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1 Introduction

For the first time, the idea of rough sets was presented by Pawlak [19, 20], in 1982. The theory
of rough sets is an extension of set theory. The basis of this theory is an equivalence relation on
the universal set. Pawlak defined the lower and upper approximations of a subset by using an
equivalence relation. Many mathematicians extended and utilized the rough theory in algebraic
structure. For sample, the notion of rough subring and ideal investigated by Davvaz [6]. This topic
was studied and analyzed by several researchers. We refer the readers to [2, b, 13]. A generalization
of rough set theory is the near set theory. This topic was studied by Peter in 2007 [21]. Peters
described an indiscernibility relation by utilizing the property of the objects to find the nearness
of objects. In 2012, Inan and Ozturk investigated the notion of near groups [9, 8]. In 2013, Ozturk
introduced nearness group of weak cosets [18]. In 2015, Inan and Ozturk investigated the nearness
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semigroups [L0]. In 2019, Ozturk and Inan introduced nearness rings [16]. For the work done on
near sets, we point out to [, 17].

The hyperstructures theory is presented by Marty in 1934 [[14]. In this theory, the composition
of two members is a non-empty set. In the field of hypergroups, the first book was written by
Corsini in 1993 [3]. In [4], Corsini and Leoreanu showed that the theory of hyperstructures has
many applications in: geometry, hypergraghs, binary relations, codes, median algebras. In [12],
Krasner defined the idea of the hyperfields and hyperrings. A hyperfield and a hyperring are
a generalization of a field and a ring. The first kind of hyperrings was presented by Krasner
where addition is a hyperopration but product is a binary operation. In 1982, the second kind of
hyperrings was defined by Rota [24]. These hyperrings is called a multiplicative hyperring. The last
kind hyperring was created by Mittas where both are hyperoperation. Theses hyperrings is called
general hyperrings [[15]. A monograph on hyperring theory is written by Davvaz and Leorenu-Fotea
[7]. Jun studied algebraic geometry over hyperrings [11]. The theory of hyperstructures has been
reviewed in [[7, 25, 26, 27]

In this article, we first present and study the idea of near Krasner hyperring theory, which
extends the notion of a near ring. Then, we define near (prime) hyperideals and prove some
theorems and lemmas about them and present some examples. Also, we show that the intersection
of two near prime hyperideals of R is not a near prime hyperideal. Finally, in the last part, we
introduce the concept of near homomorphism and analyze several characterizations of them.

2 Preliminaries

In the section, we introduce the basic definitions and properties of near sets. For more results, we
refer to [18, 22, 23, 119].
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M C O, Sets of sample objects

m € O, Sample object

A set of functions representing object features
BCF

0 : O — R", Object description

n is a description length,

0; € B, where §; : O — R

0(z) = (61(x), ..., 0n(2)), description
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Table 1: Description symbols

We denote NAS = (O, F,~p,, N,,vy,) and is named nearness approximation space where O is a
set of percieved objects, F is a set of prob functions,

~p,= {(m,n) € O x O :6; € B,0;(m) = 6;(n)},

is indiscernibility relation with B, C B C F, N,(B) is a collection of partition. The subscript
r denotes the cardinally of the restricted subset B,, where we consider (lf |), i.e., |B| functions
i € F taken r at a time to define the relation ~p . Also, N.(B).M = {m € O : [m|p, C M}
is called lower approximation and N,.(B)*M = {m € O : [m]p, N M # 0} is said to be upper
approximation of M. We suppose that p(Q) is power set of O, the function vy, is defined by
un, : p(O0) x p(O) — [0, 1].
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Proposition 2.1. Let (O, F,~p, ,N.,vN,.) be a nearness approximation space and M, N C O.
Then the approximations have the following properties:

1) N,(B).M C M C N.(B)*M,

2) N,(B)*(M UN) = N,(B)*M U N,(B)*N,

3) Nu(B)o(M N N) = N.(B).M N N.(B),N,

N,
5 C N implies N.(B)*M C N,(B)*N

7

6

(1) N

(2) N, (
(3) N, (
(4) M C N implies N,(B).M C N,(B),
(5) M )
(6) N,(B)*(M NN)C N,(B)*M NN,(B)*N,
(7) N,

7) N,(B)*M U N,(B)*N C N,(B)*(M UN).

Suppose that *: H x H — p*(H) is a hyperoperation.

Remark 2.2. Suppose that M and N are non-empty subsets of H and x € H. We define

M x N = U mxn, Mxx=Mx*{x}.
meM
neN
The pair (H, *) is said to be a semihypergroup if for every a, b, cin H, we have (axb)xc = ax(bxc).
Also, (R, +,) is called a Krasner hyperring [12] if for any a,b, ¢ in R:

(i) (R,+) is a canonical hypergroup,
l.a+(b+c)=(a+b) +ec,
2.a+b=b+a,
3. there exists 0 € R such that 0+ a = {a},
4. there exists a unique element denoted by —a € R such that 0 € a + (—a),
5. c€a+bimpliesb€ —a+cand a € c—b.

(ii) (R,-) is a semigroup having 0 as a bilaterally absorbing element, i.e., z-0=0-z = 0.

(iii) (z-y)-z=z-(y-2).

A non-empty subset M of R is said to be a subhyperring of Rif x —y C M and x -y € M for
every z,y € M. A subhyperring N of R is normal if and only if x + N + 2 C N for any x € R.

The non-empty subset [ is called a left (right) hyperideal of R if for every a,b in I, we have
a—bC1Iandrac€l, forany r € R. If N is a normal hyperideal of a Krasner hyperring R, then
we define the relation of x = y(modN) < (x — y) N N # (. This relation is denotes by xN*y.
Let (R,+,®) and (R',,0) be two Krasner hyperrings. A mapping ¢ : R — R’ is said to be a
homomorphism if for any a,b € R, we have ¢(a + b) = ¢(a) W ¢(b), ¢(a ®@b) = ¢(a) ¢ ¢p(b) and
»(0) = 0.

3 Near Krasner hyperring and near subhyperring

In this part, we present the idea of a near hyperrings on nearness approximation spaces and give
some examples. Moreover, we study and analyze some of its features.
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Definition 3.1. Suppose that R C O. Then (R,®,®) is named a near Krasner hyperring on
NAS if the following are satisfied for every m,n,p € R:

(1) m@® (n@®p)=(men)®p hold in N (B)*R,

2) m&n=n®m,

(2)
(3) There exists 0 € N.(B)*R such that 0 ® m = {m},
(4)

There exists a unique element n € R such that 0 € m ® n,
(We shall write n = —m and we named it the near opposite of m.)

(5) pe m@n impliesn € —m dp and m € p—n,

(6) (R,®) is a near semigroup having zero as a near bilaterally absorbing element, i.e., m®0 =
0®m =0,

() m@n&p)=(men)d(mep) and
(m@&n)®@p=(m&p)®(n®p) keep properties in N,(B)*R.
R is said to be commutative if m ® n =n @ m. Also, R is said be to a near Krasner hyperring
with identity if 1r € Ny(B)*R we get Il @ m=m® lgp =m.
Remark 3.2. Throughout this article, we assume (R,®,®) and R',W,®) are two near Krasner

hyperrings on NAS.

Example 3.3. Suppose that O = {0,1,m,n, p} with a hyperoperation “®” and an operation “®”
defined as follows:

&0 1 m n|p
0|0 1 m n|p
111 ({om}]| {Lin} |m|n
m | m | {lLn} | {O,m} | 1 |m
n|n m 1 0|p
p |0 1 m n|p
QKIO0O| 1 |m|n|p
000101010
1101 |m|n |0
m|O0|lm|m|n |0
n|0|ln|n| m|O0
p |0l 0]0]O0]1

Then (O, ®,®) is not a hyperring, because (O, @) is not associative, for instance
(men)®dp=1dp=n#m=mdp=m® (ndp).

Suppose that B = {©1,09,03} is a subset of F, where O;’s are functions. Assume that ©1 : O —
{p1,p2,p3}, O2: O — {p1,p2} and O3z : O — {p1, p2, p3} are given in the following table:

0 1 |{m|n|p
O1 | p1|p2|p2|p3|ps3
Oy | p1 | p1|p1|p2|p
O3 | p2 | p1 | p3|p3|p1
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Assume that R = {0,1,m,n} C O with a hyperoperation “@®” and an operation “® " defined in
the following tables:

@ |0 n
0|0 1 m n
11 ]{0o,m}| {1,n} |m
m | m | {L,n} | {O,m} | 1
n|n m 1 0
XIO0O| 1T |{m|n
000 |0]O
1 {01 | m|n
m|O0|m|m|n
n|0|ln|n|m

(0o, ={a € O] 0:(0) = O1(a) = p1} = {0},
[Heo, ={a € 0| 61(1) = O1(a) = p2} = {1,m} = [m]e,,
[n]91 = {a €0 ‘ @1(7‘&) = @1(04) = /33} = {n,p} = [p]®1’

We obtain o, = {[0]e,, [1]e,, [n]e, }

[O]@z = {a €0 | 62(0) = @2(a) = :01} = {07 17m} = [m]@2 = [1]927
[n]e, = {a € O | O2(b) = O2(a) = p2} = {n,p} = [ple,.

We get 592 = {[0]@2, [n]®2}' In the same way, 53 = {[0}937 [1]937 [m]®3}'

Hence, forr =1 a partition of O is N1_= {{e,,e,, e, }. So, we obtain N,(B)*R = {0,1, m,n, p}.
Therefore, in the sense of Definition , (R, ®,®) is a near Krasner hyperring.

We defined a collection of partitions Ni(B), where Ni(B) = {{o,p, | B1 € B}. Families of
neighborhoods are constructed for any combination of functions in B using (lf |

), that means of,
| B| functions taken 1 at a time. We can give an example for r = 2.

Example 3.4. In Emmple@, consider R = {0,1,m,n} with a hyperoperation “ @ ” and an
operation “®” by below tables:

@ | 0 n
0|0 1 m n
111 [{o,m}]| {L,n} |m
m | m | {l,n} | {O,m} | 1
n|n m 1 0
RXIO0O| 1T |m|n
0|00 |0]O
1101 |m|n
m|0|m|m|n
n|0|n|n|m
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We define a set of functions B = {¢1,¢2, 43,04} C F. The values of functions ¢1 : O —

{717727’)/5}7 ¢2 : O — {727737’74775}7 ¢3 : O — {71773774775} and ¢4 : O — {737747’75} are gi’U@?’L
in the below table:

O]l 1 | m|n/|p
Pr{m || 2|B|m
G2 [ va |2 | V3| | M
G3 |7 || 3| |
Ga |5 |5 | 3|4 | s

Uig1,6) = {a € O | d1(a) = 2(a) = ¢1(1) = ¢a2(1) = 12} = {1},
(7] {61,601 = 1@ € O | ¢1(a) = d2(a) = ¢1(n) = pa(n) = 75} = {n}.

We obtain &y, gor = {1,601 {61,001}
[0l{p1,60) = {a € O | ¢1(a) = ¢3(a) = ¢1(0) = $3(0) = 11} = {0,p} = [Pl{g1,00}-
We get §1, 651 = {[0]{¢1,¢3}}'

[m]{¢2,¢3} = {Oé €O ‘ ¢2(Oé) = ¢3(Oé)
[Dl{p2,51 = 1 € O | g2(a) = ¢3()

p2(m) = ¢3(m) = v3} = {m},
$2(p) = ¢3(p) = 14} = {p}-

So, we have &1y, g5} = {[M]{4,05} > [P{62.001 }-
(M) (45,643 = {0 € O | g2(a) = du(@) = d2(m) = pa(m) = 3} = {m}.
We get &1gy,0.3 = {92,643 -
[igs.00) = { € O | ¢3(a) = puala) = ¢3(1) = ¢a(1) = 75} = {1},
[m] (45,603 = { € O | ¢3(a) = pu() = d3(m) = pa(m) = 73} = {m}.

We obtain &rgs0,y = {lo5,04 165,041}
Thus, for r =2, a set of partitions of O is Na(B) = {&(¢, 651> E{darps} Sioo,0a}s E{dnba} ) -
So, we write No(B)*(R) = {0,1,m,n,p}. By Deﬁm'zfz'on@d,7 (R,®,®) is a near Krasner

hyperring on NAS.
Corollary 3.5. Every Krasner hyperrings is a near Krasner hyperring on NAS.
Proof. 1t is straightforward. O

Definition 3.6. [8] Let NAS = (O, F,~p,,Ny,vn,) be a nearness approximation space and let
- be a binary operation on O. A subset G of perceptual objects O is called a near group if the
following properties are satisfied:

(1) Vz,y € G, -y € N.(B)*G;
(2) Vo,y,z € G, (x-y)-z=x-(y-z) property holds in x -y € N,(B)*G;

(3) Je € N,.(B)*G such that for allz € G, x-e =e-x =z, e is called the near identity element;
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(4) Ve € G, Jy € G such that -y =y -x = e, y is called the near inverse element of x.

Definition 3.7.

(1) Assume that (R,+,-) is a near Krasner hyperring. Then R is said to be a near hyperfield if
(R\ {0},-) is a commutative near group.

(2) If R is a commutative near Krasner hyperring with unit element and mn = 0 implies m = 0 or

n =20 for all m,n € R, then R is a near hyperdomine.

Example 3.8. Let O ={0,1,a,b} be a set with a hyperoperation “B” and an operation “X” by
the following tables:

B|O 1 a b Ki0|1l|al|b

010 1 a b 0(0]0]0|O0

1 1[{0,1}] 1 |{L0b} 110[1]alb

ala 1 {0,a} 0 al|0fal|lla

b [0 {Lo) | 0 O b0 0]all

Then (O,H,K) is not a hyperring, because (aBb)B1=0B1=1#0=aB (bB1). Suppose
that B = {y1,72} C F where v1 : O — {1,2} and v2 : O — {1,2} are given in below Tables.

O|1|alb
w1 1]2

v l21[1]2

we obtain

[O]“ﬂ = {O? a} = [a]’ﬂv [1]’71 = {Lb} = [6}71?
[O]“@ ={0,b} = [b]'mv [1]72 ={l,a} = [a}ﬁ’z'

Now, we assume that R = {0,1,a} C O with a hyperoperation “B” and an operation “R” by the
below tables:

BH|O 1 a X{0|1]|a
010 1 a 0(0[0]O
1]1]{0,1}| 1 1]0|1a
a 1 {0,a} a|0|all

a
Therefore, N.(B)*(R) = {0,1,a,b}.So, by Definition @, (R,HB,X) is a near Krasner hyperring
with identity element 1 and it is commutative. Because for all m,n € R we have mXn =nXm.
Also, (R,H,X) is a near hyperdomain. Hence IK0=aX0=b6X0=0.

On the other hand, (R\ {0},X) is a commutative near group.

1) for every a,b,c € R\ {0}, we have (aXRb)Kc=aX (bK ),
2) for every a®b=>bXa,
)

3

(
(
(3) there exists 1 € N.(B)*(R\ {0}), for all x € R\ {0}, we have X 1 =z,
(

4) for all x € R\ {0}, there exists y € R\ {0}, we have xt Ky = 1.

So, R is a near hyperfield.
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Suppose that M@N:{x|x€m+n,m€Mandn€N} and

M®N:{Zmi®ni|mi€M, niEN},
finit

where M, N are two subsets of R.

Theorem 3.9. Suppose that M, N are two subsets of R. Then,
(1) If M,N C R, then (N,(B)*M) & (N,(B)*N) C N,.(B)*(M @& N),
(2) If M,N C R, then N.(B)*(M)® N,(B)*(N) C N,.(B)*(M ® N).

Proof. (1) Assume that x € (N.(B)*M) & (N,(B)*N). We have z € m & n; m € (N.(B)*M),
n € (N,(B)*N). Since m € N,(B)*M, it follows that [m|g, N M # 0. Therefore, y € [m]p, N M.
Theny € [m]p, andy € M. Likewise, n € N,.(B)*N, then [n]p, NN # 0, there exists z € [n]p, NN,
soz € [n]p, and z € N. Since w € y® 2z C [m]p, ®[n]p, C [mDn]p,, it follows that w € [mdn]p,
and w € M @& N. Thus, w € [m @ n]p, N (M & N). Therefore, [m & n]p, N (M @& N) # (), and so
xr€a®bC N.(B)*(M & N).
(2) The proof of (2) is similar to (1). O
Suppose that O, Oy are two sets and N/BT v N’]'BT ” are two indispensability relations on
O1, Oy respectively. Then, we define relation “ ~p 7 on O; x Oy, for every (a,b), (¢,d) € O1 x Oa:
(a,b) ~p, (¢,d) < a~p cand b~} d.
It is easy to see that the relation “ ~p. 7 is an equivalence relation on O x Oz. Now, we define
equivalence classes on elements 07 x Oy as follows:

[(aa b)]NBT = {(Cv d) € 01 x Oy ’ (avb) ~ By (C, d)}

If X; CO; and Xy C Oy, then N,(B)*(X1 x Xo) = U [(a,b)]s,

[(a,0)] B, N(X1 x X2)7#0
Suppose that Ry, Ry are two near Krasner hyperrings. So, R; X Ro is not a near Krasner
hyperring. See the following example:

Example 3.10. In Ezample @, we show R = {0,1,a} is a near Krasner hyperring with function
B = {v,7}. Also, in Example , R ={0,1,m,n} is a near Krasner hyperring with function
B = {¢1,02,03,04}. But, R1 X Ry is not a near Krasner hyperring because |Blp, = 2 and
|B|(92 =4, thus |B|(91 # |B|(92'

Theorem 3.11. Assume that R, R’ are two near Krasner hyperrings. If
1. The number of functions in O1 and Oy should be equal, that is |Blo, = |Blo,,
2. N.(B)*R x N.(B)*R' = N,.(B)*(R x R/).

Then (R x R',+,.) is a near Krasner hyperring.

Proof. First, we define hyperoperation “+”, operation “-” between elements Rx R'. Let m,m’,€ R
and n,n’ € R':

(m,n) + (m';n") = {(z,y) | remam/,y e nwn'},

(m,n).(m',n) = (2,y), x=mem y=non.

Let m,m’,my,mo,m3 € R and n,n’,ny1,no,n3 € R'.
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(i) We show (R x R’,+) is a near canonical hyperring.

(1) Associative property:

,n)—l—{(m n') | m' € my ®mao,n’ €nyWno}
m” . n") | m" €ma (mi ®mz),n € nd(n Wno)}
m” ;n") | m" € (m&my) dma,n” € (nWny)Wna}

(m,n) + ((m1,n1) + (m2,n2))

D q |p€m€Bm1,q€nUn1}—|—(m2,n2)

(m
{(
{(
{(
((m,n ml,nl)) + (ma,n2),

(2) Commutative property:

(m1,m1) + (ma,n2) = {(m,n) | m € m; ®ma,n € n; WYna}
={(m,n) | me€ma®mi,n € noWn}

(mg,ng) (ml,nl).

(3) There exists 0 € N,(B)*(R) such that Og & m = {m} and similar to for R’, we have
O Wn= {TL} So, (ORvoR') + (m17m2> = {<m17m2)}'

(4) For any m € R, there exists a unique element —m such that 0 € m — m. Similarly, for R/,
Ogr' € n — n. Therefore, (0g,0gr) € (Mm,n) + (—m, —n).

(5) We prove that if (mq,n1) € (mg,n2) + (ms3,n3), then (mg,n2) € (m1,n1) + (—ms, —n3) and
(m3,n3) € (ml, nl) + (—mg, —77,2).

mip EmoPdmg = mg €mp —mg and mg € my — ma,

npENWng = ng €ny —ng and n3 € ny — no.

From (1), (2), we get (mga,n2) € (m1,n1) + (—ms, —n3) and (ms,n3) € (my1,n1) + (—ma, —n2).

(ii) (R x R',-) is a near semigroup. Whereas R, R’ be two near semigroups, we obtain
(m1,n1).(ma,n2) = (M1 @ ma,n1 © na) = (M2 @ my,n2 © ny) = (M2, n2).(m1,n1).
(iii) Distributive property.
(mq,n1). [(mg,ng) + (mg,ng)] (ml,nl) {(m,n) | m € ma ® m3,n € ng Wns}
| m' e m@mi,n €nOny,m e ms®ms,n € nyWns}

{(m/,n)
{(m/,n') | m € m @ (m2®ma),n’ €n1 O (n2Wng)}
{( )|m,Em1®m2@m1®m3,y/6”1@”2@77,1@713}

m1 ® ma,n1 ©nz) + (my @ ms,ny ©ng)

= (m
(ml,nl) (mg, ng) + (ml,nl).(mg,ng).
0

Example 3.12. In Ezample @, we show (R = {0,1,a},H,X) is a near Krasner hyperring by
below tables.
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B0 1 a X[{0|1l|a
010 1 a 0(0|0]O
1 1]{0,1}| 1 1101 ]a
a | a 1 {0,a} a|0|la|l

Now, we have
R x R =1{(0,0),(0,1),(0,a),(1,0),(1,1),(1,a),(a,0),(a,1), (a,a)}.
Also N.(B)*(R) ={0,1,a,b}. We give

N:(B)"(R) x N:(B)"(R) = {(0,0),(0,1), (0, a), (0,b), (1,0), (1, 1), (1,a), (1,0),
(a,0), (a,1), (a,a), (a,b), (b,0), (b, 1), (b, a), (b,b)}.

[(0,0)], = {(z,9) € O x O [ (0,0) ~p, (2,9)}
={(0,0),(0,a), (a,0), (a,a)},

[(0, D}y, = {(0,1),(0,0), (a, 1), (a, )},

[(1,0))5, = {(1,0), (1, a), (b,0), (b, a)},

[(1, D]y = {(1,1),(1,0), (b, 1), (b,0)}

)

[(0,0)]5, = {(0,0), (0,0), (b,0), (b, )}
[(0, D], = {(0,1),(0,a), (b, 1), (b, a)}
[(1,0)]5, = {(1,0), (1,0), (a,0), (a,b)}
[(1, D]y, = {(1,1), (1, ), (a,1), (0, a)}.

Thus, we have &, = {[(0,0)]45, [(0, 1)]45, [(1, 0)]55, [(1, D], }-
Therefore, we obtain
Ni(B)*(R x R) = {(0,0)(0,1),(1,0),(0,a), (a,0), (1,a), (a,1), (a, a),
(a,b), (b,a),(0,b),(b,0),(1,b),(b,1),(b,b)}.
Hence, N,(B)*(R x R) = N,(B)*(R) x N.(B)*(R), so R x R is a near Krasner hyperring.
Theorem 3.13. (1) If|B|o, = |Blo, and N.(B)*Rx N,.(B)*R' = N,(B)*(Rx R'), then Rx R’

is a commutative near Krasner hyperring where R, R’ are two commutative near Krasner
hyperrings.

(2) If|Blo, = |Blo, and N(B)*Rx N,(B)*R' = N,.(B)*(Rx R’), then Rx R’ is a near Krasner
hyperring with near unite element where R, R’ are two near Krasner hyperrings with near
unite elements.

Proof. (1) We assume m1, mge € R and ny,ny € R'. Since mi;®mso = ma®my and ny®Ong = na®ny,
we have
(m1,n1)(ma,n2) = (M1 @ ma,n1 © na) = (M2 ® my,ng ©ny1) = (M2, n2) (M1, n1).

Therefore, R x R’ is a commutative near Krasner hyperring.
(2) Whereas R, R’ are two near Krasner hyperrings on NAS with near unite elements respectively
1Ry, 1g/, we have 1g ® my = my and 1rr ©® ma = mgy for every my € R,ms € R'. Thus,



Near Krasner hyperrings on nearness approzrimation space 11

(1r, 1r)(m1,m2) = (1r, ® m1, 1gr © ma) = (m1, ma).

So, R x R is a near Krasner hyperring with near unite element (1g, 1z/). O
In the following, we present an example of Theorem .

Example 3.14.

(1) In Example , we prove (Rx R,+,.) is a near Krasner hyperring. On the other hand, (R,X)
is a commutative, that means of v,y € R, t Xy =yXz. Now, for every (a,b),(c,d) € R x R, we
obtain (a,b).(c,d) = (¢,d).(a,b). For example,

(0,1).(0,a) = (0,a) = (0,a).(0,
(1,1).(a,0) = (a,0) = (a,0).(1,

Therefore, R x R is a commutative near Krasner hyperring.

1),
1).

(2) R is a near Krasner hyperring with near unite element 1. Thus, for every x € R, we
get 1l@x =2x®1 =x. So, for any (xz,y) € R x R and (1,1) € N.(B)*(R x R), we obtain
(x,y).(1,1) = (x,y). Thus (1,1) is a near unite element R x R.

Corollary 3.15.

(1) If NT(B)*(H R;) = HNT(B)*R“ then HRi is a near Krasner hyperring, where R; are near
i€l i€l i€l
Krasner hyperrings.

(2) If R; are commutative near Krasner hyperrings on NAS, then HRi is a commutative near
el
Krasner hyperring.

(3) If R; are near Krasner hyperrings with identity on NAS, then H R; is a near Krasner hyperring
el
with identity.
Proof. 1t is straightforward. O

Definition 3.16. Suppose M C R. Then M is said be to a near subhyperring of R. If m; —mgo C
N, (B)*M and m; @ ma € N.(B)*M for every mi,mg € M.

Example 3.17. In Example , let M ={0,1,n} C R and consider the following tables:

@& |0 1 n X |01 |n
01]0 1 n 010]0]0
1]1|{0,m}|m 1101 |n
n|n m 0 n|0|n|l

We obtain N1(B)*M = {0,1,m,n,p}. So, by Definition , M is a near subhyperring of R.
Also, we suppose M' = {n} C R and B = {©1,02,03}. In this case, we show M’ is not a
near subhyperring of R. Consider the below tables .

O] 1 |m|n|p

©1|p1|p2]|p2|p3|ps3
@2 /\1 )\1 >\1 >\2 )\2

O3 |72 |7 || |m
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We obtain N1(B)*M' = U [z]e, = {n,p,m}. By Definition , we have
[I](—)imM/7£®

n@®&n=0¢{n,p,m}= N (B)*M.
Thus, M’ is not a near subhyperring of R.
Lemma 3.18. If M is a subhyperring of R, then, M is a near subhyperring on NAS.

Proof. By the definition of subhyperring, for every a,b € M we have a —b C M and a® b € M.
On the other hand, M C N,(B)*(M). So, a —b C N,(B)*M and a ® b € N,(B)*(M). O

In the following example we see that the converse of Lemma is not true. In fact, we show
that a near subhyperring is not a subhyperring.

Example 3.19. In Ezample , M = {0,1,n} is a near subhyperring of R. But, M is not a
subhyperring, because 1 ®1 = {0,m} ¢ M.

Theorem 3.20. The intersection of two near subhyperring is a near subhyperring if (N, (B)*M;i)N
(Ny(B)*Ms) = N,(B)*(M; N M) where My, My are near subhyperrings of R.

Proof. Suppose m1, mo € M1 N My. Then my,mo € My and my, me € Ms. Since My, My are two
near subhyperrings, we have m; — mg C N,.(B)*M; and m; — mg C Ni(B)*Ms. By assumption,
NT(B)*Ml N NT(B)*MQ = NT(B)*(Ml N Mg), myp —mo C NT(B)*(Ml N Mg)

Whereas Mj, My are two near subhyperring, we get m; ® mg € N,(B)*M; and m; ® mg €
N, (B)*Ms. Then mi®@mg € (N(B)*M1)N(N,(B)*Ma) = N,(B)*(M1NMa). Therefore, M; N Mo
is a near subhyperring of R. O

Example 3.21. Suppose that O = {0,1,h, k,s,t,z,w} is a set

1 h

+ 10 k S t z w
010 1 h k s t z w
1]1 1 {0,1,h,k} | 1 t t {s,t,z,w} t
h | h|{0,1,hk} h h z {s,t,z,w} z z
k| k 1 h 0 w t z S
s | s t z w | {0,s} {1,t} {h, z} {k,w}
t|t t {s,t,z,w} | t | {1,t} {1,t} (@] {1,t}
z | z | {s,t,z,w} z z | {h,z} O {h, z} {h,z}
w | w t {z,w} s | {k,w} {1,t} {h, z} {0, s}
O|1|h|k|s|t]|z]|w
0|0|s|hlk|s|t|z]|w
110|s|h|k|O]|1]|h| Kk
h|O|h|s|k|O|h|t]|Ek
kK10]0O|O|O|O|]O0O]0O]|O
s10[0|0|0|s|s]|s]|s
t|10|1|h|k|s|t]z|w
z|O0|h|t|k]|s|z|t]|w
w|0]0]0|0|s|s|s|s

(O, +,.) is not a Krasner hyperring. Because
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(w+h)+w=A{0,h,z,s} #{h,z} =w+ (h+w)

Assume that B = {v1,72,73,74} is a subset of F, where ~;’s are functions. We define v, : O —
{a,b,c}, v2: O = {a,c,d}, v3: O — {a,b,d} and 4 : O — {a,b,c,d} are given in the following
tables:

O|1|h|k|s|t]z]|w
yylalblclalalc|cl| b
Y>lalclal|lc|d|al|d]|d
y3|lbld|b|d|b|d|a]a
Yelcldlal|blclal|d]|d

Assume that R = {0,1,h,k,s} is a non-empty subset of O with a hyperoperation “+" and an
operation -7 defined in the following tables:

+ 10 h k S
010 h k s
11 {0, Lk} | 1| ¢
h | h|{0,1,hk} h h z
k| k 1 h 0 w
s |s z w | {0,s}
0|1 h|Kk]|s
0]10|s|h|k|s
110|s|h|k|O
h|O0O|h|s|k]|O
kK{0|0|O0O]0O]O
s|10[0]0|O0]|s

[0]’}'1 = {y €0 | 1(0)=m(y) = a} = {O7k73} = [k]“ﬂ = [S]'Yla
[y, ={y € O | (1) =n(y) =b} = {1,w} = [w]y,,
[h]’h = {y €0 | 71(h) = 71(y) = C} = {h7t> Z} = [t]“fl = [Z]’Yl‘

We obtain g'yl = {[O]’Ylv [1}717 [h]71}'

[O]“fz = {y €0 ‘ 72<O) - Q(y) = a} = {Ovhat} = [h]’}’z = [t]’hv
[1]“/2 ={y e O | %)= =c ={1,k} = [k]’sz
[she ={y € O | 72(s) = 12(y) = d} = {s, z,w} = [2]y, = [w],.

We get &, = {[0]727 [1}’72? [S]Vz}'

[0]1s = {y € O | 13(0) = 3(y) = b} = {0, h, s} = [h]5; = [s]ns,
[1]’73 ={y €O | 13(1) =y =d} = {1,k t} = [k]% = [t]'V37
[2]ys = {y € O | 13(5) = 13(y) = a} = {2, w} = [w],.
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We get g’ys = {[0]737 [1}’}'37 [Z]“{s}'

0], = {y € O | 7(0) = n(y) = ¢} = {0,8} = [s]y,;

[y, ={y € O | 1a(1) =1(y) = d} = {1, z,w} = [2],, = [w],,
[h]m = {y €0 ’ 74(5) = 74(y) = a} = {h, t} = [ﬂ'm

[klyy = {y € O | na(s) = 1a(y) = b} = {k}.

We have &, = {[0],, [1]~y; [Plyss [Elyu}- Then, forr =1 a partition of O is N1 = {&y,,&0,Evs: 6}
Therefore, we get N.(B)*R ={0,1,h,k,s,t,z,w} = O. Thus, by Definition @, (R,+,") is a near
krasner hyperring.
Consider that R' = {0,h,s} and R" = {0,1, s} are two subsets of R. It is easy to see R’ and

R" are two near subhyperrings of R. We obtain

N.(B)Y*(R'NnR") = N.(B)*({0,s}) = {0, h, k,s,t, 2, w},

Ny(B)"(R) = {0,k,s,h, 2, t,w},

N.(B)*(R") = 0.
Also, N.(B)*(R'NR") = N,.(B)*(R') N N,.(B)*(R"). Thus R' N R" is a near subhyperring of R.
Corollary 3.22. The intersection of a family of near subhyperrings is a near subhyperring if
NT(B)*( m Ml) = m (NT(B)*MZ-), where M; are near subhyperrings.

i€l el
Proof. 1t is straightforward. O
Theorem 3.23. M; x My is a near subhyperring of R x R’ if |B|lo, = |Blo, and
Ny (B)*(My x Mz) = Np(B)" (M) x Ny(B)"(My),
where My, My are two near subhyperrings of R, R', respectively.
Proof. Let (my,n1), (me,n2) € My x Ms. Then, by Definition , we get
(m1,m1) — (m2,n2) = {(m1 — ma,n1 —n2) | m1,ma € Mi,n1,n2 € Ma}
C N,(B)*Mj x N,(B)*M, = N,(B)*(M; x M,).
(ml,nl).(mg,ng) = (ml.mg,nl.ng) S NT(B)*(Ml) X NT(B)*(MQ)
= N, (B)*(M; x My).

Therefore, My x Ms is a near subhyperring of R x R'. O

Example 3.24. In Ezample , let M ={0,1} C R. Then, we obtain N,(B)*M ={0,1,a,b}.
So, by Definition , M is a near subhyperring. Thus, M x M = {(0,0),(0,1),(1,0),(1,1)}.
N, (B)*(M) x N.(B)*(M) ={0,1,a,b} x {0,1,a,b}
={(0,0),(0,1),(0,a),(0,6), (1,0), (1,1), (1, a), (1,b),
(a,0),(a,1),(a,a),(a,b),(b,0),(b,1),(b,a),(bb)}.
On the other hand we see in Ezample , &y = {[(0,0)]4,,1(0,1)]4,, [(1,0)],,[(1,1)]4, } and
&2 = {1(0,0)]5, [(0, D], [(1, 0)]s, [(1, D], }-- Therefore,
Np(B)"(M x M) = {(0,0)(0,1),(1,0), (0, a), (a,0), (1, a), (a,1), (a, a),
(a,b), (b, a),(0,b),(b,0),(1,b),(b,1),(b,b)}.
Thus, Nr(B)*(M x M) = N,(B)*M x N,(B)*M. So, M x M is a near subhyperring of R x R.
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Corollary 3.25. H M; is a near subhyperring H R; if N, (B)* ( H Ml) = H (NT(B)*Mi), where
icl icl il icl
that M; is a near subhyperring of R;.
Proof. 1t is straightforward. O
Let A be a non-empty subset of near Krasner hyperring R. Then, we defined
n
rA= {Zr@ai | a; EA}a

i=1

for r € R.

Lemma 3.26. For each a € R, a ® R is a right near subhyperring of R .

Proof. Suppose x € Z a®x; and y € Z a ® y; for x;,y; in R. Thus,

finit finit
r—1yC Z a @ x; — Z aQ@Y; =a® Z Z; Qa®(Nr(B)*R)7
finit finit finit

for all z; € R. There exists w € N,.(B)*R such that x — y = a ® w for any a € R. Then
[wlp, N R # 0, and so p € [w]p, and p € R. We get w ~p_ p and p € R. Therefore, a @ w ~p,
a®p. Hence, a ®@p € [a®@ w|p, and a®p € a @ R, then [a ® w]p, Na® R # 0. We obtain
r—y=a®w € N.(B)*(a® R). Now, we assume = € a ® R and y € R. Consider

rRye(D avr)@y=Y a®(rey)=a® Y royCa® N(B)*(R),
finit finit finit

then there exists z € N,.(B)*R such that  ® y = a ® z for every y € R. Therefore, [z]p, N R # 0,
hence ¢ € [z]p,,c € Rand ¢ ~pg. z. We have a ® ¢ ~p, a ® z,¢c € R, a® z € [a ® ¢|p, and
a®z € a® R. Therefore, [a® z]p, N(a®R) # (), so we have t @y = a® z € N,(B)*(a® R). We
get (a® R) @ R C N, (B)*(a® R). O

4 Near hyperideals and near prime hyperideals

In the following, we introduce the idea of near (prime) hyperideal and investigate some results.
This section presents definitions and theorems for left near hyperideals. These definitions and
theorems are also true for near hyperideals. Also, it is true for right near hyper ideals.

Definition 4.1. Suppose that R is a near Krrasner hyperring on NAS and M C R. Then, M is
said to be a left (right) near hyperideal of R if « — B C N,.(B)*M, and

r®a € N.(B)*M (o — B C N.(B)*M,a®7r € N.(B)*M),

for every o, 8 € M and v’ € R.
If M is both a left and a right near hyperideal, then M is called a near hyperideal on R.

Example 4.2. In Example , suppose that I = {m,n} C R and B = {1, p2,p3}. Consider the
following tables:



16 M. Mostafavi, B. Davvaz

@ m n & |m|n
m | {0,m} | 1 m|m|n
n 1 0 n|ln|m
So, we obtain N1(B)*(I) = U [z], = {0,1,m,n,p}. In the sense of Definition B, we get
[]p; NIF#D

m—m={0,m}, n—-n=0, m—-n=n—m=1

They are all subsets of N1(B)*(I). For everyr € R,z € I, we get r @ x € N1(B)*(I). Therefore,
I is a near hyperideal of R.

Lemma 4.3. Fvery near hyperideal is a near subhyperring of R.
Remark 4.4. The converse of Lemma @ is not correct, see the following example.

Example 4.5. In Ezample , we show R’ = {0, h, s} is a near subhyperring of R but R’ is not
a near hyperideal of R. Because, we suppose © = h € R', we have h —h =h+ (—=h) =h+1=
{0,1,h,k} & N.(B)*(R') ={0,k, s, h,t, z,w}.

Theorem 4.6. Suppose that 11, Is are two near hyperideals of R.
(1) If Np(B)*(I1 N I3) = N (B)*(I1) N N.(B)*(I2), then Iy N Iz is a near hyperideal.
(2) Union of two near hyperideals is a near hyperideal if

N,(B)*(I U I) = N,(B)*(I1) U Ny (B)*(L).

Proof.

(1) Assume o, € I1 N Is. Then o, € I and o, € I. By Definition @, we have oo — 8 C
N, (B)*(I;) and o — f C Ng(B)*(I2). Thus, o — 8 C N,(B)*(I1) N N,(B)*(I2). By hypothesis,
a— 3 C N, (B)*(I1 N1). Also, we suppose r € R and a € I; N I. Therefore, r ® o € N,.(B)*(I1)
and 7 ® o € N,(B)*(I2). By hypothesis, we have r ® o € N,.(B)*(I; N I3). We prove Iy N I3 is a
near hyperideal of R.

(2) The proof is straightforward. O
Example 4.7. 1. In Example @, we see I = {m,n} is a near hyperideal of R and N,(B)*(I) =
{0,1,m,n,p}. Also, I' = {0,m} is a near hyperideal of R. We give N,.(B)*(I') = {0,1,m}. Then
N, (B)*(I)NN,-(B)*(I") = {0,1,m}, on the other hand N,(B)*(INI") = N,(B)*({m}) = {0,1,m}.
So, INT" is a near hyperideal of R.

2. We obtain N,(B)*(IUI') = N,(B)*({0,m,n}) = {0,1,m,n,p}. On the other hand, N,(B)*(I)U
N, (B)*(I") ={0,1,m,n,p}. Therefore, [UI' is a near hyperideal of R.

Corollary 4.8. Suppose that {I;}icn is a non-empty family of near hyperideals of R. Then

(1) Intersection of near hyperideals is a near hyperideal if N,(B)*( m L) = ﬂ (N.(B)*L).
(IS 1€EA

(2) Union of near hyperideals is a near hyperideal of R.

Proof. 1t is straightforward. O
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Definition 4.9. Assume that N is a non-empty subset R. Then N is said to be a near left (right,
two sided) hyperideal of R if Ny(B)*N is a left (right, two side) hyperideal of R.

Example 4.10. In Example @, we show that (R,®,®) is a near Krasner hyperring, where
R = {0,1,m,n}. Let N = {0,m,n} be a non-empty subset of R. We obtain N,.(B)*(N) =
{0,1,m,n,p}. Therefore, N,(B)*N is a hyperideal of R. Because, for every x,y € N,(B)*(N),
we have © —y C N.(B)*N and for every r € R, we have r @ x € N,.(B)*N. For example

0—-0=0,0-m=m, 0—n=n,

m—0=m, m—m={0,m}, m—n=1.

Also, 1l@m =m € N.(B)*N, m®@n =n € N,(B)*N, etc. It is easily prove that N is a hyperideal
of R.

Proposition 4.11. Suppose that M and N are a near subhyperring and a near hyperideal of R,
respectively. Then

(1) M @& N s a near subhyperring of R.
(2) M NN is a near hyperiseal of M.

Proof.

1. Suppose m,n € M & N. Then there exist m’,m” € M, and n/,n” € N such that m € m' ® n’
and n € m” @ n”. Therefore,

m-nC(m +n)—m"on")=m -m")o " —n")C N.(B)*M & N,.(B)*N C N.(B)*(M @& N).
Now, we have

menec(m on)e(m”en”)
C m/mll @ mlnll @ m//n/ @ n/n//
— m/m// @ (m/n// @ m//n/ @ n/n//)
- NT(B)*M D NT(B)*N

C N (B)*(M & N),

since N is a near hyperideal of R. Consequently M @ N is a near subhyperring of R.

2. Let myn € M N N implies m,n € M and m,n € N. Since M is a near subhyperring and N
is a near hyperideal, we get m —n C N,.(B)*M and m —n C N,(B)*N, which implies m —n C
N,(B)*M N N,(B)*N = N,.(B)*(M N N).

Let m' € M. Then m’ ®n € N,.(B)*M. Also, m' ® n € N,.(B)*N, since N is a near hyperideal
and M is a near subhyperring. Hence, M N N is a near hyperideal of M. O

Definition 4.12. A near hyperideal P is called a near prime hyperideal of R if a®@b € N, (B)*P.
Then a € P or b € P, for each near hyperideal a,b of R.

Example 4.13. Suppose that O = {0,a,b,c,d,e} with a hyperoperation “+ 7 and an operation
“e” defined by the below tables.
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{0,a} | {a,b,d} | {a,c} | {0,a,b,d} | {a,e}
{a,b} | {0,b} {b,c} {b,d} {b,d, e}
{a,c} | {b,c} {0, ¢} {c,d} {c,d, e}
{a,d} | {b,d} {c,d} {0,d} {e,d}
{a,d} | {b,d,e} | {c,d,e} {d, e} {0, ¢}

o|lajo|osle|lol+
ol lolo

o|lo|lo|lo|o|ol o
||l |O|o ||
[ E N Ec N E=1Es N E=]Ks)

DO ||
[e=] Bo Nl Nen) Nen) N o) Nen) Ne

(O, +,e) is not a hyperring, because (O, +) is not associative, for instance
(a+d)+b={0,b,d} #{0,a,b,d} =a+ (b+d).

Assume that B = {p1,p2} is a subset of F, where ;’s are functions. Suppose that @1 : O —
{1,2,3} and p2 : O — {1,2} are given in the following table:

alblcld]e
©1 21313121
wa|2|21112]1]1

= o

We obtain

[0]<P1 = {O,C} = [6]8017 [CL]% = {av d}a [b]<,91 = [6]901 = {676}7
[0]<P2 = {O,G,} = [aLsz [C]AOQ = [b]<P2 = {bv C}a [d]m = [6]902'

Suppose that R = {0,a,b,c,e} is a non-empty subset of O with a hyperoperation “ +7 and an
operation “e” defined in the following tables:

+ 10

a
{0,a} b c e

{a,b} | {0,b} | {b,c} | {b,d,e}
{a,c} | {b,c} |{0,c} | {e,d,e}
{a,d} | {b,d,e} | {c,e} | {0,e}

DO || O
DO || O

[ H RN Rl Nenl Nanl e

(o] Newll Hen) Newl s} R )
[es) Rl Hes) Nen) Hean) o)

(=] Hen)l Hen) Nev] Han) Na]
(=] New)l Hen) Nen) Naw) o

DO |DO|e
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It is see that (R,+,e) is not a_hyperring. Because b+ e = {b,d,e} ¢ R. We have N,(B)*R =
{0,a,b,¢c,d,e}. By Definition @, (R, +, ) is a_near Krasner hyperring on NAS. Let P = {0,c} C
R. We get N,.(B)*P ={0,a,c}. By Definition , P is a near prime hyperideal of R.

Remark 4.14. Fvery prime hyperideal is not a near prime hyperideal of R. See Example .

Example 4.15. In Example , (R,+,-) is a near krasner hyperring where R = {0,1, s, h, k}.
Now, Assume that P ={0,s,k,h}. Then P is a prime hyperideal of R, but P is not a near prime
hyperideal. We obtain N,(B)*(P) ={0,1,s,h,k,t,w,z}. On the other hand, z.t = z € N,(B)*(P),
but z ¢ P and t ¢ P.

O|lh|k|s
0|0 |h|Kk]|s
h|0|s|k|O
kK10]0|0]O
s|10[0]|0]s

In Example , we show that if P| and P, are two near prime hyperideals of R, then P N P
is not a near prime hyperideal of R.

Example 4.16. In Ezample , we see that P = {0,c} is a near prime hyperideal of R.
Suppose P’ = {b,c}. Then N.(B)*P" = {b,c,e}. It is easily seen that P’ is a near prime
hyperideal. We obtain N,(B)*P N N,(B)*P" = {0,a,c} N {b,c,e} = {c}. On the other hand,
NT(B)*(PHP/) = NT(B)*(B){C} = {O,CL,C}.

Theorem 4.17. Suppose that Py and Py are two near prime hyperideals of R and N, (B)*(PiNPy) =
N, (B)*(P1)NN,(B)*(P2). Then PyN Py is a near prime hyperideal of R if Py N Py is a near prime
hyperideal of P U Ps.

Proof. By Theorem @, we show PN P, is a near hyperideal of R. Assume a®b € N,.(B)*(Pi1NP,).
Because N, (B)*(P1 N P;) = N,(B)*(P1) N N,(B)*(P,), we have a® b € N,.(B)*(P1) N N, (B)*(P2).
Thus, a®b € N,.(B)*(P1) and a®b € N,(B)*(P,). Hence, P; and P» are two near prime hyperideals
of R, weget a € Pporbe P. Also,a € P, or b€ P,. Consequently, a,b € PLUP,. As, PPN Py is
a near prime hyperideal of Py N P,, we obtaima € PLN Py, or b€ P, N Ps. O

Theorem 4.18. If P; and Py are two near prime hyperideals of R. Then Py U Ps is a near prime
hyperideal of R if Ny(B)*(P1U Py) = N,.(B)*(P1) UN,(B)*(Pa).

Proof. We suppose that a ® b C N,(B)*(P, U P,) for all a,b € R. Because N,(B)*(P1 U P) =
N, (B)*Py UN,(B)*Ps2, 0 a®b C N, (B)*P, or a ® b C N,(B)*P,. Hence, P; is a near prime
hyperideal, we have a € P, or b € P;. Also, P» is a near prime hyperideal, we obtain a € P» or
b € P,. Therefore, a € PLU P, or b € P, U P,. Consequently, P, U P, is a near prime hyperideal
of R. 0

Example 4.19. In Ezample , we show P = {0,c} and P’ are two near prime hyperide-
als. Also, we obtained N,.(B)*(P) = {0,a,c} and N.(B)*(P') = {b,c,e}. On the other hand,
N,.(B)*(P)U N,(B)*(P') = {0,a,b,c,e} and N,(B)*(PUP') = N.(B)*({0,b,c}) = {0,a,b,c,e}.
Hence, N,.(B)*(P)U N,.(B)*(P") ={0,a,b,¢c,e} = N.(B)*(PUP’). Therefore, PU P’ is a near
prime hyperideal.

Corollary 4.20. Assume that {P; | i € A} is a near prime hyperideal of R. Then
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(1) An intersection of near prime hyperideals is a near prime hyperideal, and

N (B)*((P) = ) N+(B)* .

i€l el

Then, m P; is a near prime hyperideal of R, if m P; is a near prime hyperideal of U P;.
il icl icl

(2) A union of near prime hyperideals is also a near prime hyperideal if NT(B)*(U P) =

1€l
() N(B)*P.
i€l
Proof. 1t is straightforward. O
Theorem 4.21. If X & X' = U (x @ 2'), then X ® X' is a near hyperideal of R where X

zeX,x’'eX’
and X' are two near hyperideals.

Proof. Let x,2’ € X ® X'. Then there exist 21,22 € X and z, 2} € X', such that = € 21 ® 2} and
y € xa®ab. So,x—yC (x;®a)) — (z2®ab) , and by using associativity and commutativity of
(R,®,®). We have @y C (z1—x2)® (2} —x)). Since X, X’ are near hyperideals of R, we get x1 —
xo C N,(B)*X and o) —ab, C N,(B)*X'. This implies (z1 —z2)® (2} —a%) C N,.(B)*A® N, (B)*B.
By Theorem @, (x1 — x2) ® (2] — b)) C N, (B)*(X ® X'). Hence, z —y C N,(B)*(X & X').

Let r € Rand z € X ® X'. Then there exist x; € X and 2} € X' such that x € 21 ® 2. Consider
rer € re(x;dr)) = rexdr®s] by distributivity of R. Whereas X, X’ are two near hyperideals
of R, for each z € X, 21 € X| and r € R, we obtain r ® © € N,.(B)*X and r ® ] € N,(B)*X’
implies (r®z)®(rec)) € N.(B)*X @& N,(B)*X’. By Theorem B.Y(i), r®z € N,(B)*(X®X'). O

Theorem 4.22. Suppose that p,q € R. If P is a near right prime hyperideal of R such that
N, (B)*(N,(B)*P) = N,.(B)*P, then p® R® q C N,(B)*P impliesp € P or q € P.

Proof. Let p@ R®q C N,.(B)*P. We have (p ® R® q) ® R C (N,(B)*P) ® R C N,(B)*P in the
sense of Theorem (ii). Therefore, by Lemma , p® R and ¢ ® R are right near hyperideals
of R and hence P is a right near prime hyperideal of R, p® R C P or ¢ ® R C P. There exists
e € N,.(B)*R such that r = e ® r for all r € R. Therefore, either p € P or ¢ € P. O

5 Near homomorphisme of a near Krasner hyperring

In this segment, we present the idea of near homomorphism and investigate some of its near
hyperring homomorphism theorems. Also, we defined kernel of near hyperring homomorphism.

Definition 5.1. The mapping T is from N.(B)*R into N.(B)*R'. Then I' said to be a near
hyperring homomorphism for every o, 8 € N.(B)*R,

T(a®p) =T(a)wI(B), T(a®B)=T(a) ®T(8) and T'(0g) = 0.

A near hyperring homomorphism I' said to be a near isomorphism if I' is one-one and onto and
we write R ~, R'.
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Example 5.2. In Ezample , we see R = {0,1,a} is a near krasner hyperring. We get
N,.(B)*R = {0,1,a,b}. Let R' = {0,1} be a non-empty subset of O. Then, N,.(B)*(R') =

{0,1,a,b}. It is easily seen R' is a near Krasner hyperring.

BH|O 1 a X{0|1]|a
010 1 a 0(0]0]0
1[1]{0,1}| 1 1[0[1]a
a | a 1 {0,a} a|0|a|l

We define

[':N.(B)*R — N.(B)*R
F(OR) = OR/, F(lR) = 1R’7 F(a) =a, F(b) =b.

Then I' is a near homomorphisme.

Lemma 5.3. Suppose thatT : N,.(B)*(R) — N,(B)*(R') is a near homomorphism. ThenT'(—a) =
—I'(a) for every o in R.

Proof. Whoever «in R, we have Og € a—a. So, we get I'(0) € I'(a)wWI'(—) or Oy € I'() WI'(—ax).
We yields I'(—a) € —T'(a) @ 0, therefore I'(—a) = —T'(«) for every o in R. O

We write I'(X) = {I'(«) : @« € X} where in X is a near subhyperring of R. Now, in following
theorem, we show that I'(X) is a near subhyperring of R’.

Theorem 5.4. Suppose thatT' : N,(B)*R — N,(B)*R’ is a near homomorphism . Also, we assume
that X is a near subhyperring of R, Then I'(X) is a near subhyperring of R, if T'(N,.(B)*X) =
N, (B)*T'(X).

Proof. We claim I'(X) # (). Since 0 € N,(B)*X and in the sense of Definition @, I'(Or) = Op.
So, we have O = I'(0g) € T'(N,(B)*X) = N,(B)*T'(X). This yields I'(X) # 0. Now, we assume
I'(«),T'(B) in I'(X), where o, B in X. As X is a near subhyperring of R, we have a—f C N, (B)*X.
Wherefore, I'(a) —T'(8) = I'(a— ) CT'(N,(B)*X) = N, (B)*I'(X). Also, a® 5 € N,(B)*X, hence
[Na)oT'(B) =T(a®p) € I'(N,(B)*X) = N,(B)*T'(X). Consequently, in the sense of Definition
Ei I'(X) is a near subhyperring of R'. O

Theorem 5.5. Suppose thatT": N.(B)*R — N,(B)*R’ is a near homomorphism. Also, we assume
that X is a near commutative subhyperring of a near Krasner hyperring R. Then T'(X) is a near
commutative subhyperring of R if T'(N,(B)*X) = N,(B)*T'(X).

Proof. In the sense of Theorem @, I'(X) is a near subhyperring of R’. Whoever I'(«),I['(3) in
I'(X), we have
I(a)oT(f) =T(e@f) =T(f@a)=T(8) 0 T'(a).

So I'(X) is a commutative near subhyperring of R'. O

Theorem 5.6. Assume that T : N.(B)*R — N,.(B)*R’ is a near homomorphism. Moreover, let K
be a near hyperideal on R. Then I'(K) is a near hyperideal of R', if I'(N,(B)*K) = N,(B)*T'(K).

Proof. As K is a near hyperideal, we have a — 8 C N, (B)*K and r ® a € N, (B)*K where «, 8
in K and r in R. Therefore, we get I'(a) — I'(8) = I'(aw — B8) C I'(N,(B)*K) = N,(B)*T'(K) and
I'r)oI(a) =T(r®a) CI'(N(B)*K) = N,.(B)*'T'(K) for every I'(a),I'(f) in I'(K). Then I'(K)
is a near hyperideal of R'. ]
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Definition 5.7. Suppose that T : N.(B)*R — N,(B)*R’ is a near homomorphism. We denoted
kerl' = {a € R | I'(a) = 0}.

Example 5.8. In Ezample , we obtain Kerl' = {0}.

Theorem 5.9. Suppose that I : N.(B)*R — N,.(B)*R’ is a near homomorphism where R and R’
are two near Krasner hyperrings on NAS. Then Kerl' # 0 is a near hyperideal of R.

Proof. By the definition of Kerl', we have I'(a — ) = I'(a) = T'(8) = 0 -0 = 0 € N,(B)*R’
and a —  C N, (B)*(Kerl') for every a, f in Kerl’ and r in R. Then I'(r ® a) =I'(r) © I'(a) =
I'(r)©0=0¢€N,(B)*R and r ® a € N,.(B)*(Kerl'). Similarly, « ® r € N,(B)*(Kerl'). Hence,
by Definition ¢.1], Kerl' is a near hyperideal of R. O

6 Conclusion

We combined the notions of near sets and Krasner hyperrings to obtain a generalization of near
rings. Some properties of this algebraic hyperstructure are drived and several examples are given.
As a future work, we will focus on the other algebraic hyperstructures.
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