep is a morphism in Dg;. Let us
consider the following morphisms in Dy :

L™ Lp =% Lipy = Lo,
where vp(lalp) = a/mp(P), for all a € L. It is easy to see that ep = vp o mp.

Recall from [p] that the congruence ~; associated with an ideal I of L has the following form:
x ~yyifand only if z Vi =y Vtfor somet € [.

Lemma 3.16. Let P be a prime ideal of L and x,y € L. If x ~o(p) y, then x =_p y.

Proof. If x ~o(py y, then z Vt =y V t for some t € O(P). Thus there exists s € L — P such that
xAt=0,hencex As=(zVt)As=(yVit)As=yAs. It follows that z =;_p y.
[
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4 Flat morphisms of bounded distributive lattices

In this section, we shall define the flat morphisms in the category Dg; and we shall prove some
of their basic properties. Firsly we shall present a description of flat ring morphisms that can be
used as inspiration point in defining the flat lattice morphisms.

Let R be a (unital) commutative ring and Id(R) the quantale of ideals in R. Recall from [4],
[8] the residuation operation in Id(R): For all ideals I,J of R, (I : J) = {z € R|zJ C I}. In
terms of [4],p.8, (I : J) is the ideal quotient of I and J. Similarly, if I, J are ideals in a bounded
distributive lattice L, then we define the residuation (I : J) as the set of all x € L such that
x Ay €I, forall y € J. If J is the principal ideal (a] generated by a point set {a}, then we denote
(I:a)=(I:/(a]).

Let Modgr be the category of R-modules. We fix an R-module M and consider the functor
Ty : Modr — Modpg defined by Th(N) = N Qg M, for all R-module N. Following [4], p.29 we
say that the R-module M is flat if T, is an exact functor, i.e. transforms exact sequences into
exact sequences. A ring morphisms f: R — S is flat if S is flat as R-module.

If we want to define a notion of ”flat morphisms” in an arbitrary category of algebras, then the
previous definition of flat ring morphism is not very useful. Fortunately there exists a characteri-
zation of flat ring morphisms in terms of residuation operations of ideals.

According to Exercise 22 of [§], p.65 or [32], p.46, a ring morphism f : R — S is flat if and only
if for each ideal I of R and for each finitely generated ideal J of R we have (I : J)S = (IS : JS).
By taking into account this equivalent definition of flat ring morphisms we are able to introduce a
notion of flat morphism for the algebras whose lattices of congruences have a residuation operation.
We shall apply this observation to define the flat morphisms of bounded distributive lattices.

Let f : A — B be a morphism of bounded distributive lattices. For each ideal I of A we
denote by f*(I) the ideal (f(I)] of B generated by f(I). In this way we obtain a function f* :
Id(A) — Id(B) with the following property: For all I € Id(A) and J € Id(B), f*(I) C J if and
only if I C f*(J). Thus f® : Id(A) — Id(B) is the left adjoint functor of f* : Id(B) — Id(A)
and f*® preseves the arbitrary joins. If f: A — B and g : B — C are two morphisms of Dg1, then
(go f)*=g°o f°.

We remind that any finitely generated ideal in a bounded distributive lattice is principal. Then
a morphism f : A — B of Dy is said to be flat if for any ideal I and x € A we have f*(I : z) =

(1) : ().

Lemma 4.1. If f : A — B is a morphism of Dg1, then the following are equivalent:
(1) f is flat;
(2) For all ideals I of A and x € A we have (f*(I): f(z)) C f°(I : z).

Proof. If f: A — B is an arbitrary morphism of Dy, then it is easy to prove that for all ideals I
and z € A we have f*(I :z) C (f*(I) : f(z)).
O

Proposition 4.2. If f: A — B and g : B — C are two flat morphisms of Dg1, then go f is a
flat morphism.

Proof. For all ideals I of A and x € A the following equalities hold:

(go [)*(U s x) = g*(f*(I : 2)) = ¢*(f* (1) : 9(f(x))) = (g 0 /)*(1) : 9(f ()))-
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Proposition 4.3. If S is a A-closed subset of the bounded distributive lattice A, thenmg : A — A/S
s a flat morphism.

Proof. In accordance with Lemma 4.1 it suffices to prove that (7g(I) : #/S) C w¢(I : x), for all
ideals I of A and z € A. By Lemma 3.1 we have 7%(/) = {z/S|z € I} and 7§({ : ) = {y/Sly €
Az Ny e}

Let y be an element of A such that y/S € (n%(I) : /S5), so (x Ay)/S € ng(I). Then there
exists z € I such that (z Ay)/S = z/S, hence x Ay ANt =z At, for some t € S. Since z At € I,
it follows that y At € (I : ). We remark that y/S =y/SAt/S = (yAt)/S =ms(yAt). Thus
y/S eng(l:x),s0 (ng(l):x/S) Cng(I:x). We conclude that mg is a flat morphism.

O

Lemma 4.4. If f: A — B is a morphism of Doy, then the following are equivalent:

(1) f is flat;
(2) For all I € Id(A), x € A and y € B, the following implication holds:

JaeIlyA f(z) < fla)] = e AbAzely< f(b)

Proof. For all I € Id(A), x € A and y € B, the following equivalences hold:

(i) y € (f*(I) : f(x)) if and only if y A f(x) € f*(I) if and only if y A f(z) < f(a), for some
a € I

and

(ii) y € f*({ : x) if and only if there exists b € (I : z) such that y < f(b) if and only if there
exists b € A such that bAz € I and y < f(b).

The previous equivalences together Lemma 4.1 imply that the properties (1) and (2) are equiv-

alent.
O

The previous proposition offers a criterion to check if a morphism of Dy, is flat.

Lemma 4.5. If S is a N-closed subset of a bounded distributive lattice A and f: A/S — B is a
morphism of Doy, then the following properties are equivalent:

(1) f is flat;

(2) fomg is flat.

Proof. (1) = (2) By Propositions 4.2 and 4.3.

(2) = (1) Let J be an ideal of A/S, z € A/S and y € B, so I = 75" (J) € Id(A) and there
exists € A and there exists € A such that z = mg(x). By Lemma 3.1(2) we have J = 7g([).
Assume that there exists a € A such that 7g(a) € J and yA f(7s(a)) < f(ms(z)). We observe that
a € I. Since fomg is flat, there exists b € A such that bAx € I and y < f(7s(b)) (cf. Proposition
4.4). Then mg(b) A z = mg(b A x) is an element of 7g(I) = J. By using again Proposition 4.4 it
follows that f is flat.

O

Lemma 4.6. Let f : A — B be a morphism of Do1, Q € Spec(B) and P = f~1(Q) € Spec(A).
For all z,y € A the following implication holds:

r=a-py= f(z)=p-—q fy)
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Proof. Assume that © =4_p y, so x At = y At, for some t € A — P. Then f(t) € B— @ and

f@) N fE) = Fly) A f(E), so f(x) =p-q f(y)-
O

Let f : A — B be a morphism of Dg1, Q € Spec(B) and P = f~1(Q) € Spec(A). According
to Lemma 4.6, one can define a map fo : Ap = Bg by fo([z]p) = [f(x)]g, for each z € a. Then
fo is a morphism of bounded distributive lattices and the following diagram is commutative:

S
A ~ B
Tp TQ
J:
Ap 9 > BQ

Proposition 4.7. If f : A — B is flat, then fg : Ap — Bg is a flat morphism.

Proof. Assume that f : A — B is flat. By Proposition 4.3, mp and mg are flat morphisms.
According to Proposition 4.2, 7, o f is flat. By using the previous commutative diagram it follows
that fg o mp is flat, therefore, in accordance with Lemma 4.5, we conclude that fp is a flat
morphism.

O]

Proposition 4.8. Let A, B be two non-trivial bounded distributive lattices and f : A — B be a
morphism in Do1. The following are equivalent:

(1) f is flat;
(2) For any Q € Spec(B), the morphism fq : Ap-1(q) — Bq is flat;
(3) For any N € Max(B), the morphism fn : Ag-1(n)y — By is flat.

Proof. (1) = (2) By Proposition 4.7.

(2) = (3) Obviously.

(3) = (1) Since B is a non-trivial bounded distributive lattice there exists a maximal ideal N
in B. Let us consider the following commutative diagram

A / - B

7Tf_1(N) TN

N
Affl(N) . BN

The morphisms 7¢-1(x), 7y and fy are flat, therefore by using Propositions 4.2 and 4.5, from
N o f = fNom-1(y it follows that f is flat.
O

Assume that (L;,u;5 : Li — Lj)i<; is an inductive system in the category of bounded distribu-
tive lattices, colim;crL; is its colimit and w; : L; — colim;crL;, ¢ € I are the canonical morphisms.
Let f; : Ly — A, i € I be a family of morphisms such that f; ou;; = f;, for all ¢ < j and
f i colimicrL; — A the induced morphism. Recall that fowu; = f;, for all i € I.
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Proposition 4.9. If the morphisms f : L; — A, i € I are flat, then the morphism f : colim;crL; —
A is flat.

Proof. Let J be an ideal of colim;crL;, x € colim;crL; and y € A. Suppose that there exists
a € J such that y A f(x) < f(a). According to the construction of the colimit there exist ¢ € I and
¢,d € L; such that = = u;(c) and a = u;(d). We remark that u; (J) is an ideal of the lattice L,
d € u;'(J), f(z) = f(ui(c)) = fi(c) and f(a) = f(ui(d)) = fi(d), hence y A fi(c) < fi(d). Since
the morphism f; is flat, by Proposition 4.4, there exists an element e € L; such that e Ac € u; *(J)
and y < f;(e). Denoting b = u;(e) we have b € colim;crL; and the following implications hold:

(&) eNc€ut(J) = bAx=u(e) Nui(c) = ui(e Ac) € J;

(b) file) = F(uile) = F(b) =y < file) = F(b).

In accordance with Proposition 4.4, from (a) and (b) it follows that f is a flat morphism.

O

Let J be an ideal of a bounded distributive lattice L and py : L — L/J the canonical surjective
morphism. Then [J) = {I € Id(L)|J C I} is a frame and the function ® : [J) — Id(L/J) is
defined by I — I/J, is a frame isomorphism. If I, K € [J), then the residuation (I : K); in the
frame [J) has the form (I : K); = (I : K)V J. Let us consider the function ¥ : Id(L) — [J),
defined by W(I) =1V J, for all I € Id(L). Then the following diagram is commutative:

Td(L) 2 - 1d(L/)T)
N /q)v
/)

Lemma 4.10. For any ideal J of L the following properties are equivalent:
(1) py: L — L/J is flat;
(2) ForallI € Id(L) andx € L, (IVJ):2) C(I:x)VJ.

Proof. If I € Id(L) and = € L, then by using the properties of residuation we get((I VvV J) :
() v J))=((IVvJ):x). Then by using Lemma 4.1 and the above commutative diagram (where
® is a frame isomorphism) the following assertions are equivalent:

(a) py is flat:

(b) For all I € Id(L) and x € L, (p
(c) Forall I € Id(L) and x € L, (¥(I) : U((x])
(d) Forall I € Id(L) andx € L, (IV J) : (
(e) Forall I € Id(L) and x € L, (IV J):z)V (I:
(f) Forall I e Id(L) andz € L, ({V J):xz)C ({:x

TE( ) :pa(x)) € p5(I: x)

O]

Recall from [[14], [22] that an ideal J of a bounded distributive lattice L is a o-ideal if JVa* = L,
for z € J.

Proposition 4.11. For each ideal J of L the following properties are equivalent:
(1) py: L — L/J is a flat morphism;

(2) J is a o-ideal.
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Proof. (1) = (2) Assume that py : L — L/J is a flat morphism. By taking I = {0} in Lemma
4.10,(2) we obtain (J : x) C JVat. If x € J, then (J : x) = L, hence J V 2+ = L. Thus J is a
o-ideal.

(2) = (1) Let J be a o-ideal and a € ((I V J) : z), hence a Az € IV J. Then there exist ¢ € I
and d € J such that a Az = ¢V d. Since J is a o-ideal we have JV d+ = L, hence there exist e € J
and f € d*+ such that eV f =1. Thus d A f = 0, so

aNfANz=(cVANf=(CNf)VANf)=cA .

We observe that ¢cA f € I, hence aNf € (I:z). Froma=aA(eVf)=(aNe)V(aAf),aNeeE ]
and a A f € (I : x) we get that a € (I : ) V J. We have proven that ((JV J):2) C (I:z)VJ,

therefore, by using Lemma 4.10, it follows that p; is flat.
O

According to Lemma 3.6, one can define a function up : L/O(P) — Lp by up(z/O(P)) = [z]p,
for all x € L. Then up is a surjective morphism of Dg; and the following diagram is commutative:

Tp
L > Lp
k %Pv
L/O(P)

where vp : L — L/O(P) is the lattice morphism defined by up(z) = z/O(P), for all z € L.
In the following proposition we shall keep the notations from the previous commutative dia-
gram.

Proposition 4.12. If vp is a flat morphism, then up is flat.

Proof. Let J be an ideal of L/O(P) and « € L. Then there exists an ideal I of L such that
vp(I) = J. By Proposition 4.3, wp is a flat morphism, hence, by taking into account that vp is
flat, the following equalities hold:

(Wp(J) : up(e/P)) = (up(vp(1)) : up(vp(2))) = (1) : wp(x) = Tp(1 : 2)
— upWh(I : 2)) = up(vp(D) : vp(a)) = up(J] : 2/O(P)).

We conclude that up is a flat morphism.
O

Corollary 4.13. Let P be a prime ideal of L such that O(P) be a o-ideal. Then up is a flat
morphism.

Proof. By Propositions 4.11 and 4.12. O

5 Patch and flat topologies on the prime spectrum

Let us fix a bounded distributive lattice L. If we endow the prime spectrum Spec(L) with
the Stone topology then we obtain a spectral topological space, denoted by Spec(L) (see [5], [27]).
Following [24], [L6], [27] one can define on Spec(L) two important topologies:

e the patch topology, having as basis the family (D(a)(\V(b))aper;
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e the flat topology, having as basis the family (V' (b))per.-

We shall denote by Specp(L) (resp. Specp(L)) the prime spectrum Spec(L) endowed with the
patch topology (resp. the flat topology). According to [16] and [27], Specp(L) is a Boolean space
and Specp(L) is a spectral space. If L is a Boolean algebra, then Stone topology, flat topology
and patch topology are identical.

Lemma 5.1. [16] If f : A — B is a morphism of bounded distributive lattices, then f* : Spec(B) —
Spec(A) is both patch and flat continuous.

Now, we shall describe the closed subsets of Specp(L) in terms of lattices of fractions.
Proposition 5.2. If S is a A-closed subset of L, then Im(n%) is closed subset of Specp(L).

Proof. We shall prove that U = Spec(L) — Im(n%) is an open subset of Specp(L). Recall from
Section 3 that Im(7w¥) = {P € Spec(A)|[P(S = 0}, so for each P € Spec(L), the following
equivalences hold: P € U if and only if P (S # 0 if and only if there exists an element s € P(S.
Let us consider a point P € U, hence there exists an element s of P(S. If Q@ € V(s), then
s€Q)S, hence @ € U. Thus P € V(s) CU and V (s) is a basic open subset of Specr(L), hence
U is an open subset of Specp(L).

O

Proposition 5.3. If E is a closed subset of Specp(L), then there exists a N-closed subset of L
such that E = Im(7%).

Proof. (a) Firstly we consider the particular case of a basic open subset £ = D(a), where a is
an element of L. Let us take the canonical morphism =7, : L — L,. Recall that L, is the lattice
of fractions of L associated with the principal filter [a). From Section 3 we know that Im(7})
= {P € Spec(A)|P([a) = 0}, therefore for any @ € Spec(L) the following equivalences hold:
Q € Im(n}) if and only if @([a) = 0 if and only if a ¢ @ if and only if Q € D(a). Hence Im(7%)
is exactly the flat closed set D(a).

(b) In general, a closed subset I of Specr(L) has the form E = (,.; D(a;), for some family
(ai)ier € L. Let Sy,(I) be the family of finite subsets of I. For each J € S,(I) let us denote
by = Nicjai- It is easy to see that S = {b;|J € S,(I) is a A - closed subset of L. According
to (a), for each J € S,(I) we have D(b;) = Im(m; ). By taking into account Remark 3.4,
Spec(L/S) = Spec(colim jeg, 1)Ly, ), so by using Corollary 2.3, the following equalities hold:

Im(r%) = m5(Spec(L/S)) = m§(Spec(colim jes,, (ryLy,)) = [ {Im(m,)IJ € Su(I)}
= (D) € Su(D)} = [ D(a;) = E.

el
O]
Theorem 5.4. For any subset E of Spec(L) the following properties are equivalent:
(1) E is a closed subset of Specp(L);
(2) There exists a N-closed subset S of L such that E = Im(7§).
Proof. By Propositions 5.2 and 5.3. O

Corollary 5.5. If E is a closed subset of Specp(L), then there exists a flat morphism f: L — A
such that E = Im(f*).
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Proof. By Propositions 5.3 and 4.3. O

We don’t know if the converse of Corollary 5.5 holds: Im(f*) is a flat subset of Spec(L) for
any flat lattice morphism f : L — A?

The previous results can be used in obtaining new proofs for most of properties of flat topology.

For any P € Spec(L) we shall denote by clp(P) the flat closure clp({P}) of the point subset
{P} of Spec(L).

Proposition 5.6. For any prime ideal P of L we have clp(P) = A(P).

Proof. By applying Proposition 5.2, A(P) = Im(7n}) is a flat closed subset of Spec(L). Assume
that E is a closed subset of Specp(L) such that P € E. According to Proposition 5.3 there exists
a A-closed subset of L such that E = Im(n%) = {Q € Spec(L)|Q(\S = 0}. From any P € E we
get P(.S =0, hence the following implications hold:

QEAMP)=QCP=Q[)S=0=QCE.

This shows that A(P) C E, hence clp(P) = A(P).
O

Corollary 5.7. If E is a compact subset of Specz(L), then the flat closure clp(E) of E is
cr(E) = Upep A(P).

Proof. The corollary follows from Proposition 5.6 by using a similar argument as in the proof of
Lemma 3.7 of [1]]. O

Now, we shall establish a characterization theorem for the closed subsets of Specp(L).

Lemma 5.8. If f : L — A is an arbitrary morphism of bounded distributive lattices, then Im(f*)
is a closed subset of Specp(L).

Proof. By Lemma 5.1, f* : Spec(A) — Spec(L) is patch continuous. The topological space
Specp(A) is compact, hence its image I'm(f*) is a compact subset of the Boolean space Specp(L).
Then Im(f*) is a closed subset of Specp(L). O

Let E be a subset of Spec(L) and € : L — [[pep Lp/mp(P) = LY the lattice morphism is
defined by €(P) = (ep(z))per (see the notations from Remark 3.13). Thus €* : Spec(LY) —
Spec(L) is patch continuous.

The following result is the lattice version of Theorem 3.1 of [35].

Proposition 5.9. The patch closure of E C Spec(L) is clp(E) = Im(e*).

Proof. For each P € E let us consider the projection prp : LY — Lo, is defined by prp(a) = ap,
for each element a = (ap)per of LY. Thus Ip = prp'(0) = {a € L¥|ap = 0} is a prime ideal of
LE. For each x € L the following equivalences hold:

x € e Y(Ip)iff e(x) € Ip iff (eq(z))ger € Ip iff ep(z) =0 iff z € P,

hence P = e (Ip) = €*(Ip), for all P € E. Therefore we get the inclusion E C Im(e*). In
accordance with Lemma 5.8, I'm(e*) is patch closed, so clp(E) C Im(e*).

Now, we shall establish the converse inclusion I'm(e*) C clp(FE). Firstly we shall prove that
E' = {Ip|P € E} is a dense subset of Specp(L}). Since LY is a Boolean algebra, the patch
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topology of Spec(Lg ) coincides with the Stone topology, so it suffices to show that any non-empty
basic open set U in Stone’s topology of Spec(L}’) intersects E’. One can assume that U = D(z),
where z is a non-zero element of LY. Then there exists Q € E such that = ¢ Ip, i.e. Ig € D(z).
Since Ig € E' it follows that I € E'( D(x), therefore clp(E') = Specp(L¥).
We remark that
(B ={c(Ig)Q € E} ={QIQ € E} = E,

hence €*(E') C clp(E). It follows that E' C (e*)~!(clp(E)). Since (e*)~!(clp(E)) is closed in
Specp(LE), we get clp(E') C €*)~(clp(E)), hence e*(clp(E')) C clp(E). Thus we obtain

Im(e*) = €*(Specp(LEY)) = €*(clp(E")) C clp(E).

O
Theorem 5.10. For any subset E of Spec(L) the following properties are equivalent:
(1) E is a closed subset of Specp(L);
(2) There exists a morphism f: L — A of Do1 such that E = Im(f*).
Proof. By Lemma 5.8 and Proposition 5.9. O

6 Applications to conormal and Stone lattices

The conormal lattices were introduced in [[13] under the name of normal lattices (for this
terminology see the discussion of [27], p.78). Recall that a bounded distributive lattice L is said
to be conormal if for all a,b € L such that a Ab = 0 there exist x,y € L such that anz =bAy =0
and zVy=1.

The following proposition collects several properties that characterize the conormal lattices.

Proposition 6.1. [13] If L is a bounded distributive lattice, then the following are equivalent:
(1) L is a conormal lattice;
(2) If P and Q are distinct minimal prime ideals of L, then PV Q = L;
(8) FEach prime ideal of L contains a unique minimal prime ideal;
(4) Any minimal prime ideal of L is a o-ideal;
(5) If x,y € L, then x Ay = 0 implies 2+ vV y*+ = L;
(6) For all z,y € L we have (x Ay)*t =zt Vv yt;
(7) For each x € L, x* is a o-ideal.

Let us fix a bounded distributive lattice L. Then L is called dense if for all x,y € L, x Ay =0
implies x = 0 or y = 0. It is easy to see that L is dense if and only if {0} is a prime ideal if and
only if L has a unique minimal prime ideal.

Theorem 6.2. If L is a bounded distributive lattice, then the following properties are equivalent:

(1) L is a conormal lattice;
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(2) For all distinct minimal prime ideals P and Q of L, O(P)V O(Q) = L;
(8) For each prime ideal P of L, Lp is a dense lattice;

(4) For each mazximal ideal M of L, Ly is a dense lattice;

(5) For each P € Spec(L), O(P) is a prime ideal;

(6) For each M € Max(A), O(M) is a prime ideal;

(7) For all P,Q € Spec(L), P C Q implies O(P) = O(Q).

Proof. (1) = (2) Let P and @ be two distinct minimal prime ideals of L. By Corollary 3.7,
P = O(P) and Q = O(Q), hence, by using Proposition 6.1(2), we get O(P) VvV O(Q) = L.

(2)= (1) If P,Q € Min(A) and P # Q, then PV Q = O(P) vO(Q) = L.

(1) = (5) Let P be a prime ideal of L. In order to show that O(P) is a prime ideal, assume
that = and y are two elements of L such that = Ay € O(P), hence (z A y)+ € P. By Proposition
6.1(6) we have (z Ay)t =2+ Vyt, sozt vyt ¢ P. Thus 2+ € P and y* € P, hence z € P or
y € P, because P is prime. Conclude that O(P) is prime.

(5) = (3) Let P be a prime ideal of L, so O(P) is prime. According to Corollary 3.7 and
Proposition 6.1(3), O(P) is the unique minimal prime ideal of L included in P. Since 7} :
Spec(Lp) — A(P) is an order-isomorphism it follows that 7p(O(P)) is the unique minimal prime
ideal of Lp, therefore Lp is a dense lattice.

(3) = (4) Obviously.

(4) = (1) Assume by absurdum that there exist two distinct minimal prime ideals P and Q
such that PV Q # L, so P,QQ C M, for some maximal ideal M of L. We know that Spec(Lyys),
A(M) are order-isomorphic and L) is a dense lattice, so A(M) has a unique minimal element. We
have obtained a contradiction, hence L is conormal (cf. Proposition 6.1(2)).

(5) = (6) Obviously.

(6) = (1) Let P be a prime ideal of L and M € Max(A) such that P C M. Consider an
arbitrary minimal prime ideal ) such that @ C P. Thus Q = O(Q) C O(M) and O(M) = " A(M)
is prime, so @ and O(M) are two minimal prime ideals. It follows that Q@ = O(M), so P contains
a unique minimal prime ideal.

(5) = (7) Assume that P,Q € Spec(L) and P C @, hence O(P) C O(Q). By Corollary 3.7,
O(P) and O(Q) are minimal prime, so O(P) = O(Q).

(7) = (1) Let P and @ two distinct minimal prime ideals of L. Assume that PV Q # L, so
Pv@Q C M, for some maximal ideal M. Applying the hypothesis (7) and Corollary 3.7 one obtains
P =0(P)=0(M)=0(Q) = Q, contradicting that P, @ are distinct. Therefore PV Q = L,
hence L is conormal (cf. Proposition 6.1(2)).

0

Remark 6.3. By [33], the reticulation of a commutative ring R is a bounded distributive lattice
L(A) whose prime spectrum Spec(L(R)) is homeomorphic to the prime spectrum Spec(R) of R. In
fact, we have a reticulation functor from the category Rings of commutative rings to the category
Dg1. The reticulation functor allows us to transport some results from Doy to Rings and viceversa.
Then the previous result can be viewed as a lattice version of Theorem 3.2 of [39] and each of these
two results can be obtained as a consequence of the other (by using the reticulation functor).

Corollary 6.4. Let L be a conormal lattice and P € Spec(L). Then O(P) is the unique prime
ideal of L included in P.
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Proof. By Theorem 6.2(5), O(P) is a prime ideal, therefore, by applying Proposition 6.1(3), it
follows that O(P) is the unique minimal prime ideal of L included in P. O

Let us consider the topological space Ming(L) obtained by restricting the flat topology of
Spec(L) to the minimal prime spectrum Min(L). If we apply Theorem 8.14 of [21] to the frame
Id(L) of ideals in L, then we get the following equivalence: L is a conormal lattice if and only if
the inclusion Min(L) C Spec(L) has a flat continuous retraction Spec(L) — Min(L).

Corollary 6.5. Let L be an arbitrary bounded distributive lattice. If v : Spec(L) — Min(L)
is a continuous flat retraction of the inclusion Min(L) C Spec(L), then v(P) = O(P), for all
P € Spec(L).

Proof. Let P be a prime ideal of L and () a minimal prime ideal such that Q C P. By Proposition
5.6 we have @ € A(P) = clp(P). Since 7 is a continuous flat retraction of Min(L) C Spec(L), it
follows that

Q =7(Q) € cr(y(P)) [ Min(L) = A(y(P)) (| Min(L) = {(P)}.

Thus v(P) = @, so v(P) is the unique minimal prime ideal of L included in P. In accordance with
Proposition 6.1(3), L is a conormal lattice. Applying Corollary 6.4, we get v(P) = O(P).
O

Corollary 6.6. If P is a minimal prime ideal of a conormal lattice L, then the morphism up :
L/O(P) — Lp is flat.

Proof. By Theorem 6.2(5), O(P) is a prime ideal. According to Proposition 6.3(4), O(P) is a
minimal prime ideal, hence, by Corollary 4.13, it follows that up is a flat morphism. O

Recall that a bounded distributive lattice L is a Stone lattice if for any = € L there exists
e € B(L) such that the annihilator ideal 2+ is equal to the principal ideal (] generated by {x}.
In what follows we shall find new properties that characterize the Stone lattices.

We observe that D = L — {z_€ L|z*+ = {0}} is a o-closed subset of L. One can prove
that D = (JMin(L). Following [21] we shall denote by T'(L) the lattice of fractions L/D and
m: L — T(L) the canonical morphism 7(z) = z/D, for all x € L.

Proposition 6.7. [21] The following properties are equivalent:
(1) T(L) is a Boolean algebra;
(2) Min(L) is a compact space.

Proposition 6.8. [2] A bounded distributive lattice L is a Stone lattice if and only if L is conormal
and Min(L) is compact.

Recall that the set B(L) of complemented elements in bounded distributive lattice L is a
Boolean algebra. The complement of an element e € B(L) is denoted by —e. Let u: L — L' be a
morphism of bounded distributive lattices. We say that the complemented elements of L can be
lifted along w if for each f € B(L’) there exists e € B(L) such that u(e) = f.

Theorem 6.9. If L is a bounded distributive lattice, then the following properties are equivalent:

(1) L is a Stone lattice;
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(2) L is conormal and T'(L) is a Boolean algebra;

(8) T(L) is a Boolean algebra and for each N-closed subset S of L, the complemented elements
of L can be lifted along g : L — L/S;

(4) T(L) is a Boolean algebra and the complemented elements of L can be lifted along 7 : L —
T(L).

Proof. The equivalence of (1) and (2) follows from Propositions 6.7 and 6.8.

(1) = (3) From the equivalence of (1) and (2) follows that T'(L) is a Boolean algebra. Let S
be a A-closed subset of L and g : L — L/S the canonical morphism associated with S. One can
suppose that S is a filter of L. Assume that x is an element of L such that x/S € B(L/S), so
there exists y € L such that z/SVy/S =1/S and /S Ay/S = 0/S. From (xVy)/S =1/S
we get Vy € S and (z Ay)/S = 0/S implies that x Ay At = 0, for some ¢t € S. Since L is a
Stone lattice it follows that 2 = (e], for some complemented element e of L. Then e A z = 0, so
x < —e, therefore /S < —=e/S. From z Ay At = 0 we obtain y At € x, so y At < e. We observe
that ¢/S = 1, because t € S. Thus y/S =y/SAt/S <e/S, hence =¢/S Ny/S = 0/S. Then the
following equalities hold:

—e/S =-e/SNA(zx/SVy/S)=(-e/SNz/S)V (-e/SANy/S)=—-e/SANzx/S=uzx/S.

Thus —e € B(L) and 7g(—e) = —e/S = x/S5, so the complemented elements of L can be lifted
along 7g.

(3) = (4) Obviously.

(4) = (1) Let x be an arbitrary element of L. Since T'(L) is a Boolean algebra and the
complemented elements of L can be lifted along 7 : L — T'(L), there exists e € B(L) such that
m(e) = x/D. Thus e/S = x/S, so there exists t € D such that e A\t =z At.

We shall prove that z = (—e]. From me Az At = ~eAeAt =0 we get ~e Az € t+ = {0},
hence =e Az = 0. Then —e € xt so the inclusion (—e] C z* is established. In order to show that
2t C (—e] assume z € zt, i.e. zAx = 0. Tt follows that zAeAt = zAzAt =0, 50 zAe € t+ = {0},
hence z < —e. Therefore we get - C (—e], so - = (—e]. We conclude that L is a Stone lattice.

0

7 Conclusion

In this paper, the relation betwee the lattices of fractions to flat lattice morphisms, patch and
flat topologies on the spectra of bounded distributive lattices, conormal and Stone lattices, etc is
investigated.

The flat morphisms of Dy; in terms of the residuation operation existing in the frames of
lattice ideals is defined. We studied how the lattices of fractions preserve the flatness property of
morphisms. Two characterization theorems of flat and patch topologies are proved. The lattices
of fractions are used for obtaining new characterizations of conormal and Stone lattices.
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