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1 Introduction

Algebraic hyperstructures represent a natural generalization of classical algebraic structures. Hy-
perstructure theory was born in 1934, when Marty, a French mathematician, at the 8th Congress
of Scandinavian Mathematicians gave the definition of hypergroup and illustrated some of their
applications, with utility in the study of groups, algebraic functions and rational fractions. The
first example of hypergroups, which motivated the introduction of these new algebraic structures,
was the quotient of a group by any, not necessary normal, subgroup. More exactly, if the subgroup
is not normal, then the quotient is not a group, but it is always a hypergroup with respect to a
certain hyperoperation. The notion of hyperrings was introduced by M. Krasner [18]. Prime,
primary, and maximal subhypermodules of a hypermodule were discussed by M. M. Zahedi and R.
Ameri in [23]. Also, R. Ameri et al introduced Krasner (m,n)-hyperrings in [l and in [2] studied
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prime and primary subhypermodules of (m,n)-hypermodules. The principal notions of algebraic
hyperstructure theory can be found in [, [7, 9, 10, 21].

Furthermore, the study of graded rings arises naturally out of the study of affine schemes and
allows them to formalize and unify arguments by induction [22]. However, this is not just an
algebraic trick. The concept of grading in algebra, in particular graded modules is essential in
the study of homological aspect of rings. Much of the modern development of the commutative
algebra emphasizes graded rings. Graded rings play a central role in algebraic geometry and
commutative algebra. Gradings appear in many circumstances, both in elementary and advanced
level. In recent years, rings with a group-graded structure have become increasingly important and
consequently, the graded analogues of different concepts are widely studied (see [5, [11, 12, 19] and
[20]). Theory of graded hyperrings and greded hypermodules can be considered as an extension
theory of hyperrings and hypermodules. In addition, graded hyperrings and graded hypermodules
are extensions of graded rings and graded modules [13, 14, [L5, 16].

In 2007, Badawi [4] introduced the concept of 2-absorbing ideals of commutative rings with
identity, which is a generalization of prime ideals, and investigated some properties of them. He
defined a 2-absorbing ideal P of a commutative ring R with identity to be a proper ideal of R
and if whenever a,b,c € R with abc € P, then ab € P or bc € P or ac € P. In 2011, Darani
and Soheilnia [§] introduced the concept of 2-absorbing submodules of modules over commutative
rings. A proper submodule P of a module M over a commutative ring R with identity is said
to be a 2-absorbing submodule of M if whenever a,b € R and m € M with abm € P, then
abM C P or am € P or bm € P. One can see that 2-absorbing submodules are generalization of
prime submodules. Moreover, it is obvious that 2-absorbing ideals are special cases of 2-absorbing
submodules.

Recently, this notion is generalized to the hypercase by introducing the 2-absorbing hyper-
ideals in a multiplicative hyperring [3]. The notion of the 2-absorbing hyperideals on Krasner
hyperrings is introduced by Kamali Ardekani and B. Davvaz [17]. In this paper we introduce the
notions of graded n-absorbing hyperideals, graded 2-absorbing hyperideals and graded 2-absorbing
subhypermoudules in a graded Krasner hyperring and some properties are proved.

In the next section, we recall some preliminary definitions and results. In the third section,
we study the concept of a graded 2-absorbing hyperideal of a graded Krasner hyperring R and we
will investigate some properties of such graded hyperideals. Some examples of graded 2-absorbing
hyperideals are given. Moreover, we investigate the behavior of this structure under homogeneous
components, graded hyperring homomorphisms, Cartesian product. In continuing, we introduce
and study graded m-absorbing hyperideals of a graded krasner hyperring (R, +,-). For example,
we proved that a graded n-absorbing hyperideal of a graded Krasner hyperring R for n > 2 is
not necessarily a graded prime hyperideal of R. Also, we gave a sufficient condition for a graded
n-absorbing hyperideal to be graded primary hyperideal. Finally, we introduce and study graded
2-absorbing subhypermodules of a graded Krasner hyperring (R, +,-). Also, we prove some basic
properties of graded 2-absorbing subhypermodules.

Throughout this work, all Krasner hyperrings are commutative Krasner hyperrings with iden-
tity and all hypermodules are unitary hypermodules.

2 Basic definitions and results

In this section we give some definitions and results of hyperstructures which we need to develop
our paper. We refer to [9, [13] for these basic properties and information on hyperstructures.
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Definition 2.1. [9] (a) Let H be a non-empty set and P*(H) denotes the set of all non-empty
subsets of H. If + : H x H — P*(H) is a map such that the following conditions hold, then we
say that (H,+) is a canonical hypergroup.

(i) for every x,y,z€ H, x+ (y+2) = (x +y) + 2;

(ii) for everyx,y € H, x +y=1y+ x;

)

)

(7it) there exists 0 € H such that 0+ x = {x} for every x € H;
)

(iv) for every x € H there exists a unique element x’ € R such that 0 € x + 2/, it is denoted by
_x;

(v) for every x,y,z € H, z € x +y impliesy € —x + z and x € z — y.

(b) Let A C H. Then A is called a subhypergroup of H if 0 € H and (A,+) is itself a
hypergroup.

Definition 2.2. [9] A Krasner hyperring is an algebraic hyperstructure (R, +,-) which satisfies
the following axioms:

(1) (R,4+) is a canonical hypergroup;
(2) (R,-) is a semigroup having zero as a bilaterally absorbing element, i.e., x -0 =0 -z =0;

114 2

(3) the operation
of R we have:

1s distributive over the hyperoperation “+ 7, which means that for all x,y, z
x-(y+z)=x-y+z-zand (r+vy) - z2=z-2+y- 2.
A Krasner hyperring (R, +, ) is called commutative with identity 1 € R; if we have
(i) zy = yx for all z,y € R,
(ii) 1z =1 for all z € R.

Definition 2.3. [9] (a) Let (R,+,-) be a Krasner hyperring and S C R. Then S is said to be a
subhyperring of R if (S,+,-) is itself a hyperring.

(b) A subhyperring I of a Krasner hyperring R is a left (right) hyperideal of R if ra € I(xr € I)
forallr e R, x € I. I is called a hyperideal if I is both a left and a right hyperideal.

Definition 2.4. [23] (a) Let (M, +) be a canonical hypergroup and (R, +,-) be a Krasner hyperring
with identity. M is a left hypermodule over a hyperring R if there exists a map

tRx M — M; (a,m)—a-m
such that for all r1,79 € R and mi1,mo,m € M, the following are satisfied:

1) ri-(my+mg) =711 -mq + 72 mo;

3

(1)
(2) (ri+r2)-m=(r1-m)+(rz-m);
(3) (r1-7r2)-m=r1-(re-m);

(4)

4

1m =m and Om = 0.
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(b) A non-empty subset N of an R-hypermodule M is called a subhypermodule if N is an
R-hypermodule with the operations of M.

Definition 2.5. [13] Let G be a group (monoid) with identity e. A Krasner hyperring (R, G) is
called a G-graded Krasner hyperring, if there exists a family {Ry}qec of canonical subhypergroups
of R indexed by the elements g € G such that R = @QGG Ry and RyRy C Ry for all g,h € G.
For simplicity, we will denote the graded Krasner hyperring (R,G) by R. An element of a graded
Krasner hyperring R is called homogeneous if it belongs to UgeG R, and this set of homogeneous
elements is denoted by h(R). If v € Ry for some g € G, then we say that x is of degree g, and it
s denoted by deg x.

If x € R, then there exist unique elements x4 € h(R) such that x € deG zg. In fact, every
Krasner hyperring is trivially a G-graded Krasner hyperring by letting R, = R and Ry = 0 for all

g #e.

Lemma 2.6. If R = @gEG Ry is a graded Krasner hyperring, then R. is a subhyperring of R
where e is the identity element of monoid G.

Example 2.7. In Definition @, let G = (Za,-) be the monoid with identity e = 1 and R =
{0,1,2,3}. Consider the Krasner hyperring (R, +,-), where hyperoperation + and operation - are
defined on R as follows:

+] 0 1 2 3 .Jo 1 2 3
of{y {13 {2 {3} 00 0 0 0
1| {1} {0,1} {3} {2,3} 10 0 0 0
2 | {2} {3} {0} {1} 2(0 0 2 2
3 {3 {2.3} {1} {01} 3/0 0 2 2

It is easy to see that Ry = {0,1} and Ry = {0,2} are subhypergroups of (R,+). We have
0€0+4+0,1€1+40,2€0+2 and 3 € 1+ 2. Furthermore, we have R;R; C R;yj for alli,j € Zs.
Hence, R = Ry ® Ry and so R is a Zo-graded Krasner hyperring and h(R) = {0, 1, 2}.

Example 2.8. In Definition @, let G = (Zy4,+) be the cyclic group of order 4 and R =
{0,a,b,c,d}. Consider the Krasner hyperring (R,+,-), where hyperoperation + and operation
- are defined on R as follows:

+1 0 a b c d .10 a b ¢ d
0| {0} H{a} b} A} A{d} 0/0 0 0 0 O
a | {a} {0}  {c} {b,d} {c} al0 a b ¢ d
b | {b} A} {0} {a} {0} b0 b 0 b O
c | {c} {b,d} {a} {0} A{a} c|0 ¢ b a d
d | {d} {c} {0} {a} {0} d|0 d 0 d 0

Let Ry = {0,a}, Ry = {0,c} and Ry = Rs = {0}. Then it is easy to verify that Ry, Ry, Ra
and Rs are canonical hypergroups of (R,+) and we can write 0 €04+0+0+0,a €a+0+0+0,
bca+0+c+0,ce€0+0+c+0 andd € a+0+c+0 uniquely. Furthermore, we have R;R; C R;y;
for alli,j € Zy. Hence, R = Ry® Ry ® Ry ® R3 and so (R, Q) is a graded Krasner hyperring and
h(R) ={0,a,c}.

Definition 2.9. [13] (a) Let R = @, Ry be a graded Krasner hyperring. A subhyperring S of R
is called a graded subhyperring of R, if S = @QGG(S N Ry). Equivalently, S is graded if for every
element f € S, all the homogeneous components of f (as an element of R) are in S.
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(b) Let I be a hyperideal of a graded Krasner hyperring R. Then I is a graded hyperideal, if
;; = Gl?geG(éﬁ Ry). For any a € I and for somery € h(R) thata € 3 cqrg C 1, thenrg € INR,
or att g € G.

Example 2.10. Consider the graded Krasner hyperring of Example @ Take I = {0,2}. It is
clear that I is a hyperideal. Since I ={0,2} = ({0,2} N Ry) & ({0,2} N Ry) where Ry = {0,1} and
Ry ={0,2}, then I is a graded hyperideal of R.

Let R =P gec By be a graded Krasner hyperring and I a graded hyperideal of R. Then the
quotient hyperring (R/I,®, o) where (a+1)o(b+1) = ab+1, for any a,b € Rand (a+1)®(b+1) =
{t + I|t € a+ b}, for any a,b € R is also a graded Krasner hyperring with R/I = @ cc(R/I)g,
where (R/I)y = (Rg+1)/1.

Definition 2.11. [13] (a) If P # R is a graded hyperideal of a graded Krasner hyperring R, then
P is called a graded prime hyperideal of R, if azby, € P, then ag € P or b, € P for ag, by, € h(R).
(b) A graded hyperring R = @geG Ry is a graded hyperintegral domain, if a4b, = 0, for
ag,by, € h(R), then ag =0 or by, = 0.
(¢) The graded hyperideal M of a graded Krasner hyperring R is said to be maximal, if for
every graded hyperideal J of R; M C J C R, implies that J = M or J = R.

Definition 2.12. [13] A non-empty subset S of h(R) of a graded Krasner hyperring R is called
multiplicative closed subset if s1s0 € S for all s1,s9 € S.

Let G be a group and let R be a G-graded Krasner hyperring and S C h(R) a multiplicative
close subset of R. Then the hyperring of fractions S~!'R is a graded Krasner hyperring which is
called the graded Krasner hyperring of fractions. Indeed, S™'R = @, (S R), where (S~'R), =

{r/s|r € R,s € S;g = (degs)~(degr)}.

geG

Definition 2.13. [13] Let I be a graded hyperideal in a commutative graded Krasner hyperring R
with identity. The graded radical of I (in abbreviation, Grad(I)) is the set of all x € R such that
for each g € G there exists a positive integer ng such that wgg € I where :1;29 = x4 T4(ng times).
Note that, if v is a homogeneous element of R, then r € Grad(I) iff r™ € I for some positive
integer n.

Definition 2.14. [13] (a) Let R = @ e Ry and S = @ Sy be graded Krasner hyperrings. A
mapping ¢ from R into S is said to be a graded good homomorphism, if for all a,b € R;

(1) ¢(a+0d) = d(a)+ ¢(b) and ¢(0) =0,
(2) ¢(ab) = ¢(a)d(b),
(3) for any g € G; ¢(Ry) C Sy.

(b) A graded good homomorphism ¢ : R — S is a graded isomorphism, if ¢ is one to one and
onto and we write R = S.

Definition 2.15. [13] Let M be an R-hypermodule. Then M is said to be a G-graded R-
hypermodule if there exists a family of canonical subhypergroups {My}sec of M such that

(1) M = @geG Mg;
(2) RgMy, C Mgy, for all g,h € G.
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The set of all homogeneous elements of M is denoted by h(M), and so h(M) = ,cq My-

Definition 2.16. [13] (a) A non-empty subset N of a graded R-hypermodule M is called a graded
subhypermodule, if N is a graded R-hypermodule with the operations of M restricted to N.

(b) A proper graded subhypemodule N of a graded R-hypermodule M is said to be graded prime,
if rgmy, € N where vy € h(R) and my, € h(M), then mp € N orrg € (N : M).

3 Graded 2-absorbing hyperideals

In this section, we study the concept of a graded 2-absorbing hyperideal of a graded Krasner
hyperring R and we investigate some properties of such graded hyperideals.

Definition 3.1. Let R = @geG Ry be a graded Krasner hyperring. A proper graded hyperideal I
is called a graded 2-absorbing hyperideal of R; if agbycy € I, then agby, € I or agey, € I or bpey, € 1
for all ag,by, ¢, € h(R).

Example 3.2. Let G = (Zg,-) be the monoid with identity e = 1 and R = {0,1,2,3}. Consider
the hyperring (R,+, ), where hyperoperation "+ ” and operation ™7 are defined on R as follows:

+l0 1 2 3 Jo1 23
o[{oy {1y {2 {3} 0[0 0 0 0
1] {1} {0,2} {1,3} {2} 110123
2 | {2} {1,3} {0,2} {1} 2(0 2 20
30{3y {2+ {1} {0} 30 303

Let Ry = {0,2} and Ry = {0,3}. Then it is easy to verify that Ry and Ry are canonical hypergroups
of (R,+) and we can write 0 € 040, 1 € 243, 2 € 240 and 3 € 0+3 uniquely, hence R = Ry @ R;.
Also, RiR; C R;j for any i,j € Zo and so R is a Za-graded Krasner hyperring. Let I = {0,2}.
Then I is a graded 2-absorbing hyperideal of R.

Example 3.3. Let R = {0,a,b,¢,d, f} and G = (Zs,-). Consider the hyperring (R,+,-), where
hyperoperation "+ 7 and operation 77 are defined on R as follows:

+1 0 a b c d f 10 a b ¢ d f
0[{0F {af ©F { @ {7 0000000
a|{a} {0} {a,b} {d} {a,d} {c} al0 a b 0 a b
b | {b} {a,b} {0} {f} {b,d} {a} b0 b b a b a
c|{ct Adr {f} {0} {/} A{g c|0 0 ac c c
d | {d} {a,d} {bd} {f} {0} {d,f}  d|0 a b c d f
Firy A Aoy {ep {47} {0} f10b a c f f

It is easy to see that Ry = {0,a,b} and Ry = {0,c} are subhypergroups of (R,+). We have R is
a Zy-graded Krasner hyperring. Let I = {0,a,b}. Then I is a graded 2-absorbing hyperideal of R.

Proposition 3.4. If P is a graded prime hyperideal of a graded Krasner hyperring R = @ Ry,
then P is a graded 2-absorbing hyperideal of R.
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Proof. Assume that P is a graded prime hyperideal of a graded Krasner hyperring R. Let a4, by, ¢, €
h(R) such that agbci, € P. Since P is graded prime, we have azb, € P or ¢, € P. If agb, € P then
we done. If ¢, € P then ag4ci, € P and it follows that P is a graded 2-absorbing hyperideal. O

Proposition @, guarantees that every graded prime hyperideal of a graded Krasner hyperring
R is a graded 2-absorbing hyperideal. The converse does not necessarily hold in general.

Example 3.5. Let R = {0,a,b,c,d} and G = (Zs,-) be the monoid. Consider the hyperring
(R, +, "), where hyperoperation "+ ” and operation ™ are defined on R as follows:

+1 0 a b c d <10 a b ¢ d
0{0} {a} {b} {c} {d} 0/0 0 0 0O
a|{a} {0} {c,d} {b,d} {c} al0 a a a d
b | {b} {e,d} {0} {a} ¢} b|0 a 0 b 0
c|{c}t {b,d} {a} {0} {a} c|0 a b ¢ d
d | {d}y A{ct A{c¢ {a} {0} d|0 d 0 d 0

It is easy to see that Ry = {0,a} and R; = {0,b} are subhypergroups of (R,+). We have
0€04+0,a€a+0,be0+b cca+bandde a+b. Hence, R= Ry@ R:1 also, RiR; C R;;
for any i,j € Zo and so R is a Zs-graded Krasner hyperring. Let I = {0,d}. Then I is a
graded 2-absorbing hyperideal of R, because, abd € I - ad =d € I, acd € I - ad =d € I and
bed € I — bd =0 € I. But it is not a graded prime hyperideal, because, b> € I and b & 1.

Proposition 3.6. The intersection of each pair of graded prime hyperideals of a graded Krasner
hyperring R is a graded 2-absorbing hyperideal of R.

Proof. Let P and K be two graded prime hyperideals. If P = K; then P N K is a graded prime
hyperideal of R so that P N K is a graded 2-absorbing hyperideal of R. Assume that P and K
are distinct. Since P and K are proper graded hyperideals of R, it follows that P N K is a proper
graded hyperideal. Next, let ag,bp,c; € h(R) such that agbper, € PN K but ager, ¢ PN K and
agby, ¢ PN K. Then, we can conclude that:

(i) agcr & P or agc, ¢ K, and

(i7) agby & P or agby, & K.

These two conditions give four cases:
(1) ager, & P and aghy, € P;
(2) ager, & P and agby, € K;
(3) ager, € K and agby, € P;
(4) ager, € K and agby, ¢ K.

First, we consider Case (1). Since agbpcy, € PN K C P and agby, ¢ P, we get ¢, € P, hence
agcr, € P, a contradiction. Similarly, Case (4) is not possible.

Now, Case (2) is considered. agbpcy € K and agby, ¢ K implies ¢, € K and so byc, € K.
ag(brer) € P implies ag € P or byc, € P because P is a graded prime hyperideal. Since agci, € P,
ag € P is not possible. Hence byc;, € P N K. The proof of Case (3) is similar to that of Case
(2). O
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Proposition 3.7. Let P,W be two graded hyperideals of R and P C W. If P is a graded 2-absorbing
hyperideal of R, then P is a graded 2-absorbing hyperideal of W.

Proof. Note that we can write W = @ W,, where W, = RyNW. Let agbyci, € P, where ag, by, ¢, €
h(W). Since ag,bp,c, € h(W) C h(R) and P is a graded 2-absorbing hyperideal of R, either
agcy, € P or bye, € P or agb, € P. Hence P is a graded 2-absorbing hyperideal of W. O

Lemma 3.8. Let P be a graded 2-absorbing hyperideal of a graded hyperring R. If ap, by € h(R)
and K = ©4eqKy is a graded hyperideal of R such that apby Ky, C P, for some g € G, then
apby € P or apKy C P or by Ky, C P.

Proof. Let apby Ky € P and apby € P, apKy € P and by Ky € P. Then there exist kg, ky in K,
such that ayky ¢ P and bh/k’g & P. Since apbp kg € apby Ky € P and apby € P, apky ¢ P, we get
buky € P. Also, since apbyky € apby Ky € P and apby ¢ P, bk, & P, we get ayk;, € P. Now,
since apbp (kg + ky) C apbp Ky C P, so apbpity € P for any t, € ky + kj and as apby ¢ P we
get apty € P or bty € P. Thus ap(ky + ky) C P or by (kg + k) € P. If ap(ky + kj) C P, e,
(ankg + anky) C P, then apky € P which is contradiction. If byky + bpky C P, then bk € P
which is a contradiction. Thus either apby, € P or ap Ky C P or by Ky C P. ]

Theorem 3.9. Let P be a graded 2-absorbing hyperideal of a graded hyperring R = ®4eqlly. Then
if I,J and K are graded hyperideals of R and g € G such that IJK, C P, then IK; C P or
JK,C PorlJCP

Proof. Suppose IJK, C P and IJ ¢ P. We show that IK, C P or JK, C P. Suppose IK, ¢ P
and JK, ¢ P. Then there exist a5 € h(R) NI and a4, € h(R) N J such that ag Ky ¢ P and
ag, Ky € P. But ag,a4,K, C IJK, C P. Since P is a graded 2-absorbing hyperideal it follows from
Lemmf@ that ag, ag4, € P. Since IJ € P, there exist by, € h(R)N I and by, € h(R)NJ such that
by, bn, ¢ P. Now, since P is graded 2-absorbing and by, by, Ky € IJK, C P and also by, by, & P it
follows from Lemma that b, K4 C P or by, K, C P. We have the following cases:

Case (1): by, Ky C P and by, K, ¢ P. Since ag,bp, Ky C IJK; C P and ag Ky ¢ P and
bp, Ky ¢ P it follows from Lemma that ag by, € P. Since by, Ky C P and a4 Ky ¢ P,
we conclude (ag, + bp,)K,; € P. On the other hand since (ag, + bp,)bp, Ky C P and neither
(ag, + bp,)Ky € P nor by, Ky, C P, we get that (ag, + by, )by, € P by Lemma @ Since (ag, +
by, )bn, = (ag,bh, +bp,bp,) € P and (ag, +bp, )br, C P, we get by, by, € P which is a contradiction.

Case (2): by, K C P and by, Ky ¢ P. By a similar argument to Case (1) we get a contradiction.

Case (3): by, Ky C P and by, K, C P. by, Ky C P and ag, Ky ¢ P gives (ag, + bp,) Ky € P.
But ag, (ag, + bpy) Ky € P and neither a4, Ky C P nor (ag, + bp,) K, C P, hence ag, (ag, + bp,) C
P by Lemma B.§. Since agaq, € P and (ag a4, + ag,bn,) € P, we have ag by, € P. Since
(ag, +0bp,)ag Ky C P and neither a4, Ky C P nor (ag, +by, ) Ky C P, we conclude (ag, +bp, )ag, C P
by Lemma B.8. But (ag, +bp,)ag, = ag,ag, +bh, ag,, 50 (ag, ag, +bp,ag,) C P and since ag, ag, € P,
we get bp a4, € P. Now, since (ag, + by, )(ag, + bp,) Ky C P and neither (ag, + by, ) Ky € P nor
(ag, + b,@[(g C P, we have (ag, + by, )(ag, + bn,) = (ag,agy + ag,bhy + bhyagy + by br,) € P by
Lemma B.§. But ag,ag4,, ag,bn,, bh,ag, € P, 50 by, by, € P which is a contradiction. Consequently
IK,C Por JK,C P. O

Proposition 3.10. Let P and K be graded hyperideals of a graded hyperring R with K ¢ P. If P
is a graded 2-absorbing hyperideal of R, then K N P is a graded 2-absorbing hyperideal of K.

Proof. Since P, K are graded hyperideals and K ¢ P, it follows that K N P is a proper graded
hyperideal of K. Assume that P is a graded 2-absorbing hyperideal of R. Let ag, by, cx, € h(K) be
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such that ay4b,c, € KNP. Since K is a graded hyperideal of R, we obtain that a,b;, € K or agc, € K
or byc € K. Moreover, since agbpc, € K NP C P and P is a graded 2-absorbing hyperideal of
R, it follows that ag4by, € P or agc, € P or bye, € P. Thus agb, € KNP or age, € KNP or
bycr € K N P. Therefore, K N P is a graded 2-absorbing hyperideal of K. O

Remark 3.11. [t is well known that if P and K are graded hyperideals of any graded hyperring
R with K € P and P is a graded prime hyperideal of R, then K N P is a graded prime hyperideal
and hence a graded 2-absorbing hyperideal of K.

Lemma 3.12. Let R = @ R, be a graded hyperring and I be a graded 2-absorbing hyperideal of
R. Then Grad(I) is a graded 2-absorbing hyperideal of R.

Proof. Suppose that agbycr, € Grad(I) where ag,bp,c; € h(R). So, (agbpcy)™ € I for some
n € N. Thus, agbjcp € I and this implies that (azbn)" = ayby € I or (agex)" = agey € I or
(brex)™ = b} € I. Therefore, at least one of agby, agc, and bycy, belongs to Grad([). O

Theorem 3.13. Let R and S be commutative graded hyperrings with unit element and ¢ : R — S
be a graded good homomorphism. Then the following hold:

(i) If J is a graded 2-absorbing hyperideal of S, then ¢~ 1(J) is a graded 2-absorbing hyperideal
of R;

(ii) If v is an epimorphism and I is a graded 2-absorbing hyperideal of R containing Kery, then
o(I) is a graded 2-absorbing hyperideal of S.

Proof. (i) Let agbper, € ¢~ 1(J) for ag,bp,ck € h(R). Thus p(agz)e(bn)p(cr) = (agbhck) e J.
Since J is a graded 2-absorbing hyperideal of S, so ¢(agbn) = ¢(ag)p(by) € J or p(bpcy) =
o(bn)p(cr) € J or plager) = plag)p(ck) € J. Therefore, agby, € ¢~1(J) o b nek € 9 H(J) or

agcy € go_l(J) as needed.

(i) Let ayb) ck € ¢(I) for some ag,bj,,c) € h(S). Since ¢ is an epimorphism, aj, = ¢(ay),
b, = o(by) and ¢, = ¢(cy) for some ag,bh,ck € h(R). Thus p(agbpcr) = @(ag)e(bn)e(ck) € ¢(I),
so (agbper — x) N Ker(p) # 0 for some x € I. Consider ¢ € (agbpcr, — ) N Ker(yp). Hence
agbper, € t+x C Ker(p) +1 C I. This implies that azb, € I or byer, € I or agcy, € I, so
agby, = @(agbp) € p(I) or by, = @(bner) € w(I) or aye), = w(ager) € p(I), as required. O

The following corollary is deduced directly from Theorem .

Corollary 3.14. Let I and J be distinct proper graded hyperideals of R. If J C I and I is a graded
2-absorbing hyperideal of R, then I/J is a graded 2-absorbing hyperideal of R/ J.

Let R; and Rs, be two G-graded Krasner hyperrings where Ry = @gEG(Rl)g and Ry =
@D cc(R2)g. Then (R X Ry, +, ) is a Krasner hyperring with operation - and the hyperoperation
+ are defined respectively as (z,y) - (2,t) = (z - z,y - t) and (z,y) + (2,t) = {(a,b) € R|a €
x+z,be€y+t}forall (z,y),(2,t) € R X Ra. Also, (R1 X Ra,+,-) becomes a G-graded hyperring
with homogeneous elements h(R1 x R2) = Uyeq(R1 X Ra)g, where (Ry X Ra)y = (Ri1)g X (R2),
for all ¢ € G. Note that each graded hyperideal of R; x Ry is the Cartesian product of graded
hyperideals of Ry and R».

Example 3.15. Consider the Zo-graded hyperring of Example E with Ry that (R1)o = {0,a},
(R1)1 = {0,b} and the Za-graded hyperring of Example 3.8 with Re that (R2)o = {0,2}, (R2)1 =
{0,3}. Then R = Ry x Ry is a Zy-graded Krasner hyperrmg with

(Rl X RQ)O = {(070)7 (O> 2)a ((I, 0)7 (a> 2)}7
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(Rl X R2)1 = {(030)’ (0a3)7 (ba 0)7 (ba 3)}7

and
h(Ry1 x R2) ={(0,0),(0,2), (a,0), (a,2), (0,3), (b,0), (b,3)}.

We observe that (Rl X Rg)o = (RI)O X (RQ)(] and (Rl X R2)1 = (Rl)l X (Rg)l.

Theorem 3.16. Let Ry, Ry be G-graded Krasner hyperrings and R = Ry X Ro. If I (I3, re-
spectively) is a graded 2-absorbing hyperideal of Ry (Rz, respectively), then Iy x Ra (Ry x Ia,
respectively) is a graded 2-absorbing hyperideal of R.

Proof. Let I; be a graded 2-absorbing hyperideal of G-graded Krasner hyperring R; and also
(ag, ay)(bn, by,)(ck, c;,) € 1 x Ry where (ag, ay)(bn, b)) (ck, ¢),) € h(R1 x Rp). Thus azbpcy, € In, so
agbp, € Ih or agcy, € Iy or bycy, € I since Iy is a graded 2-absorbing hyperideal of R;. Therefore,
(ag, ay)(bp,by,) € It X Ry or (ag, ay)(ck,c;,) € It X Ry or (by, b),)(cx,¢},) € It x Rg. Hence I1 x Ry
is a graded 2-absorbing hyperideal of R. Similarly, if I5 is a graded 2-absorbing hyperideal of Ra,
then Ry x I is a graded 2-absorbing hyperideal of R. ]

Theorem 3.17. Let I be a graded hyperring of a graded hyperring R and S C h(R) be a multi-
plicatively closed subset of R. Then the following statements hold:

(i) If I is a graded 2-absorbing hyperideal of R and SNI =0, then S~'I is a graded 2-absorbing
hyperideal of ST'R.

(ii) If ST is a graded 2-absorbing hyperideal of S~'R and SN Zg(R/I) = 0, where Zr(R/I) =
{r+1 € R/I | there exists s € R\ I such that rs € I}, then I is a graded 2-absorbing
hyperideal of R.

Proof. (i) Let I be a graded 2-absorbing hyperideal of R. Since SN I = (), then S~'I # S~!R.
Assume that (a/s)(b/t)(c/k) € S~ where a/s,b/t,c/u € h(ST'R). Then there exists s’ € S
such that (s'a)bc € I. Hence (s'a)b € I or (s'a)c € I or be € I because I is a graded 2-absorbing
hyperideal of R. Therefore, (a/s)(b/t) = (s'ab)/(s'st) € S~ or (a/s)(c/u) = (s'ac)/(s'su) € S71I
or (b/t)(c/u) = (be)/(tu) € S~I. Thus S~'I is a graded 2-absorbing hyperideal of S™!R.

(ii) Let abc € I where a,b,c € h(R). We have (abc)/1 = (a/1)(b/1)(c/1) € S~'I. Thus
(a/1)(b/1) € S7'I or (a/1)(c/1) € ST or (b/1)(c/1) € S~ since S~ is a graded 2-absorbing
hyperideal of S~'R. Hence ab € I or ac € I or bc € I since SN Zr(R/I) = (). Consequently, I is
a graded 2-absorbing hyperideal of R. 0

4 Graded n-absorbing hyperideals

In this section, we introduce and study the concept of graded n-absorbing hyperideals of a graded
Krasner hyperring and investigate the basic properties of this notion in commutative graded Kras-
ner hyperrings.

Definition 4.1. A proper graded hyperideal I of a graded Krasner hyperring R is called a graded
n-absorbing hyperideal of R if whenever

Ug Qgy =~ Qgoyy €1, ag,ag,,...,ag, , €h(R),

then there are n of the ay,s whose product is in I.
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Proposition 4.2. Let Pi,..., P, be graded prime hyperideals of a graded Krasner hyperring R.
Then Py N ---N P, is a graded n-absorbing hyperideal of R.

Proof. 1t is straightforward. O

The following example shows that a graded n-absorbing hyperideal of a graded Krasner hyper-
ring R for n > 2 is not necessarily a graded prime hyperideal of R.

Example 4.3. (a) Let R = Z[i] be the Gaussian integers ring and G = (Z2,+) be the cyclic group of
order 2. Consider the Krasner hyperring (R, +, ) with the hyperoperation "+ 7 and operation 7 as
follows: (a+bi)+(c+di) = {t1+t2i | t1 € a+c,ty € b+d} and (a+bi)-(c+di) = (ac—bd)+(ad+bc)i.
Let Ry =iZ and Ry = Z, R be the Zo-graded Krasner hyperring and I = {2a + 2bi : a,b € Z} is
a graded 2-absorbing hyperideal of R.

(b) In the graded Krasner hyperring R = (Z[i|,+,-), the graded hyperideal J = (6) & (0) of R
is a graded n-absorbing hyperideal for n > 2, but it is not a graded prime hyperideal. Because

(2,0) - (3i,0) = 6i € J, but (2,0) € J and (3i,0) & J.

Theorem 4.4. Let I be a graded n-absorbing hyperideal of a graded Krasner hyperring R. Then

Grad(I) is a graded n-absorbing hyperideal of R and for all x4 € h(R) such that x4 € Grad([),
then xy € I.

Proof. Let ag,ag, - ag,,, € I for some ay,,aq,,...,aq,., € W(R). Therefore (ag ag, - ag,,,)" =
Qg Qg, - ~ag . € I Since I is a graded n-absorbing hyperideal of R, we may assume that
ag g, - ag € I. Hence (ag ag, - ag,)" C I, so agag, --ag, € Grad(I). Thus Grad(l) is a

graded n-absorbing hyperideal of R. Now, let z, € Grad(I). Then iL‘z € I for some t € N. If
t < n, we are done. Let ¢t > n. By using the graded n-absorbing property on products mgxg_”, we

conclude that xg el O

Let I be a proper graded hyperideal of a graded Krasner hyperring R. It is clear that a graded
n-absorbing hyperideal is also a graded m-absorbing hyperideal for all m > n. If I is a graded n-
absorbing hyperideal of R, we define Gab(I) = min{n |I is a graded n-absorbing hyperideal of R},
otherwise, set Gab(I) = co. We define Gab(R) = 0. Hence Gab(I) =1 if and only if I is a graded
prime hyperideal of R.

Example 4.5. In Example @, the graded hyperideal I = {0,b}, Gab(I) =1 and in Example @,
the graded hyperideal I = {0,d}, Gab(I) = 2.

Proposition 4.6. Let I C P be graded hyperideals of a graded Krasner hyperring R such that P
18 a graded prime hyperideal. Then the following statements are equivalent:

(i) P is a minimal graded prime hyperideal of R.

(i1) For any ag € PN h(R), there exist by € h(R)\ P and a non-negative integer n such that
bg/ag el.

Proof. (i) = (ii) Let P be a minimal graded prime hyperideal of I and P;s be other minimal

graded prime hyperideals of I. Then Grad(I) = PN (ﬂPieMmgr(I) P;). Suppose that a, € P
but a;, ¢ Grad(I). We may assume that a, € PN (/_, P;) such that a, ¢ Uisip1 Pi- Let
rp € Nisip1 P\ P. Thus zpa, € PN NiZ, P) N (Mi>¢41 i) and so zpay € Grad(l). Hence
(zhay)" = zjay € I. Let byn € xj and set b = g'. Therefore byay € 1.

(7i) = () Assume P is not a minimal graded prime hyperideal I of R. Hence I C Q C P for
some graded prime hyperideal @ of R. Let ay € (PN h(R)) \ Q. Thus there exists b, € h(R) \ P
and n € N such that bpay € I C Q. This is a contradiction since ag, by, € Q. O
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Theorem 4.7. Let Py, ..., P, be graded prime hyperideals of a graded Krasner hyperring R that
are patrwise coprime. Then I = Py--- P, is a graded n-absorbing hyperideal of R. Moreover,
Gab(I) = n.

Proof. We have [ = P,---P, = P N---N P, since Py,..., P, are pairwise coprime. Thus [ is a
graded n-absorbing hyperideal of R by Proposition g.2. Since Py, ..., P, are incomparable, then
for each 1 <4 < n, there is ag, € (F;NA(R)) \U,; P;- Hence ag,ag, -~ ag, € PN ---N Py, but no
proper subproduct of the ay,s is in Py N---N P,. Hence Gab(P; --- P,) = Gab(PyN---N P,) > n.
On the other hand, we have Gab(P;--- P,) = Gab(Py N ---N P,) < n. Therefore, Gab(I) =
Gab(Py--- P,) =n. O

Corollary 4.8. Let My, M>, ..., M, be distinct graded mazximal hyperideals of a graded Krasner
hyperring R. Then I = My --- M, is a graded n-absorbing hyperideal of R.

Proof. Apply Theorem @ O

Lemma 4.9. Let M be a graded maximal hyperideal of a graded Krasner hyperring R and n be
a positive integer. Then M™ is a graded m-absorbing hyperideal of R such that Gab(M) < n.
Moreover, if M"*1 c M™, then Gab(M™) = n.

Proof. Let ag ag, ---ag,., € I where ag,,...,aq4,., € h(R). If we have ay,,aq,,...,aq4,., € M,
then we are done. We may assume that ag,., ¢ M. Thus (M, a,, . ,) = R, hence there exist
m € M and b € R such that 1 € m + ag,,,b. Therefore,

p— n
Ag,Qgy =+ g, = g, -+~ g, 1 € (ag, -+~ ag,)m + (ag, ---ag, )b C M".

Hence M" is a graded m-absorbing hyperideal of R. Now, let M™*! ¢ M". Then there are
gys- -y g, ., € M NA(R) such that ag, - -ag, € M™\ M™1. Thus all products of n — 1 of ay,s
are not in M™, since otherwise a,, - - - ag, € M"™*! which is a contradiction. Therefore M™ is not a
graded (n — 1)-absorbing hyperideal of R. Thus Gab(M™) = n since M™ is a graded n-absorbing
hyperideal of R. O

Theorem 4.10. Let My, ..., M, be graded maximal hyperideals of a graded Krasner hyperring R.
Then I = My --- M, is a graded n-absorbing hyperideal of R. Moreover, Gab(I) < n.

Proof. Let My,..., M, be distinct graded maximal hyperideals of R and nq,...,n; be positive
integers such that n = ny + --- + ng. We show that I = M{""--- M is a graded n-absorbing
hyperideal of R. By Lemma @, for all 1 <1 <k, M" is a graded n;-absorbing hyperideal of R.
Hence I = M{" --- M = M N---N M is a graded n-absorbing hyperideal of R. O

Theorem 4.11. Let P be a graded prime hyperideal of R and I be a graded P-primary hyperideal
of R such that P" C I for some n € N. Then I is a graded n-absorbing hyperideal of R with
Gab(I) <n.

Proof. Let ag,ag, ---ag, , € I for ag,,agy,,..., a4, , € h(R). Suppose that one of the ay,s is not
in P. Since [ is a graded P-primary hyperideal of R, then we conclude that the other ay;s is in
P. Hence we may assume that ay, € P for any 1 <7 < n. Since P" C I, we have ag, ---ag, € I.
Therefore I is a graded n-absorbing hyperideal of R. O

We next give a sufficient condition for a graded n-absorbing hyperideal to be graded primary.

Definition 4.12. Let R be a graded Krasner hyperring. A proper graded prime hyperideal P of R
is called divided graded prime, if for all ag € h(R) — P, P C Ray.
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Example 4.13. Consider the Z-graded Krasner hyperring (Zs,+,-). Then the graded prime
hyperideal P = (0) is divided graded prime, because for all x € h(Zs) — P = Zs — {0}, P C Rx.

Theorem 4.14. Let P be a divided graded prime hyperideal of a graded Krasner hyperring R, and
let I be a graded n-absorbing hyperideal of R with Grad(I) = P. Then I is a graded P-primary
hyperideal of R.

Proof. Let ag4by, € I for ag,by, € h(R) and by, & Grad(l) = P. Then a4 € P since P is a graded
prime hyperideal. Since P is a divided graded prime hyperideal of R, we have P C RbZ_1 because
bzfl ¢ P. Thus a4 = ckbzfl for some c;, € h(R). As agby, = c;b) € I and b ¢ I and [ is a graded
n-absorbing hyperideal, we have a, = bZ_lck € I. Therefore I is a graded n-absorbing hyperideal
of R. 0

Lemma 4.15. Let I be a graded hyperideal of a graded Krasner hyperring R. Then for any
zg € W(R), (I :rxg) ={r € R | rxy € I} is a graded hyperideal of R.

Proof. 1t is clear. O

Proposition 4.16. Let I be a graded n-absorbing hyperideal of a graded Krasner hyperring R.
Then (I :g x4) is a graded n-absorbing hyperideal of R containing I for all xy € h(R)\I. Moreover,
Gab((I :p z4)) < Gab(I) for all x4 € h(R).

Proof. Let xg xg, - xg,., € (I :g xy) forzy ,xg,,...,24,., € h(R). Then (z424, )2y, - - Tg,,, € 1.
Thus either the product of z x4 with n—1 of the zj;s for 2 <i <n+1isin [l orxg, - x4,,, € 1.
Hence there exists a product of n of the xy,s that is (I :g z4). Therefore (I :g x4) is a graded
n-absorbing hyperideal of R. If z;, € I, then (I :gr z4) = R, so Gab((I :r z4)) =0 < Gab(l). O

Definition 4.17. Let I be a proper graded hyperideal of a graded Krasner hyperring R and
g € G such that I, # Ry. Then I is said to be a g-n-absorbing hyperideal of R, if whenever
Z1,22,...,Tnt1 € Ry such that x1x2- - xp1 € I, then there are n of the x;s whose product is in
1.

Theorem 4.18. Let I be a g-n-absorbing hyperideal of a graded Krasner hyperring R. Let x € Ry\I
such that x¥ C I for some k > 2. Then if (I :p x*71), # Ry, then (I :g 2*71) is a g-(n — k + 1)-
absorbing hyperideal of R.

Proof. Suppose that I is a g-n-absorbing hyperideal of R. Since 2 < k < n, thenn —t+1 > 1.
It is clear that I C (I :g 2*1). Let 21---2np1 € (I :g 2¥71) for 2q,..., 2041 € Ry. Then
k- lgy - Tn+1 € I and so either xh—2x, - - Tp_gro € I or the product of k=1 with some n—k+1
of the zs is in I. In the second case, we are done. Now, let the product of zF1 with any n—k+1
of the z}s is not in I. Thus k2, - ©Tp—k42o € I. We have zxh 2z -  Tpekt1(Cn—pr2 + ) =
akhlgy - J:n_k+1cn_k+2—|—xkx1 Ty k+1Cn—k+2 C I. Since I is a g-n-absorbing hyperideal of R, so
2221 -y g1 (chpyo + ) € I. Hence 2¥txy - -2, g1 € I because 220wy - 2y_pyo € 1,
which is a contradiction. Hence the product of 2*~! with some n — k + 1 of the x}s is in I and so
(I:g 2% 1) is a g-(n — k + 1)-absorbing hyperideal of R. O

Theorem 4.19. Let R and S be graded Krasner hyperrings and let f : R — S be a graded good
homomorphism. Then the following statements hold:

(i) If J is a graded n-absorbing hyperideal of S, then f='(J) is a graded n-absorbing hyperideal
of R.
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(ii) If f is onto and I is a graded n-absorbing hyperideal of R containing Ker(f), then f(I) is
a graded n-absorbing hyperideal of S.

Proof. The proof is similar that Theorem . O

Corollary 4.20. Let I,J be graded hyperideals of a graded Krasner hyperring R such that J C I.
If I is a graded n-absorbing hyperideal of R, then I/J is a graded n-absorbing hyperideal of R/J.

Proof. Consider the function f : R — R/J defined by f(r) = r + J. It is clear that f is a good
epimorphism. Since Ker(f) = J C I and I is a graded n-absorbing hyperideal of R, then the
proof follows from Theorem (ii). O

Corollary 4.21. Let U be a graded subring of R. If I is a graded n-absorbing hyperideal of R
such that U ¢ I, then I NU is a graded n-absorbing hyperideal of U.

Proof. Define i : U — R by i(x) = x. It is clear that i ~}(I) = INU. Hence I NU is a graded
n-absorbing hyperideal of U by Theorem (z) O

Theorem 4.22. Let R and S be graded Krasner hyperrings. Then the following statements hold:

(i) I is a graded n-absorbing hyperideal of R if and only if I x S is a graded n-absorbing hyperideal
of R x S.

(i) J is a graded n-absorbing hyperideal of S if and only if R x J is a graded m-absorbing
hyperideal of R x S.

Proof. (i) (=) Let I be a graded n-absorbing hyperideal of R and (ag,, bg,) - - - (ag,,,,bg,,,) € I xS
for (ag,,bg,), .-, (ag,1,bg,r) € (R xS). Then ag, ---ay,,, € I. Since I is a graded n-absorbing
hyperideal of R, there are n of aj;s is in I. We may assume that agy, --- a4, € I. This implies that
(ag,,bg,) - -+ (ag,,bg,) € I x S. Therefore I x S is a graded n-absorbing hyperideal of R x S.

(<) Assume that I x S is a graded n-absorbing hyperideal of R x S. Let ay, ---ag,,, €
I for agy,...,aq4,,, € h(R). Then (ay,0)---(ag,,,,0) € I x S. Since I x S is a graded n-
absorbing hyperideal of R x S, then there are n of (a4,0)s is in I x S. We may assume that
(ag,,0)---(ag,,0) € I x S and so ag, ---ag, € I. Thus I is a graded n-absorbing hyperideal of R.

(7i) It is similar to that (7). O

5 Graded 2-absorbing subhypermodules

In this section, we introduce the concept of graded 2-absorbing subhypermodules of a graded
Krasner R-hypermodule of M and we investigate some properties of such graded subhypermodules.

Definition 5.1. Let R be a graded hyperring and N be a proper graded subhypermodule of a graded
Krasner R-hypermodule M. Then N is a graded 2-absorbing subhypermodule of M if agbpmy € N
implies agbp, € (N : M) or agmy, € N or bymy, € N for all ag,by, € h(R) and my, € h(M).

Example 5.2. Let (R,+,-) be the graded Krasner hyperring in Ezample @ Set M = R and
® =+, then (M, ®) is an R-hypermodule with the following operation:
V(r,m)€ Rx M; r-m=rm.

We know that My = {0,b} and My = {0,c} are subhypergroups of (M,®) and M = My M;.
Moreover, RyMy C My, RoM; C My, RiMy C My, RiM; C M,. Hence M is a graded Krasner
R-hypermodule. It is clear that {0} is a graded 2-absorbing subhypermodule of M and so it is a
graded 2-absorbing subhypermodule of M.
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The interested reader can easily prove the following lemma.

Lemma 5.3. Let M be a graded hypermodule over a graded Krasner hyperring R. Then the
following hold:

(i) If N is a graded subhypermodule of M, I a graded hyperideal of R, r € h(R) and x € h(M),
then Rz, IN and rN are graded subhypermodules of M.

(13) If N and K are graded subhypermodules of M, then N + K and N N K are also graded
subhypermodules of M and (N : M) is a graded hyperideal of R.

(t4i) Let {Nx} be a collection of graded subhypermodules of M. Then ), Ny and (), Ny are graded
subhypermodues of M.

Lemma 5.4. Let M = ®g€G M, be a graded Krasner R-hypermodule and N = EBgEG Ny be a
proper graded subhypermodule of M. If N be a graded 2-absorbing subhypermodule of M, then Ng4
is a g-2-absorbing R-subhypermodule of My for all g € G.

Proof. Let a,b € R, and m € M, with abm € N,. Since N is a graded 2-absorbing subhypermodule
of M and Ny = NNM, C N, we get either ab € (N :g M) oram € N orbm € N.Ifabe (N :g M),
then ab € (Ny :g, My) as (N : M) C (NN My) :r, My) = (Ng :r, Mgy). Suppose that am € N.
Since am € My and am € N, we have am € N N My = N,. If bm € N, then similarly we conclude
bm € Ny. Therefore N, is a g-2-absorbing R.-subhypermodule of M. O

Proposition 5.5. If N is a graded prime subhypermodule of a graded Krasner R-hypermodule M,
then N is a graded 2-absorbing subhypermodule of M.

Proof. Assume that N is a graded prime subhypermodule of M and let azb,mi, € N but agmy € N
for some ag4,b, € h(R) and my € h(M). Hence agM C N since N is a graded prime subhyper-
module of M. Therefore, agbp M C agM C N, so N is a graded 2-absorbing subhypermodule of
M. O

Lemma 5.6. Let N be a proper graded subhypermodule of a graded Krasner R-hypermodule M.
Let g € G. If Ny is a g-2-absorbing R.-subhypermodule of My, then (Ng :r, My) is a 2-absorbing
hyperideal of R..

Proof. Let a,b,c € R, with abc € (Ny :r, M) and suppose that ac & (Ng :r, My) and bc & (Ng :g,
M,). We show that ab € (N :r, M,). Since ac,bc & (Ny :r, M), there exist mq,mo € M, such
that acmi & Ny and bemg ¢ Ny. Now abc(mi+ma) € Ny. So ab € (Ny :r, My) or ac(mi+ma) € N,
or be(my+ma) € Ny. If ac(my+ma) € Ny, then acmy ¢ N, since acmy ¢ Ny. Similarly, bema & Ny.
Since abecmy € Ny and bemg & Ny and acmg & Ny we have ab € (Ny :r, My). Hence (Ny :r, My)
is a 2-absorbing hyperideal of R.. O

Proposition 5.7. The intersection of each pair of graded prime subhypermodules of a graded
Krasner R-hypermodule M is a graded 2-absorbing subhypermodule of M.

Proof. Let N and K be two graded prime subhypermodules of M. If N = K, then NN K is a
graded prime subhypermodule of M, so that N N K is a graded 2-absorbing subhypermodule of
M. Assume that N and K are distinct. Since N and K are proper subhypermodules of M, then
N N K is a proper subhypermodule of M. Now, let a4,b, € h(R) and my, € h(M) be such that
agbgmy € NN K but agmy, ¢ N N K and agby M §Z N N K. Then we can conclude that
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(a) agmy, € N or agmy, ¢ K, and
(b) agbyM € N or aghy M ¢ K.

These two conditions give four cases:

(1) agmp ¢ N and agby M € N;
(2) agmy ¢ N and agby M ¢ K;
(3) agmy, ¢ K and agby M ¢ N;
(4) agmy, ¢ K and agby M ¢ K.

We consider Case (1). Since agbymy € N and N is graded prime, we have a,M C N or
bymp € N. If agM C N, then agbyM C agM C N which is not possible. So suppose that
bymy € N. Therefore by M C N or my, € N. This is not possible and hence Case (1) does not occur.
Similarly, Case (4) is not possible. Next, Case (2) is considered. We have agbym) € NNK C K
and since K is a graded prime subhypermodule of M, it follows that a,M C K or bymy € K.
If ayM C K, then agby M C agM C K which contradicts azby M Q K, thus bymy € K. From
agbgymp, € NNK C N we have agM C N or bymy, € N. Since bymy ¢ N, agM C N is not
possible. Hence bymy € N N K.

The proof of Case (3) is similar to that of Case (2). O

Proposition 5.8. Let N and K be two graded subhypermodules of a graded Krasner R-hypermodule
M and N C K. If N is a graded 2-absorbing subhypermodule of M, then N is a graded 2-absorbing
subhypermodule of K.

Proof. If K = M, then there is nothing to prove. Let azbym; € N where a4,by € h(R) and
mp € h(K). Since N is a graded 2-absorbing subhypermodule of M, so either a;zm; € N or
bymp € N or agby € (N : M). Since (N : M) C (N : K), implies either agmy, € N or bymy, € N
or aghy € (N : K). Therefore N is a graded 2-absorbing subhypermodule of K. O

Lemma 5.9. Let N be a proper graded subhypermodule of a graded Krasner R-hypermodule M.
Let g € G. Ny is a g-2-absorbing R-subhypermodule of Mg if and only if abK C Ny implies
ab € (Ng :r, My) or aKK C Ny or bK C Ny for each a,b € Re and Re-subhypermodule K of M.

Proof. Let N, be a g-2-absorbing subhypermodule of M, and abK C N,. Suppose that ab ¢
(Ng :r, My) and aK ¢ N, and bK ¢ N, for some a,b € R, and a subhypermodule K of
My. Then there exist mg, mj € K such that amy ¢ N, and bmj, ¢ Ny. Since abmy € abK C N,
ab & (Ng :r, M) and amg ¢ N we get bmg € Ny. Also, since abmy;, € abK C Ng, ab & (N :g, M)
and bmy, ¢ Ny we get amy € Ny. Now, since ab(my + my) € abK C Ny and ab & (N, :r, M) we
have a(mg+mj) € Ny or b(mg+my) € Ny. If a(my+mg) € Ny, ie., (amg+amy) € Ng, then since
amy € Ny we get amg € Ny which is a contradiction. If b(mg +mj) € Ny, i.e., (bmy +bmy) € Ny,
then since bmy € N, we get bm) € N, which is a contradiction. Thus ab € (Ny :g, M) or

9
akK C Ny or bK C Ny. The converse is clear. O

Theorem 5.10. If N is a proper graded subhypermodule of a graded Krasner R-hypermodule M.
Let g € G. If Ny is a g-2-absorbing R.-subhypermodule of My and I and J are hyperideals of
R, and K an Rc-subhypermodule of M, such that IJK C Ny, then IK C Ny or JK C Ny or
IJ C (Ng g, My).

Proof. Suppose IJK C N, and IJ ¢ (Ny : M,). We show that IK C N, or JK C N,. Suppose
IK ¢ Ny and JK ¢ N,. There exist a1 € I and ay € J such that a1 K ¢ Ny and aa K € N,.
But ajasK C IJK C N,. Since Ny is a g-2-absorbing R.-subhypermodule of M, it follows from
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Lemma @ that ajag € (Ng : My). Since I.J € (N4 : My), there exist by € I and by € J such that
b1ba M, Q Ng4. Now since Ny is a g-2-absorbing R.-subhypermodule of M, and b1bo K C IJK C N,
and also biba M, §Z Ny it follows from Lemma that b1 K C Ny or boK C N,. We have the
following cases:

Case (1): by K C Ny and boK ¢ Ny. Since a1bs K C IJK C Ny and a1 K ¢ Ny and bo K € Ny
it follows from Lemma that aiby € (N, : My). Since bi K C Ny and a1 K ¢ Ny, we conclude
(a1+b1)K € Ny. On the other hand, (a1+4b1)bo. K C N, and neither (a;+b1)K C Ny nor bo K C N,
we get that (a1+b1)bs € (Ny : My) by Lemma 5.9. But since (a1+b1)ba = (a1ba+b1ba) € (Ng : M)
and a1by € (Ng : M), we get biby € (Ng : My) which is a contradiction.

Case (2): byK C Nyand bi K ¢ Ny. By a similar argument to Case (1), we get a contradiction.

Case (3): b1 K C N, and bo K C Ny. boK C Ny and asK € N, gives (a2 + b2) K ¢ Ny. But
ai(az+b2)ba K C Ny and neither a1 K C Ny nor (az+b2) K € Ny, hence aq(az+b2) C (Ng : M) by
Lemma @ Since a1ag € (Ng : My) and (a1a2+b1b2) € (Ng : My), we have a1by € (Ny : My). Since
(a1+b1)ag K C Ny and neither ag K C Ny nor (a1+b1)K C Ny, we conclude (a1+b1)ag C (Ny : My)
by Lemma p.9. But (a1 +b1)as = araz +bias, so (araz +biaz) C (Ng : M) and since ajaz € (Ny :
M,), we get biag € (Ng : My). Now, since (a1 + b1)(ag + b2) K € N, and neither (a1 +b1)K C N,
nor (GQ + b)) K C Ng, we have (a1 + bl)(GQ + bQ) = (a1a2 + aiby + biag + blbg) C (Ng : Mg)
by Lemma p.9. But ajas,aibe,bias € (Ny : M), so biby € (Ny : My) which is a contradiction.
Consequently, /K C Ny or JK C N,,. O

Corollary 5.11. Let I and J be two hyperideals of R, and P a g-2-absorbing Re-subhypermodule
of My. If mg € My such that IJmg C P, then Img C P or Jmg C P or IJ C (P :g, My).

Proof. Let IJmg C P. Then IJ(R.my) C P and consequently Img, C I(Remg) € P or Jmg C
J(Remg) € Por IJ C (P:M,). O

Theorem 5.12. Let I be a hyperideal of R, and Ny be a g-2-absorbing subhypermodule of M. If
a € Re, my € My and Iamg C Ny, then amg € Ny or Img C Ny or Ia C (Ng : My).

Proof. Suppose that am, € N, and ITa ¢ (N, : M,). Then there exists b € I such that ba & (N, :
My). Now, bamg € Ng, implies that bmg, € Ny, since Ny is a g-2-absorbing R.-subhypermodule
of My. We show that Imgy C Ny Let ¢ € I. Thus (b+ c)amy € Iamy C Ny. Hence either
(b+c)mg € Ngor (b+c)a € (Ng: Mgy). If (b+ c)mg € Ny, then by by it follows that cmg € Ny.
If (b+c)a € (INg: M), then ca & (Ng : My), but camy € Ngy. Thus cmy € Ny. Hence we conclude
that I'mg, C Ny. O

Corollary 5.13. Let N, be a g-2-absorbing subhypermodule of M. Then (Ny :n, I) is a g-2-
absorbing subhypermodule of My for every hyperideal I of R..

Proof. Let a,b € R. and my € M, be such that abmy, C (Ng :ag, I). Since Tabmg € Ny and N,
is g- 2-absorbing, so by Theorem we have abmgy € Ny or Img C Ny or Tab C (Ng : My). If
abmg € Ny, then amgy € Ny or bmg € Ny or ab € (Ny : My). Hence for amy € Ny it follows that
Iamg C IN; C Ny and we have amg € (Ny : My). For bmg € Ny it follows that Tbmg, C IN, C N,
and we have bmy € (Ny : My). For ab € (Ny : M), we have ab € (Ny :r, My) g, I) =
((Ng :m, 1) :r. Mgy). For Imy C Ny, we have my € (Ny :pg, I) and thus amy € (N :pg, I). For
Tab € (Ny : My), we have ab € ((Ny :r, My) :r. I) = (Ng :m, I) :r, My) and (Ng :pg, 1) is a
g-2-absorbing subhypermodule of M,. O

Theorem 5.14. Let N be a proper graded subhypermodule of a graded Krasner R-hypermodule
M. Let g € G. Let N4 be a g-2-absorbing R.-subhypermodule of My. Then (Ny :r, My) is a prime
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hyperideal of Re if and only if (Ng :gr, P) is a prime hyperideal of R for every subhypermodule P
of My containing Ny.

Proof. Let I and J be hyperideals of R, such that IJ C (N, :g, P). Hence IJP C N,. Since
Ny is a g-2-absorbing R.-subhypermodule of M, it follows from Theorem that IP C Ny or
JP C Ny or IJ C (Ng :g, P). For IJ C (Ny :g, P), by assumption that (Ng :r, My) is a
prime hyperideal of R., we get IP C IMy, C Ny or JP C JMy C Ny. Hence I C (Ny :g, P) or
J C (Ng :gr, P) and so (Ng :g, P) is a prime hyperideal of R.. O

Proposition 5.15. Let N and K be graded subhypermodules of a graded Krasner R-hypermodule
M with K ¢ N. If N is a graded 2-absorbing subhypermodule of M, then N N K is a graded
2-absorbing subhypermodule of K.

Proof. Since N and K are graded subhypermodules of M and K ¢ N, K N N is a proper graded
subhypermodule of K. Assume that N is a graded 2-absorbing subhypermodule of M. Let
ag,by € h(R) and xj, € h(K) be such that agbymy € N. Since K is a graded subhypermodule
of M, asby K C K and aygwp,byxp, € K. Moreover, since agbym, € NN K C N and N is
a graded 2-absorbing subhypermodule of M, asbyM C N or agzp, € N or byx, € N. Thus
agby K C agby K NagbyM C K NN or agrp, € KN N or byxp € KN N. Therefore, NN K is a
graded 2-absorbing subhypermodule of K. O

Proposition 5.16. Let N and K be graded subhypermodules of a graded Krasner R-hypermodule
M with K C N. Then N is a graded 2-absorbing subhypermodule of M if and only if N/K is a
graded 2-absorbing subhypermodule of M /K.

Proof. Assume that N is a graded 2-absorbing subhypermodule of M. Then N/K is a proper
graded subhypermodule of M/K. Let ag,by € h(R) and (m) + K) € h(M/K) be such that
agby (mp + K) € N/K. Let s,t € R. Hence agsbytmy, + K = agsbyt(my, + K) € N/K. Then
there exists n € N such that agsbytmy, + K = n + K so that agsbytm, —n € K C N and so
agsbgtmy, € N. This shows that agbymy € N. As a result, agmy, € N or bymy € N or aghy M C
N because N is a graded 2-absorbing subhypermodule of M. Therefore, ag(mp + K) € N/K or
by (mp+K) € N/K or agby(M/K) C N/K. Hence N/K is a graded 2-absorbing subhypermodule
of M/K. Conversely, assume that N/K is a graded 2-absorbing subhypermodule of M /K. Then
N is a proper graded subhypermodule of M. Let ay,by € h(R) and mj, € h(M) be such that
agbgymy, € N. Then agby(my + K) € N/K. Since N/K is a graded 2-absorbing subhypermodule
of M/K, we obtain ay(my, + K) € N/K or by(my + K) € N/K or agby(M/K) C N/K. That
is agmp € N or bymy € N or agbyM C N. This implies that N is a graded 2-absorbing
subhypermodule of M. O

Let Ry and Ry be two G-graded hyperrings. Then R = R; X Ro becomes a G-graded hyperring
with homogeneous elements h(R) = ,cq Ry, where Ry = (R1)g x (R2)4 for all g € G. Let My be
a graded Ri-hypermodule and Mj be a graded Rs-hypermodule. Then M = M; x Ms is a graded
R = R; X Rs-hypermodule.

Theorem 5.17. Let M) be a graded Krasner Ri-hypermodule, Ms be a graded Krasner Ro-
hypermodule, R = R1 X Re and M = M1 X My. Then

(i) N1 is a graded 2-absorbing subhypermodule of My if and only if N1 X My is a graded 2-
absorbing subhypermodule of M.
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(1i) Na is a graded 2-absorbing subhypermodule of My if and only if My x Na is a graded 2-
absorbing subhypermodule of M.

Proof. (i) Let Ny be a graded 2-absorbing subhypermodule of M;. Let (ag,bg)(ch, dp)(my, m}) €
N1 x My where (ag,by), (ch,dn) € h(R) and (mg,m)) € h(M). Then (agcpmy,bgdpm)) =
(ag,bg)(cn, dp)(mg, m),) € N1 x Mo, ie., agepmy, € Ny and bgdpm) € Ms. Since Nj is a graded
2-absorbing Ri-subhypermodule of My, it follows that agzcp, M1 C Ny or agmy, € Ny or cpmy, € Ni.
That is (ag, by)(ch, dn)M = (agep My, bydpMa) € Ny x Ms or (ag,by)(my, m)) = (agmy,bgm),) €
N1 x My or (cp,dp)(my,my) = (cpmy,dpm),) € N1 x My. Therefore Ny x My is a graded 2-
absorbing subhypermodule of M. Conversely, assume that Ny x My is a graded 2-absorbing
subhypermodule of M. Let ag4,by, € h(R1) and my, € h(M;) be such that agbymy € Ni. Let
zg,yn € h(R2) and mj € h(Ms). Then (ag, zy)(bn, yp)(my, m},) = (agbymu, xgynm)) € N1 x Mo.
Since N1 x My is a graded 2-absorbing R-subhypermodule of M, (a4, x4)(by, yn)M C Ny x My or
(ag,zg)(myg, my) € N1 x My or (by,yn)(mg, my,) € Ny x My. Hence agbpMy C Ny or agmy, € Ny
or bymi € N1. Thus Nj is a graded 2-absorbing subhypermodule of Mj.

(7i) The proof is similar to that (7). O

6 Conclusions

In this article, we introduced the concepts of graded 2-absorbing hyperideals and graded n-
absorbing hyperideals of a graded Krasner hyperring as a generalization of prime hyperideals.
Also, we introduced and studied graded 2-absorbing subhypermodules of a graded krasner hyper-
ring. We showed that 2-absorbing (n-absorbing) hyperideals and graded 2-absorbing (n-absorbing)
hyperideals are totally different. Furthermore, several properties, examples and characterizations
of graded 2-absorbing (n-absorbing) hyperideals have been investigated. Moreover, we investigated
the properties and the behaviour of this structure under homogeneous components, graded hyper-
ring homomorphisms, Cartesian product. Finally, we introduced the concept of graded 2-absorbing
subhypermodules of a graded Krasner R-hypermodule and we investigate some properties of such
graded subhypermodules.
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