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1 Introduction

The neutrosophic set which is developed by Smarandache ([17], [L§] and [19]) is a more general
platform that extends the notions of classic set, (intuitionistic) fuzzy set and interval valued (in-
tuitionistic) fuzzy set. Neutrosophic algebraic structures in BCK/BCI-algebras are discussed in
the papers [B], [8], [9], [10], [11], [13], [16] and [21]. Smarandache [20] considered an entry (i.e.,
a number, an idea, an object etc.) which is represented by a known part (a) and an unknown
part (b1, cl,dF) where T, I, F have their usual neutrosophic logic meanings and a, b, ¢, d are real
or complex numbers, and then he introduced the concept of neutrosophic quadruple numbers.
Neutrosophic quadruple algebraic structures and hyperstructures are discussed in [[, 2]. Jun et al.
[12] used neutrosophic quadruple numbers based on a set, and constructed neutrosophic quadru-
ple BCK/BC1I-algebras. They investigated several properties, and considered ideal and positive
implicative ideal in neutrosophic quadruple BC K-algebra, and closed ideal in neutrosophic quadru-
ple BCI-algebra. Given subsets A and B of a neutrosophic quadruple BC'K/BCI-algebra, they
considered sets NQ(A, B) which consists of neutrosophic quadruple BC'K/BCI-numbers with a
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condition. They provided conditions for the set NQ(A, B) to be a (positive implicative) ideal of
a neutrosophic quadruple BC K-algebra, and the set NQ(A, B) to be a (closed) ideal of a neutro-
sophic quadruple BCI-algebra. They gave an example to show that the set {f)} is not a positive
implicative ideal in a neutrosophic quadruple BC' K-algebra, and then they considered conditions
for the set {6} to be a positive implicative ideal in a neutrosophic quadruple BC K-algebra.

In this paper, we discuss a commutative neutrosophic quadruple ideal and BC K-algebra and in-
vestigate several properties. We consider conditions for the neutrosophic quadruple BC K-algebra
to be commutative. Given subsets A and B of a neutrosophic quadruple BC K-algebra, we give
conditions for the set NQ(A, B) to be a commutative ideal of a neutrosophic quadruple BC K-
algebra.

2 Preliminaries

A BCK/BC1I-algebra is an important class of logical algebras introduced by K. Iséki (see [6] and
[7]) and was extensively investigated by several researchers.

By a BC1I-algebra, we mean a set X with a special element 0 and a binary operation * that
satisfies the following conditions:

(D) (Vo,y,z€ X) (((z*y) * (xx2) * (zxy) =0),
(D) (Va,y € X) ((z (zxy)) xy = 0),
(IT1) (Vx € X) (x*x =0),
()
If a BC'I-algebra X satisfies the following identity:
(V) (Vze X) (0xx=0),
then X is called a BC'K -algebra. Any BCK/BCI-algebra X satisfies the following conditions:
(Ve e X)(zx0=2x), (1
(Ve,y,ze€ X)(x <y = xx2<y*xz, 2xy<z*xx), (2
(Vo,y,z€ X)(xxy)xz=(x*2)*y), (3
(Vo,y,z € X)((xx2)x (y*x2) <z *y) (4

Ve,ye X) (zxy=0,yxz=0 = x=y).

—_— — ~— —

where z < y if and only if x xy = 0.
A BCK-algebra X is said to be commutative if the following assertion is valid.

(Va,y € X) (zx (xxy) =y *(y*xx)). ()
A subset I of a BCK/BC1I-algebra X is called an ideal of X if it satisfies:
0el, (6)
VeeX)(Vyel)(zxyel = zel). (7)
A subset I of a BC'K-algebra X is called a commutative ideal of X if it satisfies (E) and
(Ve,ye X)Vzel)(zxy)xz€l = xx(yx(y*xx))el). (8)

Observe that every commutative ideal is an ideal, but the converse is not true (see [L4]).

We refer the reader to the books [f, 14] for further information regarding BC'K /BC'I-algebras,
and to the site “http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding neu-
trosophic set theory.



Commutative neutrosophic quadruple ideals of neutrosophic quadruple BCK -algebras 97

3 Commutative neutrosophic quadruple BC K-algebras

In this section, we define commutative neutrosophic quadruple BC K-algebra under Theorem @
and consider some properties of commutative neutrosophic quadruple BC K-algebra. Also, we
investigate relation between commutative neutrosophic quadruple BC K-algebra and lattices.

Definition 3.1 ([12]). Let X be a set. A neutrosophic quadruple X -number is an ordered quadruple
(a,xT,yl, zF) where a,x,y,z € X and T, I, F have their usual neutrosophic logic meanings.

The set of all neutrosophic quadruple X-numbers is denoted by NQ(X), that is,
NQ(X) :={(a,2T,yl,zF) | a,z,y,z € X},

and it is called the neutrosophic quadruple set based on X. If X is a BCK/BCI-algebra, a
neutrosophic quadruple X-number is called a neutrosophic quadruple BCK/BCI-number and we
say that NQ(X) is the neutrosophic quadruple BOCK/BCI-set.

Let X be a BCK/BC1I-algebra. We define a binary operation ® on NQ(X) by

(a,2T,yl,zF) ® (b,uT,vI,wF) = (a*x b, (x *u)T, (y*xv)l,(z+w)F)

for all (a,2T,yl, zF), (b,uT,vI,wF) € NQ(X). Given ay, az, a3, as € X, the neutrosophic quadru-
ple BCK/BCI-number (a1, a2T,a3l,asF") is denoted by a, that is,

a = (ar,a2T,a3l,asF),
and the zero neutrosophic quadruple BCK/BCI-number (0,07,01,0F) is denoted by 0, that is,
0 = (0,07,0I,0F).
We define an order relation “<” and the equality “=" on NQ(X) as follows:

<y <y fori=1,23,4,
=g ax, =y fori=1,234,

for all 7,5 € NQ(X). It is easy to verify that “<” is a partial order on NQ(X).

Lemma 3.2 ([12]). If X is a BCK/BCI-algebra, then (NQ(X);®,0) is a BCK/BCI-algebra,
which is called a neutrosophic quadruple BCK/BCI-algebra.

Theorem 3.3. The neutrosophic quadruple BCK-set NQ(X) based on a commutative BCK -
algebra X is a commutative BC K -algebra, which is called a commutative neutrosophic quadruple
BCK -algebra.

Proof. Let X be a commutative BC'K-algebra. Then X is a BC'K-algebra, and so (NQ(X); ®,0)
is a BC K-algebra by Lemma @ Let Z, g € NQ(X). Then

xi ok (T % ys) = i x (Yi * 4)

for all i = 1,2, 3,4 since x;,y; € X and X is a commutative BC' K-algebra. Hence  ® (Z ©® §) =
7 ©® (§ ® ), and therefore NQ(X) based on a commutative BCK-algebra X is a commutative
BC K-algebra. O

Theorem @ is illustrated by the following example.
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Example 3.4. Let X ={0,1} be a set with the binary operation x which is given in Table B

Table 1: Cayley table for the binary operation “x”

Then (X, *,0) is a commutative BCK -algebra (see |14]), and the neutrosophic quadruple BCK -set
NQ(X) is given as follows:

where
0= (0,07,0I,0F), 1= (0,0T,0I,1F), 2= (0,0T,11,0F), 3 = (0,07, 11,1F),
4 =(0,1T,0I,0F), 5= (0,17,0I,1F), 6 = (0,17,11,0F), 7 = (0,17, 11,1F),
8 = (1,07,0I,0F), 9 = (1,07,0I,1F), 10 = (1,07, 1I,0F), 11 = (1,07, 11, 1F),

12 = (1,1T,0I,0F), 13 = (1,17,01,1F), 14 = (1,1T,11,0F), 15 = (1,17, 11, 1F).
Then (NQ(X),®,0) is a commutative BCK -algebra in which the operation ® is given by Table E

Table 2: Cayley table for the binary operation “©®”

© 0 1 2 3 4 5 6 7 8 0 10 11 12 13 14 15
o 0 o0 o0 O o0 o0 0 0 o0 0 O 0 0 o0 0 ©
i 1 o0 1 o 1 o0 1 0 1 o 1 o0 1 0 1 0
2 2 2 0 0 2 2 0 0 2 2 0 0 2 2 0 0
3 3 2 1 0 3 2 1 0 3 2 1 0 3 2 1 0
4 4 4 4 4 0 O O O 4 4 4 4 0 0 0 O
5 5 4 5 4 1 0 1 0 5 4 5 4 1 0 1 0
6 6 6 4 4 2 2 0 0 6 6 4 4 2 2 0 0
T 7 6 5 4 3 2 1 0 7 6 5 4 3 2 1 0
g8 8 8§ 8 8 &8 8 8 8 0O O O O O 0 O
9 6 & & &8 9 8 9 8 9 0 1 O 1 o0 1 O
0o 10 10 8 8 10 100 8 &8 2 2 0 2 2 2 0 0
1 11 10 9 & 11 10 9 8 3 2 1 0 3 2 1 0
2 12 12 12 12 8 &8 &8 8 4 4 4 4 0 0 0 0
3 13 12 13 12 9 &8 9 8 5 4 5 4 1 0 1 0
4 14 14 12 12 10 10 8 8 6 6 4 4 2 2 0 0
5 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

Proposition 3.5. The neutrosophic quadruple BCK -set NQ(X) based on a commutative BCK -
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algebra X satisfies the following assertions.

Vi, 7,2 NQX))(Z < 2,20§<20% =1 < 7). (9)
(VZ,7,2 e NQ X)) <K 2,9 <K 2,200 20T =T <) (10)
(Vz,9,2 e NQ(X))(Z <y = 70 (§OT)=7). (11)
(VI,§ e NQ(X))(Z0(Z07) =70 [F0 (Z0(Z07)) 12)

Proof. Assume that & < Zand 20§ < 2©  for all 7,9, € NQ(X). Then # ® 2 = 0 and
(207)® (20 %) =0. Since NQ(X) is commutative, we have

T0J=20007=20@02))07=C(00(01)0j=C09)0(201) =0,

that is, Z < . Condition (@) is clear by the condition (E) Suppose that £ < g for all Z,7 €
NQ(X). Note that 10 (70 %) < gand goO (o (70 7)) < g©Z for all Z,5 € NQ(X). It follows
from the condition (@) that 2 < §© (g © ). Obviously, 1 © (§© %) < &, and so §© (§ O %) = 7.
Condition ([12) follows directly from the condition ([L1]). O

Theorem 3.6. The neutrosophic quadruple BCK-set NQ(X) based on a commutative BCK -
algebra X is a lower semilattice with respect to the order “&”.

Proof. For any Z,5 € NQ(X), let g (1 ©Z) = ZAgy. Then zAyg < T and 2 A J < . Let
a € NQ(X) such that @ < T and @ < y. Then

@ZOo@Wo@Hoa)<To@o0y)=y0Foz) =Ty
Hence & A g is the greatest lower bound, and therefore (NQ(X), <) is a lower semilattice. O

Given a neutrosophic quadruple BC'K-algebra NQ(X), we consider the following set.
Qa)={ze NQX) |z < a}. (13)

Proposition 3.7. Every neutrosophic quadruple BCK -set NQ(X) based on a commutative BCK -
algebra X satisfies the following identity.

(Va,b € NQ(X))(Qa) N Q) = QaAb) (14)

).

Proof. Let € Q(a) NQ(b). Then # < G and & < b, and so & < @ A b. Thus € Q(a A b), which
shows that Q(a) N Q(b) CQaAb). If Z € Q(@aNb), then T < aAb. Hence & < a and & < b, and
thus € Q(a) N Q(b). This completes the proof. O

N

where aANb=b® (b®
N

We consider conditions for a neutrosophic quadruple BC K-algebra NQ(X) to be commutative.

Lemma 3.8. If a neutrosophic quadruple BCK -algebra NQ(X) satisfies the condition (El), then
it 18 commutative.
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Proof._Assume that NQ(X) is a neutrosophic quadruple BC' K-algebra which satisfies the condi-
tion ([L1). Note that 7 ® (7 ©® Z) < & for all Z,§ € NQ(X). It follows from the condition (EI)
that

Hence

(Zo@EOEHEEHOR))E6([EFO7))
=(@0(@60(@0y) o @e[He([HoeT))
=(T0ye@EoEe o))
<@EOWeT)oyg=0

for all #,7 € NQ(X). Similarly, we get that (2 (20 9)) ® (§® (§© Z)) = 0 by changing the role
of  and . Therefore T ® (Z©g) =9 © (g © &) and so NQ(X) is commutative. O

Theorem 3.9. If a neutrosophic quadruple BCK-algebra NQ(X) satisfies the condition (@),
then it is commutative.

Proof. Assume that NQ(X) is a neutrosophic quadruple BC'K-algebra which satisfies the condi-
tion (1d). Let 7,5 € NQ(X) such that # < 7. Then

JO@Hed)=go@He@Ee(@e)))=20F0j)=260=1,
and so NQ(X) is commutative by Lemma @ O

Lemma 3.10. A neutrosophic quadruple BCK -algebra NQ(X) is commutative if and only if the
following assertion is valid.

(VI,5 e NQ(X)) (50 (H01) < (TO(TO7))). (15)
Proof. 1t is straightforward. O

Theorem 3.11. If a neutrosophic quadruple BCK -algebra NQ(X) satisfies the condition (@),
then it is commutative.

Proof. Let NQ(X) be a neutrosophic quadruple BC'K-algebra which satisfies the condition (@)
Let ZAyg =906 (g ) for all z,5 € NQ(X). Then

0@ A ) = Q7)1 0F) = VG N QF) = 7 A F)
for all Z,7 € NQ(X), and thus T A ﬁz €EQyANz). Hence TAY < gAZ, that is, 7O (70 ) <K

20 (Z©®yg). It follows from Lemma that NQ(X) is a commutative neutrosophic quadruple
BC K-algebra. 0

Theorem 3.12. Given a nonempty set X, if a neutrosophic quadruple set NQ(X) satisfies the
following assertions

(V2 e NQ(X)) (F00=% i0F=0), (16)
(@,9,2e NQ(X)) (2 0y 0z2=(202)07), (17)
(@,9 € NQ(X)) (ZANy=7§AT) (18)
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Proof. Let Z,3,2 € NQ(X). Using conditions (@) and (@) imply that

(Fe@E0)og=(F0Ho @0y =0.

(2090 @E2)=@0@02)0g=ECEAT)0g=(TAN2)Oy (19)
=Z20(EZ01)0g=(2079)0(201z).
If we take § = # and 2 =0 in (@), then
002=(201)0E00)=001)0060F)=0
It follows from (@) and (@) that
(7o (E02)e (0 =((209)0((E01)e (20§ ©0)
=(00(F02)0 (06 (207)
=000=0
Therefore (NQ(X),®,0) is a commutative neutrosophic quadruple BCK-algebra. O

Given subsets A and B of a BC'K-algebra X, consider the set
NQ(A, B) :={(a,2T,yl,2F) € NQ(X) | a,x € A;y,z € B}.

Theorem 3.13. If A and B are commutative ideals of a BCK -algebra X, then the set NQ(A, B)
is a commutative ideal of NQ(X), which is called a commutative neutrosophic quadruple ideal.

Proof. Assume that A and B are commutative ideals of a BCK-algebra X. Obviously, 0 €
NQ(A,B). Let & = (z1, 22T, x3I, x4F), § = (y1, Y21, ysl, yaF') and Z = (21, 22T, 231, z4F) be
elements of NQ(X) such that Z € NQ(A,B) and (T©g) ® 2 € NQ(A, B). Then

(ZO7)©Z=((x1*y1) * 21, ((x2 * y2) * 22)T,
(w3 *ys) * z3)1, (w4 * ys) x 24)F) € NQ(A, B),
and so (x1xy1) x 21 € A, (xa*xy2) *x20 € A, (v3*xy3)*23 € B and (x4 xy4) * 24 € B. Since
Z € NQ(A, B), we have 21,29 € A and z3,z4 € B. Since A and B are commutative ideals of X,

it follows that z1 * (y1 * (y1 *x 1)) € A, 2 * (y2 * (y2 x x2)) € A, w3 * (y3 * (y3 * x3)) € B and
x4 % (ys % (yg * ¢4)) € B. Hence

TO@O@EOT)) = (71 (y1* (Y1 x21)), (T2 * (Y2 * (y2 * 12)))T,
(z3 % (y3 * (y3 * 23)))1, (x4 * (ya * (ya x 24)))F) € NQ(A, B),

and therefore NQ(A, B) is a commutative ideal of NQ(X). O

Lemma 3.14 ([12]). If A and B are ideals of a BCK-algebra X, then the set NQ(A, B) is an
ideal of NQ(X), which is called a neutrosophic quadruple ideal.
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Theorem 3.15. Let A and B be ideals of a BCK -algebra X such that
(Vz,ye X)(z*y € A (resp., B) = zx(y*(y*z)) € A (resp., B)). (20)
Then NQ(A, B) is a commutative ideal of NQ(X).

Proof. If A and B are ideals of a BC K-algebra X, then NQ(A, B) is an ideal of NQ(X) by Lemma
. Let & = (x1, xoT, x3l, v4F), § = (y1, Y21, ysI, y4aF') and Z = (z1, 29T, 231, 24 F') be elements
of NQ(X) such that (z©®g) ®Z € NQ(A,B) and 2 € NQ(A, B). Then

(Z©9)© 2= ((z1xy1)* 21, (w2 % y2) * 22)T, (w3 * y3) * 2z3) 1, (x4 * ya) * 24) F) € NQ(A, B),

and Z = (21, 29T, 231, 24F) € NQ(A, B), so (z1xy1) *x21 € A, (xaxy2) * 20 € A, (x3%y3) * 23 € B,
(xa*ys)*2z4 € B, 21 € A, 20 € A, 23 € B and z4 € B. Since A and B are ideals of X, we get that
r1%y1 € A, xoxys € A, x3xys € B and xz4*xyy € B. It follows from (@) that x1 % (y1 x(y1xx1)) € A,
o * (Y2 * (y2 * w2)) € A, w3 * (y3 * (ys * x3)) € B and x4 * (y4 * (y4 x x4)) € B. Hence

TOWO@OT)) = (v1 (Y1 * (Y1 *21)), (22 * (Y2 * (y2 * 22)))T,
(w3 % (y3 * (y3 * 23))) 1, (x4 * (ya * (ya x 24)))F) € NQ(A, B).

Therefore NQ(A, B) is a commutative ideal of NQ(X). O

Corollary 3.16. For any ideals A and B of a BCK-algebra X, if the set NQ(A, B) satisfies
(VZ, € NQ(A,B)) (2 0y € NQA,B) = 20 (IO (y0 1)) € NQ(A, B)),
then NQ(A, B) is a commutative ideal of NQ(X).

Theorem 3.17. Let I, J, A and B be ideals of a BCK-algebra X such that I C A and J C B. If
I and J are commutative ideals of X, then the set NQ(A, B) is a commutative ideal of NQ(X).

Proof. 1f I and J are commutative ideals of X, then NQ(I,J) is a commutative ideal of NQ(X)
by Theorem . Note that NQ(A, B) is an ideal of NQ(X) by Lemma and NQ(I,J) C
NQ(A, B). Assume that z xy € A (resp., B) for all z,y € X and let a := z xy. Then

(xxa)xy=(xxy)*xa=0¢€I (resp., J),

and so ((zxa)*y)*0= (zxa)*xy € I (resp., J). Since I and J are commutative ideals of X with
I C A and J C B, it follows that

(% (v (y* (w*a)) wa=(zxa)s (y* (y* (+a))) €1 C A (resp., J C B),
thus, z % (y x (y * (r*xa))) € A (resp., B). On the other hand,

(@ (y* (yx @) * (xx (y* (y* (xxa))) < (yx(y* (xxa)))*(y*(y*z))
<(yxz)*(y*(xxa)) < (rxa)*xx=0%xa=0.

Hence (zx(y*(y*x)))*(z*(y*(y*(x*a)))) = 0 € A (resp., B), and thusz % (y * (y x z)) € A (resp., B).
Therefore A and B are commutative ideals of X, and so NQ(A, B) is a commutative ideal of
NQ(X) by Theorem . O

The following examples illustrate Theorem .
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Exampl(@ 3.18. Consider a BCK -algebra X = {0, 1,2} with the binary operation x which is given
in Table |3,

Table 3: Cayley table for the binary operation “x”

N = Of ¥
N = OO
N O O
S = O

Then the neutrosophic quadruple BCK -algebra NQ(X) has 81 elements. If we take commuta-
tive ideals A = {0,1} and B ={0,2} of X, then
NQ(A, B) ={(0,0T,0I,0F),(0,07,0I,2F),(0,07,2I,0F), (0,07,21,2F),
(0,17,0I1,0F),(0,17,01,2F),(0,17,21,0F), (0,17,21,2F),
(1,07,0I,0F),(1,07,01,2F),(1,07,21,0F), (1,07,21,2F),
(1,17,01,0F),(1,17,01,2F),(1,17T,2I,0F), (1,17, 2I,2F)}

which is a commutative ideal of NQ(X).

Example 3.19. Consider a BCK-algebra X = {0,a,b,c} with the binary operation * which is
given in Table .

Table 4: Cayley table for the binary operation “x”

o o Q O *
o "R OO
o O Ol
o O O oOolc
O Tt e On

Then (X, *,0) is a commutative BC'K -algebra (see [14]), and the neutrosophic quadruple BCK -
set NQ(X) based on X has 256 elements and it is a commutative BCK -algebra by Theorem |3.4.
If we take commutative ideals A = {0,a,b} and B = {0,c} of X, then the set NQ(A, B) consists of
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36 elements, which is a commutative ideal of NQ(X) by Theorem , and it is given as follows.

NQ(A, B) ={(0,0T,0I,0F), (0,07, 01, cF), (0,0T, cI,0F), (0,07, cI, cF),
(0,aT,01,0F), (0,aT,0I,cF),(0,aT,cl,0F),(0,aT,cl,cF),
(0,6T,01,0F), (0, bT, 01, ¢F), (0, bT, ¢I,0F), (0, bT, I, cF),
(a,07,01,0F), (a,0T,0I,cF),(a,0T,cl,0F), (a,0T,cl,cF),
(a,aT,01,0F), (a,aT,0I,cF), (a,aT,cl,0F), (a,aT,cl,cF),
(a,0T,01,0F), (a,bT,0I,cF), (a,bT,cl,0F), (a,bT,cl,cF),
(b,0T,01,0F), (b,0T,0I,cF), (b,0T,cI,0F), (b,0T,cI,cF),
(b,aT,0I,0F), (b,aT,01,cF),(b,aT,cl,0F),(b,aT,cl,cF),
(b,bT,0I,0F), (b,bT,01,cF), (b,bT,cI,0F),(b,bT,cI,cF)}.

4  Conclusions

We have considered a commutative neutrosophic quadruple ideals and BCK-algebras are dis-
cussed, and investigated several related properties are investigated. Conditions for the neutro-
sophic quadruple BCK-algebra to be commutative are considered. Given subsets A and B of a
neutrosophic quadruple BCK algebra, conditions for the set NQ(A, B) to be a commutative ideal
of a neutrosophic quadruple BCK-algebra are provided.
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