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1 Introduction

The notion of soft sets was introduced in 1999 by Molodtsov [24] as a new mathematical tool for
dealing with uncertainties. Due to its importance, it has received much attention in the mean of
algebraic structures such as groups (Cagman and Enginoglu [5] ), semirings (Feng et al. [[7]), rings
(Acar et al. [1]), ordered semigroups (Jun et al. [11]). Also Feng [6] considered soft rough sets and
applied it to group decision making problems. Jun et al. [11] applied the notion of soft set theory
to ordered semigroups and introduced the notions of (trivial, whole) soft ordered semigroups,
soft ordered subsemigroups, soft r-ideals, soft l-ideals and r-idealistic and l-idealistic soft ordered
semigroup. They investigated various properties of ordered semigroups using these notions. In
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(Khan et al. [21]) further extended the notions of uni-soft and int-soft sets into double-framed soft
set theory given by Jun and Ahn in [9] and introduced the notions of double-framed soft l-ideals
and r-ideals in ordered semigroups. Jun et al. [J] introduced the notion of double-framed soft sets
(briefly, DFS sets) and applied it to BCK/BCl-algebra. They discussed double-framed soft algebra
(briefly DFS-algebra) and investigated related properties. Yousafzai et al. [29] applied the notion
of double-framed soft sets to non-associative ordered semigroups and investigated various results.
Moreover, double-framed soft sets are further elaborated in non-associative ordered semigroups
[20]. Further, several researchers applied the notion of doubleframed soft sets in diverse fields
of algebra. For instance, Asif et al. [3] discussed ideal theory in ordered AG-groupoid based on
double-framed soft sets. Also, Asif and coauthors [2] determined fully prime double-framed soft
ordered semigrouops. For further reading on ordered semigroups, soft sets and double-framed soft
sets we refer the reader to references ([8, 10, 12, 13, 14, 115, 16, 17, 18, 19, 22, 23, 26, 27, 28, 30]).

In this paper, we apply the concept of DFS-set in ordered semigroups and the notions of a prime
(strongly prime, semiprime, irreducible, and strongly irre-ducible) double-framed soft bi-ideals
(briefly, prime, (strongly prime, semiprime, irreducible and strongly irreducible) DFS bi-ideals)
in ordered semigroups are introduced and related properties are investigated. Several related
examples of these notions are provided. The relationship between prime and strongly prime,
irreducible and strongly irreducible DFS bi-ideals are considered and characterizations of these
concepts are established. The Characterizations of regular and intra-regular ordered semigroups
in terms of these notions are studied.

2 Preliminaries

By an ordered semigroup, we mean a system (.9, ., <) in which the following are satisfied:

(OS1) (S, .) is a semigroup,

(0S2) (5, <) is a poset,

(0S3) z <y = ax < ay and xza < ya for all z,y,a € S.

Let ) # A C S, we denote (A] by (A] := {x € S/x < a for some a € A}. If A = {a}, then we
write (a] instead of ({a}]. For any nonempty subsets A, B of S, we denote by AB := {AB/a €
A,be B}

Definition 2.1. An element e of an ordered semigroup S is called an identity element if xe =
ex=x forallx € S.

Definition 2.2. A non-empty subset A of an ordered semigroup S is called a sub-semigroup of S
if A2 C A.

In (Kehayopulu and Tesinglis [18, [19]), defined that a nonempty subset A of an ordered semi-
group S is called a left (resp., right) ideal of S if:

(1) SA C A (resp., AS C A),

(2) If b€ B and a € S such that a < b, then a € B..

If A is both a left and a right ideal of S, then A is called a two-sided ideal or simply an ideal
of S.

Definition 2.3. A subsemigroup A of an ordered semigroup S is called a bi-ideal of S if:
(1) ASAC A,
(2) If be B and a € S such that a < b, then a € B.

Definition 2.4. An ordered semigroup S is called regular [19] if for every a € S, there exists x € S
such that a < axa, or equivalently,
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(1) a € (aSa] Ya€s.
(i1) AC (ASA]V ACS.

Definition 2.5. An ordered semigroup S is called intra-regular [19] if for every a €S, there exist
y,z € S such that a < ya®z, or equivalently,

(i) a € (Sa?S)VacS.

(ii) A C (SA2S]V ACS.

Lemma 2.6. (cf: [21]) Let S be an ordered semigroup. Then the following are equivalent:
(7) S is both regular and intra-regular.
(ii) B = (B?] for every bi-ideal B of S.
(tit) B1 N By = (B1Bs] N (BeBy] for all bi-ideals By, Bs of S.
(iv) RN L = (RL] N (LR] for every right ideal R and every left ideal L of S.
(v) R(a) N L(a) = (R(a)L(a)] N (L(a)R(a)] for every a € S.

In the following we recall the concept of a soft set given by Sezgin and Atagun in [4]. Through-
out this article, S will represent an ordered semigroup unless otherwise stated. The initial universe
set will be denoted by U, E is a set of parameters, P(U) is the power set of U and A, B C E.

Definition 2.7. Let U be an initial universe set, E a set of parameters, P(U) the power set of
U and A C E. Then a soft set fa over U is a function defined by: fa : E — P(U) such that

fa@) =0, ifx ¢ A.

Here f4 is called an approximate function. A soft set over U can be represented by the set of
ordered pairs give below:

fa:={(, fa(z)) : z € E, fa(z) € P(U)}.

It is clear that a soft set is a parameterized family of subsets of U. The set of all soft sets is
denoted by S(U).

Definition 2.8. Let fa, fg € S(U). Then fa is a soft subset of fp, denoted by fa é fB if
fa(z) C fp(z) for all z € S. Two soft sets fa, fp are said to be equal soft sets if fa C fp and
fB C fa and is denoted by fo = fp.

Definition 2.9. Let fa, fp € S(U). Then the union of fa and fg, denoted by fALNJ fB, is defined
by £40 5 = favs  where (40 fi) (@) = fa(@) U fp(@), for allz € .

Definition 2.10. Let f4, fp € S(U). Then the intersection of f4 and fp, denoted by fAer fB, is
defined by faN fp = fanp , where (fA N fB) (z) = fa(z) N fp(z), for allz € E.

Throughout this paper, let E = .5, where S is an ordered semigroup, unless otherwise stated.
Definition 2.11. (cf. [25]) Let fa, fp € S(U). Then the soft product of fa and fp, denoted by
fao fg, is defined by:

~ U {fA(y)mgB(Z)} Zfo#(Z)
(fao fB)(z) = (y,2)€Aq
0 if Ax =0
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where A, = {(y,2) € S x S/x < yz}.

Definition 2.12. (Jun et al. [9]) Let ((f1, f4); A) be a DFS-set. Let vy, § be two subsets.U.
Then, the v—inclusive set and the 0—exclusive set of <(f:{, f;);A>, denoted by ia(f1;v) and
ea(fy;9), respectively, are defined as follows:

ia(fisn) = ={zeA/fi(z) 2},
ea(fq:0) + ={z€A/fy(z) C}
Definition 2.13. The set

DFEA(f35 fa) o) = {w € Af f3(0) 29, fa(z) €0}
is called a double-framed soft including set (cf. [L0]) of ((f4, fa);A). It is clear that
DFEA(f3: fa) ) = ia(f157) Nealfa;0)-

Definition 2.14. (cf. [2]) Let fa = ((fX, f1); A) and ga = ((g}, 94); A) be two double-framed
soft sets of an ordered semigroup (S,.,<) over U. Then the uni-int soft product, denoted by

faogs = <(fj‘4F ggj", fa :gZ);A> is defined by to be a double-framed soft set of S over U, in

which fX o gj" and f4 ¥ g4 are mappings from S to P(U), given as follows:
Let fq = <(f;{7 fg),A> and g4 = <(gj, gg);A> be two double-framed soft sets of an ordered

AG-groupoid S over U. Then the uni-int soft product, denoted by faoga = <(ler 5 g;;, fa * 94); A>

1s defined to be a double-framed soft set of S over U, in which f;{ 5 gj and f * g, are mapping
from S to P(U), given as follows:

N U {fiw)nghz)} if Az #0
fiogh:S—PU),z+—1{ (@2eA
0 Zan: = ®a

. { N {fi)Ugs(z)}  if Ay #0
fa*xg,y:S—PU),z+— (1,2)€EAs
U if A, =0.

Let fa = <(f;{, fa); A> and g4 = <(gj4r, 94); A> be two double-framed soft sets over a common
universe set U. Then ((f1, fi);A) is called a double-framed soft subset (briefly, DFS-subset) (cf.

[9]) of (g%, 9a);A), denote by {(fX, f1);A) C ((g%, ga); A) if

() AC B,
. f4 and g} are identical approximations (1 (e) C g (e))
(ii) (Ve € A) £~ and g, dentical ati 1 A .
n g4 are identical approximations (f, (e) 2 g4 (e))

For two DFS-sets f4 = <(f:{, fa) A> and g4 = <(g£, g4); A) over U are said to be equal, de-
notid by (£, fa);4) = (g4, 92)i A) it ((f4, f2): A) C (g4, 92); A) and (g}, 92); 4) E
<(an fA)§A>-

For two DFS-sets fa = ((fi, f1);A4) and ga = ((g4, g4); A) over U, the DFS int-uni set
(cf. [9]) of <(fX, f;);A> and <(gjg, g;);A>, is defined to be a DFS-set <(f:{ Ngh, fa UgAT);A> ,
where fX N gX and f, Ug, are mapping given as follows:

fAngy : A— PU), x+— fi(x)Ngx(x),
falgy + A— PU), x+— f,(x)Ug,(x).

It is denoted by ((fX, f2);4) N {(g4, 92);4) =((f1 Ngh, f1Uga)iA).
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Definition 2.15. (cf. [7]) A double-framed soft set fa = ((fX, f1); A) of S over U is called a
double-framed soft semigroup (briefly, DFS semigroup) of S over U if it satisfies:

filzy) 2 fi(2) N fA(y) and fu(zy) C fi(2) U fi(y),
for all x, y € S.

Definition 2.16. (cf. [2]) A double-framed soft set fa = ((f4, f1);A) of S over U is called

(i) a double-framed soft l-ideal (briefly, DFS-l-ideal of S over U if

(a) f1(zy) 2 fA( ) and f,X (zy) € fa(y) and

(b) x <y = fi(z) 2 fi(y) and fi(x) C f4(y),Vz,yes.

(ii) a double-framed soft r-ideal (briefly, DFS-r-ideal of S over U if

(a) (fi(zy) 2 fi(z) and f5 (zy) C f4 (x)

(b) 2 <y = fi(z) D fi(y)and fi(z) C f4(y),Vz,yes.

(iii) a double-framed soft ideal (briefly, DF'S ideal) of S over U, if it is both a double-framed
soft I- and r-ideal of S over U.

Definition 2.17. (cf. [2]) A double-framed soft set fa = <(f:{, fg),A> of S over U is called an
idempotent if fa o fa = fa i.e., fX gf;{ = f;{ and f4 :f; =fi-

Definition 2.18. (cf. [2]) A double-framed soft set fa = <(f;{, f;);A> of S over U is called
double-framed bi-ideal (briefly, DFS-bi-ideal of S over U if

(i) fa={(f1, f1);A) is a double-framed soft semigroup (briefly, DFS semigroup) of S,
(1) (fa(zyz) 2 fi(x) N fa(2) and fy(zyz) C fu(x) U fy(2),
(iii) w <y = f1(z) 2 fi(y) and fy(x) € f4(y), YV, y€S.

3 Prime and semiprime double-framed soft bi-ideals

In this section, we define prime (resp., strongly prime, irreducible and strongly irreducible) double-
framed soft bi-ideals of an ordered semigroup S over U. We characterize ordered semigroups by
the properties of these notions.

Definition 3.1. A double-framed soft set fao = <(fj, fa); A> of S over U is called a prime (resp.,
strongly prime) double-framed soft bi-ideal (briefly, PDFS bi-ideal (resp., SPDFS bi-ideal)) of S
over U if ggohco T fa (resp., (gp o hc) M(heogp) C fa) implies gg T fa or ho C fa (resp JB

C fa orhe T fa). Thatis, ghohd C £ and gg* hg D f5 (resp., (gB o h+> (h+ ogB) C fr
and (95:’%6) (hézgé) > fi) imply g C [ or hg C ff and g5 2 fi orhg 2 fi
(resp., gB C fx or h+ C fr and gg D fa or hg 5 fa) for all double-framed soft bi-ideals
9B = < gB7 gB) > and hC = <(ho7 hC C> OfS over U.

Definition 3.2. A double-framed soft set fa = <(f;{, f;);A> of S over U is called a semiprime
double-framed soft bi-ideal (briefly, SPDFS bi-ideal) of S over U, if ggogp C fa implies gp T fa.
That is, gg ggg - fj and gg :gg 2 fy imply gg C fZ and g 2 f4 for all double-framed soft
bi-ideal gp = <(g§, g]_;);B> of S over U.
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Remark 3.3. Note that every prime DFS bi-ideal of an ordered semigroup S is a semiprime DFS
bi-ideal of S over U. But the converse is not true in general.

Example 3.4. There are six women patients in the initial universe set U given by

U := {p17p27p3ap47p57p6}'

Let a set of parameters E = {eq, e1,e2,e3} be a set of status of each patient in U with the
following type of disease:

eg stands for the parameter "headache”,

e1 stands for the parameter ”Chest pain”,

eo stands for the parameter "mental depression”,

e3 stands for the parameter "periodic pain”,

with the following binary operation given in the Cayley table.

* €y | €1 €a | €3

€0 | €0 | €0 | €0 | €0

€1 €) | €0 | €0 | €0

€2 | € | €0 | €1 | €0

€3 | €y | €y | €1 €1

We define the order relation ”’<” on E as follows.

<= {(eo, €0); (€0, €1), (€0, €2), (eo; €3), (€2, €3), (e1, €1), (€2, €2), (es, €3) }-

We define the covering relation ”<” as given below.

<:= {(eq, €1), (€0, €2), (€0, €3), (€2, €3)}.

Then (E,*,<) is an ordered semigroup. Here A = {ep}, B = {ep,e1}, D = {ep,e1,e2},
F = {eg,e1,e3} and S are the bi-ideals of E. Consider a double-framed soft set f4 = ((f1, f1); A)
of E over U as follows:

L {p1,p2}  ifz=eg
fA.A—>P(U)axH{ 0 if € {e1,ea,e3}
ifex=c¢
T A— PU),x+— {p1, s} -l ’
fA ( ) x { {p37p47p5} lfﬂj e {61762763}'

Then it is easy to verify that fa = ((fi,f1); 4) is DFS bi-ideal of S over U. Now let hp =
((hf, hp); D) be a double-framed soft set over U defined as follows:

{p1,p2,p3} ifx=ep

T . {p1,p3} if v =ey
hj,:D — PU),x — () o= e
{} if z =e3
{p3,pa,05,06} fx=eg
- {Pps5, 16} if v =ey
hp:D — PU),x+— (ps} i = e

{p4,p5,p6} if x = e3,
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By an easy verification it can be seen that hp = ((h},, hp); D) is a double-framed soft bi-ideal
over U.
Consider a double-framed soft set Ip = ((I1,(); F') over U, defined as follows:

{p1,p2,p3} ifx=e

+ . {p1,p3} ifr=e
lp: F— PU),z+— 0 it = e
{p2} ifz=es3
{p2,p3»P5} if v = €0
. {p2,pa} if v =e;
lp: F— PU),z+— (pe} i = e
{ps} if z = e3.

The DFS bi-ideal hp = ((hf,hp); D) of S over U is a prime DFS bi-ideal, which is also a
semiprime DFS bi-ideal of S over U. The DFS bi-ideal ip = ((I},{); F') of S over U is semiprime
but not a prime DFS bi-ideal of S over U. Because

f1 5 hE C U implies that f1 ¢ I} and b}, € I,

and
f1 % hp 2 15 implies that f; D I and hp, D Ip.

Remark 3.5. Fvery strongly prime DFS bi-ideal of S over U is a prime DFS bi-ideal of S over
U, but the converse is not true in general.

Example 3.6. Suppose that there are sixz houses in an initial universe set U, given by
U = {h1, ha, h3, ha, hs, he}.

Let a set of parameters E = {eg, e1, e2,e3} be a set of status of houses in which
eo stands for the parameter "beautiful”,

e1 stands for the parameter ”cheap”,

eo stands for the parameter ”in good location”,

e3 stands for the parameter ”in green surrounding”,

with the following binary operation given in the Cayley table.

* €y | €1 | €2 | €3

€0 | €0 | €0 | €0 | €0

€1 | € | €1 |¢€1|¢€e1

€2 | €0 | €2 | €2 | €2

€3 | €0 | €3 | €3] €3

We define the order relation ”"<” on E as follows.
<= {(eo, €0), (e1,e1), (e2,€2), (en, €2), (€0, €3), (€2, €3), (e3,€3)}.

We define the covering relation ”<” as given below.

<:={(eo, €2), (€0, €3), (€2, €3)}.
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Then (FE,*, <) is an ordered semigroup. Every subset of S containing eg is a bi-ideal of E. Let
A = {eg,e1,e2}. Let us define a DFS set fa = ((fi, f4); A) of S over U as follows:

fi(eo) = {h1,ho hs, hs, he}, [ (e1) = {hn, ha}, [ (e2) = {h2, hs}, fi(es) = {},

faleo) = {ha, hs, he}, f4 (1) = {hs, ha}, [y (e2) = {ha, hs}, [y (e3) = {h1, 3, hs},

{eo, e} if v = {h1}
{60,61,62} if Y= {hg}
. L {eo, ea} if v = {h3}
ZA(fXa'Y) = {607(;1}21f77: {hl,ghg}
{eo} if v = {h1, h3}
{eo} if v = {ha, ha}

( {ep,e1} if 6 =U

{eo, e1,e2} if 6 = {h3, ha, hs, he}

—. . {60,62} if (5 = {h4, h5,h6}

ealfain) = {eo,e1} if 6 = {h3, ha, hs, he}
{eo} if 6 = {h1, h3, hy, hs, he}

\ {60} ifo = {h27 h’37 h’47 h53 hG}

Then f4 = ((f;{, fa);A) is a DFS bi-ideal of S over U.

Let B = {eq,e1,e3} and define a DFS set g = (g5, 95); B) of S over U, as follows:

9 (o) = {h1, ha, ha, hs, he}, gi(er) = {ha, ha, he}, gp(e2) = {hi, hs, hs}, gf(es) = {ha, ha, hs, ha},
9p(eo) = {h1,ha}, gpler) = {ha, hs, hu}, gp(e2) = {hs}, gp(es) = {hs, hs},

{eo} if v = {h2, ha, he}
{er} if v = {he}

ialgh;v) =4 {eo e} if v = {ha, he}
{ea} if v = {ha}

{es} if v = {h1, ho, h3}

{eo} if 0 = {h1, ho, ha, he}

{61} if§d = {hg,hg,hz;, ]’LG}
Algpiy {eo, e} if6=U
{es} if 6 = {hg}

{63} if 6 = {hl,hz,hg, h5}

Then it follows that g = gB,gB ); B) is a DFS bi-ideal of S over U. Also fX ggg = f;{ and

fa :gg = f4 for all DFS bi-ideals fa = ((f1, f1); A) and gg = ((9}, 95); B) of S over U. Then,
every DFS bi-ideal of S over U is prime.

Let F = {eg, e1} and define a DFS set Ip = ((I},1;); F) on F over U as follows:

lp(eo) = {1, ha, hay hs, he}, Ui(er) = {ha, ha, he}, Ui(e2) = { 3, Up(es) = { },

lp(eo) = {h1, ha}, Ip(er) = {ho, hs, ha}, Up(e2) = {he}, lp(es) = {hs, hs},

Then Ip = ((I},1z); F) is prime DFS bi-ideal but this is not a strongly prime DFS bi-ideal.
Because

(f;{ ggg) er (gggfz) él;ﬁ and (f; :gg) LNJ (gglf;) il},

but ff ¢Uh, g Glfand fi 210, 95 2 5
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Let A be a nonempty subset of S. Then the characteristic double-framed soft mapping of A,
denoted by <(XZ, X A> = X 4 is defined to be a double-framed soft set, in which X:{ and X
are soft mappings over U, given as follows:

U ifzecAd

Xt o S—)P(U),m»—){ 0 ifzgA
. 0 ifxzeA
X, S—>P(U),m»—>{ U ifxd A

Note that the characteristic mapping of the whole set S, denoted by Xg = <(X§r, X ) S > , 18
called the identity double-framed soft mapping, where X; () =U and Xg(z)=0,VxeS.

Lemma 3.7. A DFS set fy = <(f;{,f;);A) of S over U is a DFS semigroup of S over U if and

only if fao fa T fa e, f0f5 Cfland fi fy2fy-

Proof. Let z,y € S. If A, = (), then obviously (fj S f;‘L) (x)=10 é f;{ and (fg ¥ f;) (x)=U 5
fa- Assume that A, # 0, then (y, z) € A, and so < yz for x,y € S. Hence, we have
(Fiem)@ = U Henge)
(y,2) €A,
2 faly) Nghla),
and
(f75m)@ = N AHeUGRE)
(y,2)€A
S fayUgy(z).

Since (y,z) € Ag, we have z < yz and ((f:,f;);A> is a DF'S semigroup of S over U, we have
fa@) 2 fi(yz) 2 fFA(y) Ngh(z) and fy(x) C fy(yz) C f4(y) Ugy(2). Thus,
(Fiem)@= U Uiwngeic U i@ =rie.
(y,2)EAL (y,2)EAL

and

(fi58) @= ) F2wUugEr2 () fil)=fi@),

(y,2)€AL (y,2)€AL

Therefore, fX S f:{ é f;; and f * N 5 [y, thatis, fao fa E fa.
Conversely, let z,y € S. Then

fi(zy) 2 (fjgfﬁ) @)= U {fHAwngi)}
(y,2) €Ay
D fi(x)Nngk(y),
and
falay) < (fg;fz) (@)= () {fiwugi)}

(y,2)EAzy
C fil@)Ugy(y).

Consequently, ((f1, f1); A) is a DFS semigroup of S over U. O
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Lemma 3.8. (¢f. [7]) For a nonempty subset A of S, the following assertions are equivalent:

(1) Ais a left (right or bi-ideal) of S.
(2) The double-framed soft set ((X}, X;);A) of S over U is a double-framed soft l-ideal
(resp., double-framed soft r- or bi-ideal) of S over U.

emma 3.9. Let fq. = L fa ) A/t e e a family of double-framed soft bi-ideals o
L Let fa, fXZfAZA I be a family of double-f d soft bi-ideals of S

over U. Then () fa, = <( ﬂfji, Ufa)s Ai> is a semiprime double-framed soft bi-ideal of S over
iel iel el
U.

Proof. Since the intersection of DFS bi-ideals is again a DF'S bi-ideal of S over U. Hence () fa, =
iel
<( N f;{i, Ufa)s Ai> is DFS bi-ideal of S over U. Let ((h},, hp); D) be a DFS bi-ideal of S such
iel el
that hp o hp C ) fa, ie., b Shh C N /4 and by Yhp D U/, for i € 1. Then b Sk Cfh
1€ 1€ 1€
and h, :hB > fa, foralli € I Since each (( f;‘:, f4,); Ai) is prime DFS bi-ideal of S over U. Hence

hf C ff and hp, 2 f forall i € I. Thus, () fa, is a semiprime DFS bi-ideal of § over U. O
il

Lemma 3.10. If fa = ((fi,f1);4) and gg = ((95,95); B) DFS bi-ideal of S over U. Then
faogp is a DFS bi-ideal of S over U.

Definition 3.11. A DFS bi-ideal fo = ((f§,f1); A) of an ordered semigroup S over U is called
an irreducible (resp., strongly irreducible) DFS bi-ideal if for any double-framed soft bi-ideals

9 = ((95.95); B) and he = ((h{,he); C) of S over U, gp Mhe = fa (resp., gg M he T fa)
implies either gg = fa or ho = fa (resp., gg € fa or hg € fa). That is, 9735 N hJcr' = f;{ and
s U hg = fa (resp., g5 N hé é f1 and g5 U he 5 f1) imply either g = f£ or h}, = fi, and
95 = fa » hg = i (resp., g5, C fi or h& C f4, and g5 2 f1 , he € f1).

Remark 3.12. Fvery strongly irreducible DF'S bi-ideal of S over U is an irre-ducible DFS bi-ideal
but the converse is not true in general.

Example 3.13. Suppose that there are five houses in an initial universe set U, given by
U= {hh h?a h37 h47 h5}

Let a set of parameters E = {eg, e1, €2, €3, €4, €5} be a set of status of houses in which
ep stands for the parameter ”"beautiful”,

e1 stands for the parameter ”cheap”,

eo stands for the parameter ”in good location”,

e3 stands for the parameter ”in green surrounding”,

e4 stands for the parameter "with double exit”,

e5 stands for the parameter ”in city area”,
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* €0 €1 €9 €3 €4 €5

€0 | €0 | €0 | €0 | €0 | €0 | €O

€1 | € | €1 |€1|€1]|€1]¢€1

€2 | € | €1 | €2 €3 |€1]|¢€1

€3 | €| €1 |€1]|€1|€e2]| €3

€4 | €0 | €1 | €4 | €65 | €1 | €

€5 €0 €1 €1 (&) €4 €5

We define the order relation ”<” on E as follows.
<= {(60760)7(61,61)7(62762)7(63,63)7(64764),(65765)7(60761)7(60762),(60,63),(60,64),(62,63)}-
We define the covering relation ”<” as given below.

<= {(60, 61), (60, 62), (60, 63), (60, 64), (62, 63)}.

Then (E, *,<) is an ordered semigroup. The sets

{60}7 {607 €1, 62}7 {603 €1, 63}7 {607 €1, 64}7 {60; €1, 65}, {607 €1, €2, 64}7

{607 €1, €3, 65}7 {607 €1, €2, 63}7 E7
are bi-ideals of E. The bi-ideals
{eo,e1,e2,e4},{en,e1,e3,e5},{en, e1,e2,e3},

are irreducible but not strongly irreducible. The only strongly irreducible bi-ideals of E are {eg}
and E. By Lemma B.§, the characteristic double-framed soft set of the irreducible bi-ideals

{607 €1, 62, 64}7 {607 €1, €3, 65}7 {607 €1, €2, 63}7

are irreducible double-framed soft bi-ideal but not strongly irreducible double-framed soft bi-ideal
of S over U.

Lemma 3.14. FEvery strongly irreducible semiprime DFS bi-ideal of S over U is a strongly prime
DFS bi-ideal of S over U.

Proof. Suppose that fa = ((f1, f1); A) be a strongly irreducible semiprime DFS bi-ideal of S over
U. Let g5 = ((95.95); B) and he = ((h{, hg); C) be DFS bi-ideals of S over U such that

(95 508) O (réS g3) € £ and (95 %ha) U (e % g5) 2 £

Since gg N hg and gp U he are soft bi-ideals of S over U and

(9B o h+) <h+ o gB) § (gg S hg

hi o 9B éi

(&%)
(e %)
(e %)

gBoh+

(955 02)
(95 % 1c)
(95 % 1)

W
*2
e

Ql
*2

U U
—~ —
s
ol
* 2
=
Ql

h

UJI
*2
R

Ql
*2
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Thus,
(s 110&) & (P )
(gg U hg) ¥ (hg U gg)

Since ((f1,fy);A) is semiprime, we have <g§ ﬁhéﬁ) é fi and (g; Gha) 5 f4- Since

N2
—
Q
o+
o
>
Q+
P
D)
—
>
Q+
02
Q
o+
P
N
=1

U2
~—
Q

W
* 2
>
Ql
~~
(-
—
>
Q

*

)

W |
~
U2
N

((fX,fx); A) is strongly irreducible DFS bi-ideal of S over U, we have either g, é f4 or b, é fr
and gz 2 f4, he 2 [, . Thus, <(f:{, f4); A) is strongly prime DFS bi-ideal of S over U. O

Lemma 3.15. (Khan et al. [2]) Let S be an ordered semigroup and A;B are non-empty subsets of
S, then the following are equivalent:

(i) AC B if and only if X4 C Xp,

(i) X4 XB:X(AHB);

(1i1) X4 U XB:X(AUB)7

(iv) XAOXB:X(AB}.

Lemma 3.16. Let ((f1, f1); A) be a DFS bi-ideal of S over U with f5(a) =~ and f;(a) =4,
where a is an element of S and v,6 € P(U). Then there exists an irreducible DFS bi-ideal
((94,95); B) of S over U such that g} (a) =~ and g, (a) = 4.

he = ((h{, hg); C) « such that he = (b, hg); C)
Proof. Let X := be a DF'S ideal of S over U,
ht(a) =~ and h(a) =0 and f} C b, f1 2 hg
Then X # 0, since ((f§, f1);A) € X. The collection X is partially ordered set by set
inclusion C. Suppose that Y is a totally ordered subset of X, say Y := {<(ha, hai); C'Z-> 11 € I}.
: Let «,y € S be such that x <y. Then,

(U ha) @ =U (1) 2U (e w),

icl icl iel

(ﬂ hai) @ = (he,@) <N (he,w)

iel iel el

Let z,y be any elements of S, then

(U h&) (@y) = | (ha_ (my)) =l (ha () Mk, (y))

= (U (ham)) n (U (ha<y>)>

(U ha) () N (U h&) (),

el el
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and

<ﬂ hQ_) (@y) = () (ha_(:z:y)> <N (h(}i(x) U hgi(y)>

icl i€l el

- (m (ha@))) s (ﬂ (ha@)))

i€l i€l

= (ﬂ hq-) () U (ﬂ hq-) (v)
il il
For any x,y,z € S,

(U e ) Tyz) = U (ha (xyz)) 2 U (ha ()N ha(z)>

iel il icl

- (b)) (U6ee)

il i€l

= (U ha) (z) N (U ha) (2)
el el

(ﬂ hc> (xyz) = () (hé (xyz)) < (h& (z)U hai(z>

and

iel iel iel
- (ﬂ (ha.(x))) U (ﬂ (ha<z>))
i€l iel

(ﬂ ha) (z)U (ﬂ ha.) (2)
el i€l

Therefore {<(U hc N he,)s Z> (i€ I} is a DFS ideal of S over U. Since f} C ha and
el el

fADhC for each i € I. SofXC Uhc andeD ﬂha Also <Uh+>() U(hc( ))Z"Y
i€l

el el el

and (lgh )( =N (ha(a)) — 5. Thus, <(U hi L 0 he,); C > is the least upper bound of

el iel
Y, by Zorn’s Lemma, there exists a DFS ideal <(gB, 9p); B > of S over U which is maximal with

respect to the property fA C 95 fa D g and gh(a) = v, ggla) = 6. Now we show that
<(gB, 95) ,B> is irreducible DFS bi-ideal of S over U. Suppose that gg =0 F\tl';and 95 =1 LNJtB,

where ((If, 17); > and gp = ((95, 9p); D) are DFS bi-ideals of S over U. Then g, g lJr

gB C gD and gz 3 Iw, 95 D gD We claim that gB = ZJr or gB = gD and g5 = l* 9 = gD.
Suppose on contrary that gB 7$ l+ or gB 7é t and g5 75 Iz, 95 75 t,. Since <(gB, g]g,)'B> is
maximal with respect to the property that g} (a ) =7, gp(a) = 4. Since gf 7& Iry g% 7& 95
and g 75 lrs 95 7& gp, it follows that [}(a) 75 v 75 gh(a) and I, (a) 7& o 7$ gp(a). Hence
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7= g0 = 1h(@) Agha) = (i figh) (@) # 7 and 0 = gg(@) = 1z0) Ugpe) = (ir Ugp) (@)
= §, which is a contradiction. Hence either gg = lJr or gB = gfr and g5 = lF, 95 = J9p -
Therefore, <(g§, gp); B > is an irreducible DFS bi—ideal of S over U. O

Theorem 3.17. For an ordered semigroup (S, ., <), the following assertions are equivalent:
(1) S is both regular and intra-regular,

(i7) (fA o fA) fi and (fA * fA) = fu, for every DFS bi-ideal ((f, f1); A) of S over U.
(iii) gB N hg = (gB o h'g) N (hg o gg), 95 U he = (gg ;ha) N (ha:gg), for every DFS

bi-ideals (93, 95); B) and ((h5, hg); C) of S over U,
(iv) Each DFS bi-ideal of S over U is semiprime,
(v) Each proper DFS bi-ideal of S over U is the intersection of all irreducible semiprime DFS

bi-ideals of S over U which contain it.

Proof. (i) = (ii). Suppose S is both regular and intra-regular ordered semigroup and ((f1, f); A)
a DFS bi-ideal of S over U. Then for each a € S, we have (fZSfX) (a) i) f4 (a) and

< fa * fg) (a) = f4(a). Indeed: Since S is regular and intra-regular therefore there exist z,y, z €
S, such that a < axa and a < yaQZ. Thus

a < aza < azaza < ax(ya’z)za = (azya)(azza).

Then (axya,azza) € A,. Since A, # (), we have
(Fiem)@ = U iwnge)

(y,Z)EAa
D fi(axya) N gl (azza)
= A Y 9a ’

(F75/m)@ = N 2wV}

(y,2)€EAa
€  falazya)Ug,(azza).

Since ((f4, f1); A) is a DFS bi-ideal of S over U, we have

fAlazya) 2 fi(a) N fi(a) = fi(a),
filazza) 2 fi(a) N fi(a) = fi(a),
falazya) < fi(a)Ufy(a) = fy(a),
falazza) € fy(a) U fy(a) = fy(a).

Thus,
(fAnfi)(a) 2 fi(azya)n X(azxa)
2 fila)Nfila)=fi(a)

) (azya) U £y (azza)

f
fala) U fy(a) = fy(a),

N 1N
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and so f; 5 fX D f;{ and f, ¥ fa € f4. For the reverse inclusion, if A, = 0, then

(15 7%) @ =0C £f (@) and (f5 5 /7) (@) =U 2 fx(2). 1 A, £0,

(Frem)@ = U Hwnge),
(y,2)€A

(F75m)@ = N e UEE.
(y,2)€A

Since x < yz and ((f§, f1); A) is a DFS bi-ideal of S over U, we have fi(z) 2 fi(yz) 2
Fa) N fi(z) and fi(x) C f3(y2) C f1(y) U f4(2). Hence

(Fieh)@ = U Hwngerc U £

(y,2) €A, (y,2) €A,

c U f@=rfi@,

(y,2)EA
(fi5m)@ = N FwuaEr2 N fa2)
(y,2)€AL (y,2)€EAL
c ) fil@)=fi).
(y’Z)GAz

Hence, we have f;{ S fX i fX and f * fa 5 f4 - Therefore, fj S f;{ = f;{ and f * fi=f1-
(ii) = (iii). Let (9. 95); B) and ((h{, hg); C) be DFS bi-ideals of S over U. Then gg M h¢
is a DFS bi-ideal of S over U. By (ii), we have

Similarly,

Thus,
(95008) 5 (g5 N he) € (S gh) 0 (g5 5 hE),
(gg U ha) ¥ (gg U ha) > (hg ¥ gg) U (g]gg ¥ hg) :

For the reverse inclusion, since g5 Shg, s :ha, hJCr s gE, he ¥ gp are soft bi-ideals of S over U

(Lemma ) and so (gB o h+> <h+ S gB> and (gB * ho> U <h6 ;gg,) (Lemma @) By (ii),

we have (gB : h+) <h+ . gB> ~ ((93 - h+) (h+ ~ g)) ((gB > h+> <h+ 5 gB>>
) )

g5 o h+ o g5 (since hJr o hf = b by (ii))

N2

II2



16 T. Asif, Mohammed. M. Khalaf, A. Khan

and

(9 1h5> U <h5¥g§) = ((gg Ihg) U (hai&q;)) * ((gg ih(}) ¥ (halgg»
) (hc*gB)—gB (ho % he) % g5

6 E (since h, * he = he by (i)

ol
%2
<

03\

<

ol
|U2

5

C h{, (gg Ih(j) Y (hgigg) D hg.
Thus, (gB o h*) <h+ o gB> C gB N hJr and (gB * hc) U ( * 93) igg Uh
Therefore, (g5 b ) 7 (hé 5 g5) = g g and (955 he) O (he % 933) = g5 U e

(iii) = (i). Let ((g},95); B) and ((h,hg);C) be DFS left and right ideals of S over U,
respectively. Then, (g}, 95); B) and ((hz;, h¢); C) are DFS bi-ideals of S over U. By hypothesis,

-Similarly, we can prove that (gg S h+> N (h+ 5 gE)

\_/

<gB o h+> <h+ o 93) = gB N h and (g]} ¥ ha) U (ha :gg) = Jp U he-

To prove that S is both regular and intra-regular, by Lemma , it is enough to prove that
RN L= (RL]N (LR] for every right ideal R and left ideal L of S.

Let R be a right and L a left ideal of S. Then, the characteristic mappings (X}, Xp); R) and
((X;,X[); L) are DFS left and right ideals of S over U,

respectively. By hypothesis,

Xf, = XEOXF = (XF5x7) A (x5S xT)

X-‘r

= NX( (RLIN(RL]"

(RL} (RL] —

Xpyp = XpUX, = (X}ngg) U (XgZXg)

= X(pr) U Xy = Xy

By Lemma , part (iv), we have RNL = (RL|N(LR], and S is both regular and intra-regular
(Lemma )
(i4i) = (iv). Let ((f1,f1);4) and ((g},95); B) be DFS left and right ideals of S over U,

respectively, such that f} c f:{ é gg and f ¥ f1 2 gp- By hypothesis, fi = fi N fr=
SXCIRNSEC IR S SR f and f5 = f5 05 = fi % [y UfL % f3 = fi % f4- Thus, f§ C g
and f 5 gp and <(g§,g]_3);B> is semiprime. Since <(g§,g§);B> is arbitrary, hence every DFS
bi-ideal of S over U is semiprime.

(iv) = (v). Let ((fX, f1); A) be a proper DFS bi-ideal of S over U and {((f;{ fa)iAi)/i€ I}
be a collection of irreducible DFS bi-ideal of S over U, which contain (( fi.f1);4). By Lemma

, this collection is non-empty. Hence, so fA Q ﬂfA and f 2 UfA Let a € S, then
i€l i€l

by Lemma , there exists an irreducible DFS bi-ideal ((f1,f1);A4) of S over U such that
fa € f4, and fi 2 fy and fi(a) = fi (a), fa(a) = fu (). Thus, ((fi,,fs);4a) €

(RLJU(RL]"
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{{Chra) A0 7 € 1} Hence A5 € 73, and U s, 2 fi, 80 A4, (@) € 71, (@) and Uy (0) 2

i€l
fa,(a). Thus ﬂfA C f1 and UfA D [ - Consequently ﬂ = fi and UfA = f4. By hy-

pothesis, each DFS bi-ideal is semlprlme Hence, each DF'S b1 1deal of S over U is the intersection
of all irreducible semiprime DFS bi-ideals of S over U which contain it.

(v) = (i) Let ((f1,f1); A) be a DFS bi-ideal of S over U. Then ((f{ o fi,fi * f1);A)
is a double-framed soft bi-ideal of S over U. Since (( f;"’, f1);A) is a DFS semlgroup of S over

U, hence by Lemma@ N C fi,and fi % fy > f4- By hypothesis, ﬂ = fi and
iel

U fa, = = f4 where {(( f;{i, fa)iAi)jiel } are irreducible semiprime DFS bi-ideals of S over U.

i€l
Thus, fA ofA Q fAi and fg;fg D) f;i foralli € I. fX - in and f, 2 f;i for all 7 € I, because

each (( fji, fa,); Ai) is semiprime. Hence, [ f;{i = i1 = ffo ffand UI fo, =f =1 ¥ fq-
ic

el
Thus, f1 0 f = fi,and fy % f1 = f1.
In the following result, we study a relationship among strongly irreducible and and strongly
prime DFS bi-ideals of .S over U. O

Theorem 3.18. Let S be both reqular and intra-regular ordered semigroup. Then the following
are equivalent:

Proposition 3.19. (i) Every DFS bi-ideal of S over U is strongly irreducible.
(ii) Every DFS bi-ideal of S over U is strongly prime.

Proof. (i) = (ii) Let S be both regular and intra-regular and ((f1, f); 4) a strongly irreducible
DFS bi-ideal of S over U. Let ((g3.95); B) and ((hS, hg); C) be DFS bi-ideals of S over U such
that

<gB 3 h*) (h+ S gB> C ff and (hc UgB> ¥ <g§ 0 hg) > fi.
Since S is both regular and intra-regular, hence by Theorem (g B © h+> (h+ og B) =
gg A hg and (gg ¥ hg) U (ha ;gg) = Jp U he. Thus, gg N hJCC é fA and gp U he 2 f4- Since

« fj{, f1); A) isstronglyirrducible, so either gf; C f1 or b C f1 and g5 O fi, hg 2 f;. Thus,
<(fA . f4); A) is strongly prime DFS bi-ideal of S over U.
(1) = (i). Suppose that ((fi,f1);A) is a strongly prime DFS bi-ideal of S over U and

(9%, 95); B) and ((h{, hg); C) be DFS bi-ideals of S over U such that ggahé C f4 and g;Gha >
f4 . Since
(gB o h+) (h+ o gB> C gB hé é fZ,
and N ~ ~ ~
(95 %hc) O (ha % 95) 2 95 Uhg 2 f3.
Since ((f1, f1);4) is a strongly prime DFS bi-ideal of S over U, so either g}, é [ or hg é

fi and g5 i) fas he 5 fa- Thus, ((f§,f1);A) is a strongly irreducible DFS bi-ideal of S over
U. O
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Theorem 3.20. FEach double-framed soft bi-ideal of an ordered semigroup S is strongly prime if
and only if S is regular and intra-regular and the set of DFS bi-ideals of S over U is totally ordered
by inclusion.

Proof. Suppose that each DFS bi-ideal of S over U is strongly prime. Then each DFS bi-ideal of
S over U is semiprime. Thus, by Theorem , S is both regular and intra-regular. We show
that the set of DFS bi-ideals of S over U is totally ordered under inclusion. Let ((g4,95); B)

and ((h¢, hg); C) be DFS bi-ideals of S over U. Then by Theorem , g5 N he = (gg S hg) N
(hJCC Sg‘g) and gp U he = (gg ¥ ha) U (h(_j ;g§>. Since each DFS bi-ideal of S over U is
strongly prime, so <(gB,gB) Byn ((hJCr,,h ); C) is Strongly prime. Hence either g E 95 A hJr or
hé € ggfwh and g3, D g Uhg, hg 2 g5 Uhg. It gf; € g, Nhd and g O g5 Uhg, then gf; C b
and gp 2 hg.

Conversely, assume that S is regular, intra-regular and the set of DFS bi-ideal of S over U is
totally ordered under inclusion. We have to show that each DFS bi-ideal of S over U is strongly
prime. Let ((f1,f4);A) be a DFS bi-ideal of S over U. Let ((g%,g5); B) and ((hf, hg);C) be
DFS bi-ideals of .S over U such that

~

(955 08) O (rE 5 95) € 1f and (955 h) O (hG ¥ 95) 2 f7.

Since S is both regular and intra-regular, by Theorem ,
(gB o h+> <h+ o 93) =9p ﬂh+ and (gB * h ) (ha:g§> = 95 LNJhE

Thus, gg N hg é f;{ and gp U he z) f4 Since the set of DFS bi-ideals of S over U is totally
ordered, so either gg é hJCC or hJCC é gg and g 5 he, he 5 gg- That is, either gg N hg = gg
or gg N hJCC = hg and g U he = 95> 95 U he = he. Therefore, either gg é fZ or hg é fX and
95 i) fashe 5 fr and ((f5, f1); A) is strongly prime. O
Theorem 3.21. If the set of DFS bi-ideals of an ordered semigroup S over U is totally ordered
under inclusion, then S is both reqular and intra-reqular if and only if each double-framed soft
bi-ideal of S over U is prime.

Proof. Suppose that S is both regular and intra-regular. Let ((f1, f;); 4) be a DFS bi-ideal of S
over U and <(gB,gB) B) and {(h{, hg); C) be DFS bi-ideals of S over U such that g} o h; - fr
and gB *h 3 fA Since the set of DF'S bi-ideals of S is totally ordered, therefore, either gJr C h+ or
hJr C gB and gB D hc, hC S gp- Suppose that g+ C h+ and g5 D he, then gBogB C gBoh+ C fA
and gB * 95 D 95 * he D f4- By Theorem , (4, f1); A) is semiprime. So, g Q fi and

Q fix- Hence, ((fi,f1);A) is prime DFS bi-ideal of S over U.
Conversely, assume that every DFS bi-ideal of .S over U is prime. Since every prime DFS
bi-ideal of S over U is semiprime, so by Theorem , S is both regular and intra-regular. O

Theorem 3.22. For an ordered semigroup S, the following assertions are equivalent:
(i) The set of DFS bi-ideals of S over U is totally ordered under inclu-sion.
(ii) Each DFS bi-ideal of S over U is strongly irreducible.
(ii1) Each DFS bi-ideal of S over U is irreducible.
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Proof. (i) = (ii). Let ((fi,f4);A) be a DFS bi-ideal of S over U and ((gB,gB) B) and
((h¢, he); C) beDFSbi-idealsof S over U such that gB N hé C fA and gp U hc D fa- Slnce
the set of DFS bi-ideals of S over U is totally ordered gg C hJr or hJr C gB and g D he, he D gB
Thus, either gB A hJCC = gB or gB N hg = hJr and g U he = 9> 95 U hC = hg. Thus, gB A hJr
C fA and gBUhC D f4 imply that eltherg C fA or h+ C fA and gp D fa>he D f4- Hence
((fX,f1);A) is strongly irreducible.

(i1) = (iii). Let ((f4, f1); A) be a DFS bi-ideal of S over U and <(gB,g]§) B) and ((hg,ha) C)
be DFS bi-ideals of S over U such that gB N hg = fA and gQU he = fA Then, fX C gB or
f;; C h+ and f, D 937 n D he. By hypothesis, either gB C fA or h+ C fA, and gp D fas

hCDfA Thus, g} = f1 orhg—fA,anng f1,hg = f4. Thatis, ((fX, f1); A) is irreducible
DFS bi-ideal of S over U.

(iii) = (i). Suppose that ((g5.95); B) and ((hl, he); C) be DFS bi-ideals of S over U. Then
gBFN)h and gELNth are soft bi ideals of S over U. Also, gBFNWhJCC = gBFWh and gELNJha = gELNJha.
So by hypothes1s either gB = gB N hJr or hg = gB A hJr and g5 = g5 U he, hc =gg U he. That

is, either gJr C h+ or h+ C gB and g5 D he, he D gp- Hence the set of DFS bi-ideals of S over
U is totally ordered O

4 Conclusion

We have considered the following items.

1. To introduce the notions of prime (resp., strongly prime, irreducible, and strongly irre-
ducible) DFS bi-ideals in ordered semigroups and to give several examples of these notions. To
give the basic properties of these notions and to characterize ordered semigroups by means of these
types of DFS bi-ideals.

2. To chracterize regular and intra-regular ordered semigroups by means of prime and semiprime
DFS bi-ideals.

3. To study the relationship between prime and strongly prime DFS bi-ideals and to charac-
terize the class of those ordered semigroups for which the notions of prime and semiprime DFS
bi-ideals are coincide.

4. To introduce the concepts of irreducible and strongly irreducible DFS bi-ideals and to
investigate the basic properties of these notions.
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