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1 Introduction

A new structure, called equality algebras, is introduced by Jenei in [6]. The basic idea for examining
equations of equality algebra is taken from EQ-algebras of Novék et al. [9]. The equality algebra
has two connectives, a meet operation and an equivalence, and a constant. Given that equality
algebra can be considered as corresponding algebras with fuzzy type theory, it is important to
study in this field. In [[7], the author studied the relation among equality algebra and BC K-meet
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semilattice and they proved that every BC' K (D)-meet semilattice and equality algebra equivalent.
Equality algebra has been studied by mathematicians in various fields and excellent results have
been obtained, including the relation between equality algebra with other algebraic structures are
obtained by Zebardast et al. in [14] such as residuated lattice, MTL-algebra, BL-algebra and etc.
They showed that under special conditions, they are equivalent. Moreover, commutative equality
algebras and characterizations of them are discussed in [4, 5, 13, [14]. Also, in [12], Rezaei and et al.
introduced the concept of derivation on equality algebra X by using the notions of inner and outer
derivations. Then they investigated some properties of (inner, outer) derivation and introduced
some suitable conditions that they help us to define a derivation on X. They introduced kernel
and fixed point sets of derivation on X and proved that under which condition they are filters of
X. Finally, they proved that the equivalence relations on (X, —, 1) coincide with the equivalence
relations on X with derivation d. In addition, in [3], Aaly and et al. introduced the concept of
an implicative equality algebra and related properties are investigated. Characterizations of an
implicative equality algebra and the relation among implicative and positive implicative equality
algebras are discussed. Also, they defined the notion of annihilator of equality algebras and
investigated some traits of it and proved that annihilator of any nonempty set of equality algebras
is a deductive system. Moreover, by using this notion, they define the operation * and proved that
for any commutative equality algebra X, the algebraic structure (DS(X),*,{1}) is a bounded
implicative BCK-algebra.

This paper contains the notion of (positive) implicative equality algebras, and we study related
properties of them. We discuss characterizations of a positive implicative equality algebra, and
provide conditions for an equality algebra to be positive implicative. We consider equality algebra
with some types, and investigate several properties. Using equality algebra with some types, we
characterize a commutative equality algebra and a positive implicative algebra.

2 Preliminaries

Definition 2.1. [6, 7] By an equality algebra, we mean an algebra (X, A, ~, 1) satisfying the next
conditions.
El) (X,A,1) is a commutative idempotent integral monoid,

113

E2) The operation “~7” is commutative,

E3) Ve e X)(z~z=1),

Ve e X)(x~1=ux),
E5

E6) (Vo,y,ze X)(z~y<(zAz)~(yAz)),

(

(E2)
(E3)
(E4)
(E5)
(E6)
(E7)

(
(
Ve,y,ze X)(z<y<z = x~z<y~z x~z<1x~Y),
(
(

ET) (Vo,y,z € X)(@ ~y < (z~2) ~ (y ~ 2)),
where x <y iff t Ny = x.

Note. From now on the symbol X means an equality algebra such as (X, A, ~, 1).
In X, we define two operations “—” and “=” on X as follows:

x—=y:i=x~(xAy)), (1)
rsy:=(x—=y) Ay — ). (2)
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Proposition 2.2. 7| For all x,y,z € X, we have

r—y=1Lliffx <y,

N

~— — — N~ Y — ~— —

r—=(y—=z2)=y— (z— 2),

at

lszrz=z,x2—>1=1, z—>x=1,
r<y—ziffy<z—z
r<y—ux,

oo

r<(z—y) =y,

A/\/\a/\/-\/-\

r—=y<(y—z)—(x—z2), 9
y<x => rsy=x—>y=1x~Y, (10
r~y<rsy<z—y, (11
y—z2<x— 2z,
<
x_y:{z—)xgz—)y (12)

The algebraic structure X is said to be bounded if there is a least element such as 0 € X such

13 ”

that 0 < x for every x € X. If X is bounded, then we introduce the unary operation “=” on X as
-x=x— 0=z~ 0 for each x € X.

3 Positive implicative equality algebras
Definition 3.1. The structure X is said to be positive implicative if it satisfies:
Vz,y,z € X)(z = (y = 2) = (x = y) = (z = 2)). (13)

Example 3.2. Suppose X = {0,a,b,c, 1} has the next Hasse diagram.

Then (X, A, 1) is a monoid. Define an operation ~ on X by Table B Then (X, A, ~, 1) is positive

Table 1: Cayley table for the implication “~7”

— o o9 o
[ e ool S =
Q "0 = Ol
> R 0o Ol
QO P Q o OoOln
_ 0 o Ol

implicative, and the implication (— ) is shown in Table @
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Table 2: Cayley table for the implication “—”

— 0 a b c 1
0 1 1 1 1 1
a 0 1 b b 1
b 0 a 1 a 1
c 0 1 1 1 1
1 0 a b c 1
Theorem 3.3. The structure X is positive implicative iff
Vz,y € X)(z — (z = y) =z — y). (14)

Proof. By using (@) and (B), we have
r—= -y =@—-z)>(r—oy=1=(r—y =z—y,

for all z,y € X.
Conversely, consider X is satisfying the condition (@) Consider z,y,z € X. Then

=y =2G=22)=2GE=W22)=((—y) = (=)= W= (2—2)
>y—=>(zoy=z2—=2>yy—y =2z2—-1=1,

and so (z = y) = (z > z) <z — (y — ). Also,
a—=(y—z2)<a—=((z—z)=>(y—x)=(:z—2)— (a— (y = x)), (15)

forallanby(@), )and(@). Ifweputz =2z >z, y:=2 >y, z:=2 — (2 = z) and
a:=z— (y—z)in (

(z=(—o2)=2(z=2) =2 (=2 y—2) = (=Y = (22 2))
((z—=y) = (z—=(z—2)
(y—=(z—=2) =1,

by (), @), B and (1. From {),F) and ([14) that
z=y—z)<(z—=y) — (2 = ).
Hence z — (y — =) < (z = y) — (# — x), and therefore X is positive implicative. O
Lemma 3.4. In X, we have
(Vr,y € X)(((z = y) 2 y) 2 2) 22 < (z—=y) = (y > 2) > ). (16)
Proof. Let ,y € X. Since y < (y — 2) — « by (§), we have

(z—=y)—y<(r—y — (y—>z)—>2),
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by (12). By (),

(z—=y) =y = ((y—=2z)—2)
(y =)= (((z = y) =y —2)
(y—=2) = ((z—=y) =y —2z)=2)—>2)
((z—=y) =y —z)=2)=>((y = 2)—>2),

which implies the ((((z = y) = y) = z) 2z < (z = y) = (y = z) = x)). O
Proposition 3.5. If X is positive implicative , then

(Va,y € X)((((@ = y) = y) > 2) =2 = (@ = y) = ((y > 2) — o)), (17)
Proof. For any x,y € X, we get

(z—=y) = ((y—=2)—r)<(r—=y) = (z—=y) = (y—=2z)—>Yy)

(
<(((z—=y)—=y) =)= ((z—=y) —y)
<(((z—=y) =y —z)=>((z—y) 2y —>z)—>2)
=((z—=y) =y —z)—>w
FromLemma@,

(z=y)=y)=z)me=(@—=y) =y =) =),
for all z,y € X. O

Proposition 3.6. Fvery positive implicative equality algebra X satisfies the next conditions:

(Vz,y € X)((z = y) = y) = (z = y) =2 = y). (18)
(Vr,ye X)((z —y) = (z—=y) = y)=(r = y) =) (19)
(Vz,ye X)((z—=y) = (y—z) = 2)=(y—=2) = (T = y) =) (20)

Proof. 1f we replace z with z — y in (@) and use (a), then

roy=1l=(@—=y)=(z—=y) = (@->y)—>(@—>y)
=((((z—=y) =y =y = (@—=y) > (@—y)
=((z—=y) =y =y (@)= (@—=y)
=((z = y) =2y = (r—>vy),

for all z,y € X. (@) is induced by substituting x — y for x in (@) Using (H), (@) and (@), we
get

y—=z)=>(z—=y) =y =H—o2)>(z—=y) - (z—=y) —y)
>(y—z) = (z =y =)

Similarly, we have the reverse inequality, and so (@) is valid. O
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We find conditions for converting an equality algebra to positive implicative one.
Theorem 3.7. If X satisfies the condition (@), then it is positive implicative.
Proof. Cosider X satisfying the condition (@) If we put y :=y — z in (@), then
T) = x)

y—zx=1-(((y—=

) =
=@—=y—=2)—=>y—=2) =)=
=((y—=2) =)= (2= (y—=2) = (Y —=2)
=((y =)= 2) = (y—2)
=y = (((y = 2) = 2) > )

=y—=(y—a).
By Theorem @, X is positive implicative. O

Summarizing the above results induces characterizations of a positive implicative equality al-
gebra which is described in the next theorem.

Theorem 3.8. A structure X is positive implicative iff any one of conditions (@), (@), (@) and
(RQ) s true.

Proposition 3.9. Fvery positive implicative equality algebra X satisfies the next assertion.
Ve,ye X)(z—=(r—y)=1 = z—y=1). (21)

Paroof. Assume that + — (zr — y) =1 forall z,y € X. If we put y :=z and z:=y in (@) and use
(), then

r—oy=lo@—-y=—z)—>@—y =x—(r—y) =1,
for all z,y € X. O
Theorem 3.10. If X satisfies the condition (@), then it is positive implicative.
Proof. Using (H), we get
r= @@= (r=@2y)=2y)=@=2(@—-y) = (@=>@—2y)=1,

andsol=2— (z = (z—y)) 2 y)=(x = (x > y)) = (x = y). Since (x - y) = (r = (x —
y)) = 1, we obtain x — (z — y) = x — y. Therefore X is a positive implicative equality algebra
by Theorem @ O

Given a,b € X, we define
X(a,b):={zeX|a<b— z}. (22)
Clearly 1, a and b are contained in X (a,b).

Definition 3.11. The structure X is called an &-equality algebra if for all a,b € X, the set X (a,b)
has the least element which is denoted by a ¢ b.
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Easily, we obtain

(Va,be X)(aob<a,acb<bacl=1ca=a), (23)
in the &-equality algebra X (See [2]).
Lemma 3.12. [2] In an &-equality algebra X, we have
1) (zoy) mz=2— (y — 2),
2) (x—=y)oly—2) <z—z
3) zoy<z—oy<(zox)—(z0Y).
4) zoy=youx.
)
)

5) (xoy)oz=x0(yoz).

(
(
(
(
(
6) z<y = xzoz<yoz.

Lemma 3.13. [2] For any elements a and b of X, if x € X is infimum of xoa < b, then z = a — b.

Proposition 3.14. Suppose X is a positive implicative &-equality algebra. Then

Vz,ye X)(z <y = zoy=u1x). (24)
(Ve e X)(zox =x). (25)
(Vz,y,z € X)(z = (yox) = (2 = y)o(z — x)). (26)
(Vz,y e X)(zoy=(x —y)ox). (27)

Proof. Consider z,y € X is such that z < y. Then £ — y = 1. Since x <y — (z ¢ y), by (@), (B),
(9) and ([L3), we consequence

r—=(zoy)=1—=(x— (zoy)=(—=y = (z— (zoy)=z—> (y— (zoy)) = 1.

Hence xoy = z, and (@) is valid. (@) is obtained by taking y := x in (@) Using Lemma (3),
we get,

z—=x<(yoz)—= (yox)=(z0y) = (youx). (28)

From (B), clearly zoy < (z —» x) — (yox). If we take z := y and y := z in (@) and use (@),
(19 and ({), then

z—oy<(z02z2) = (z0y)=2z—(20Y)
<z—=((z—z)—> (yox))
=(z—2x)— (2= (youx)),

that is, z = (yoz) € X(z — y,z — x). Therefore

(z—=y)o(z—z)<z— (youx).
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Since yoxr <z and yoz <y, we have z —» (yox) <z —zand z — (yox) <z — y by (@)
Hence

z—= (yoz)=(2— (yox))o(z = (yox))

<(z—y)o(z = (you))
<(z—=y)o(z =),

by (@) and () Therefore z — (yox) = (z > y)o(z — x) for all z,y,z € X. If x,y € X,
then obviously y ¢ x is a lower bound of {z,y}. Suppose z € X is a lower bound of {z,y}. Then
z—)leandz%yzl.By(@)and( ),

z—=(yox)=(z—y)o(z—z)=101=1,

i.e., z < youx. Therefore y o x is the greatest lower bound of {z,y}. Lemma implies that
(x - y)ox <y. Thus

(r—=y)or=(x—yo(zor)=(xr oy ox)ox<you,
by (@) and Lemma . Obviously, y ¢ x < (z — y) © x. Therefore (@) is valid. O

Theorem 3.15. Every &-equality algebra X satisfying the condition (@) 1s positive implicative.

Proof._Assume that an &-equality algebra X satisfies the condition (@) Using Lemma (1)
and (@), we get

y—mar=0oy)mz=(y—yoy) »z=Woy) »rv=y—(y >,
for all x,y € X. By Theorem @, we have X is positive implicative. O

Corollary 3.16. If an &-equality algebra X satisfies one of the conditions (@), (@) and (@),
then it is positive implicative.

Theorem 3.17. Fvery bounded commutative equality algebra is an &-equality algebra.

Proof. Consider X is a bounded commutative equality algebra. Suppose ¢ is an operation on X
defined by

o: X xX =X, (a,b) = =(b— —a).

Then b < (b - —a) > a=a— =(b— —a) =a— (aob),and so aob € X(a,b). If z € X(a,b),
then b < a — z. Thus

l=b—=(a—2)=b— (a— —-x)=-2— (b— —a),

that is, -z < b — —a. Hence a o b = =(b — —a) < ——x = z. This shows that a ¢ b is the least
element of X(a,b) for all a,b € X. Therefore X is an &-equality algebra. O

Corollary 3.18. FEvery bounded commutative equality algebra X satisfying the condition (@) 18
positive tmplicative.

The next example illustrates Theorem .

Example 3.19. Assume X = {0,a,b,1} has the next Hasse diagram.
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0
Now, we define a binary operation ~ on X by Table B Then the implication (— ) is given by Table

Table 3: Cayley table for the implication “~7”

— o Oof?
S Q o =O
QO =R
S e i SRS
= o O

. Also we can verity that it is an &-equality algebra in which the &-operation is given by Table B

Table 4: Cayley table for the implication “—”

N
0
a
b
1

O Q o =IO
2 2 ~ —[Q
S N e R
I S

Table 5: Cayley table for the binary operation “&”

—_ o Ol
S O O OO
QO O
ot o O O
= o Ol

Now, by an example we show that a bounded &-equality algebra which is not commutative
exists.

Example 3.20. Consider X which is given in Ezample . Then the &-operation in X is
given by Table |§. Hence X is a bounded &-equality algebra. But it is not commutative since
(c—=0)—=0#(0—c)—ec.
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Table 6: Cayley table for the operation “&”

— 0o o9 Ol
SO O O OO
QOO Q O
>SS0 o0 Olc
O O 6 6 O
_ 0 o Ol

The next theorem is an immediate consequence of Proposition M and Lemma .
Theorem 3.21. FEvery positive implicative &-equality algebra is a Brouwerian semi-lattice.

Corollary 3.22. If every bounded commutative equality algebra is positive implicative, then it is
a semi-Brouwerian algebra.

4 Equality algebras of type (m,n;i, )

For any x,y € X, we define

Xy (@,y) =y > x) >z, (29)
X1, (7, y) = (y = ) = X5 (z,v), (30)
Xijrn(@,y) = (r = y) = X 5)(2,9), (31)
where i and j are natural numbers. Easily z < X1 1y(y,7), y < X¢q,1)(2,9), and X4 1y(z,y) —

T=y—x.
Definition 4.1. Suppose m, n, i and j are natural numbers. The structure X is said to be of type
(m7n; Za]) if X(m,n)(xvy) = X(i,j)(ya .’IJ) Jor all z,y € X.

Example 4.2. (1) Consider X which is given in Example . It is routine to check that it is
an equality algebra of type (2,1;2,1).

(2) Assume X = {0,a,b, 1} is a chain such that 0 < a < b < 1. Then (X, A, 1) is a commutative
idempotent integral monoid. We define a binary operation ~ on X by Table [{. Then (X, A, ~, 1)

Table 7: Cayley table for the implication “~”

— o o
S O O O
Q Q@ ~ Ol
S = Q O
ot Ol

s a positive implicative equality algebra, and the implication “— 7 is given by Table B By routine
calculation, we can see that X is an equality algebra of type (2,2;1,2).
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Table 8: Cayley table for the implication “—”

— o ol
o oo r|lo
2 2 ~ =
S I =l
=

Example 4.3. Every commutative equality algebra is an equality algebra of type (1,1;1,1).

By Example @, we know that equality algebra of type (m,n;i,7) is a generalization of com-
mutative equality algebra.

Proposition 4.4. In X, we have
(1) If m is fived, then X, n)(2,y) < X1y (7, y) and X n) (Y, ) < X(m,1) (¥, 1),
(2) If n is fized, then X(mn)(7,y) < X1 m)(,y) and Xm0 (Y, ) < X1,m)(y, 2),
(3) If m <i andn < j, then X n)(z,y) < X5 (7,v),

(4) X j-1(W,2) = Xon-1,m)(@,y) < X(ij) (@) = X (@, 9),

(5) X(i—15) (W, %) = Xnn-1)(®,9) < X j) (Y, ) = Xmn) (2, 9),

(6) Ifn>2, then X(11)(¥,2) < X(mm)(@:9)s Xa,1)(@y) < X (¥, 2),
forall z,y € X.

Proof. (1) and (2) are clear. Easily, we consequence Xy, »)(%,y) < X(mq1,0)(,y) and X, ) (2,9) <
Ximn+1)(z,y). Hence the mathematical inducetion induces (3).
(m,n+1)
(4) and (5). Using (@) and (E), we get

X(i,j—l)(yvx) — X(m—l,n)($7y) < ((y - l’) — X(Lj_l)(y,l‘)) — ((y — :U) - X(m—l,n)(x7y))
= X(i,j)(yal‘) - X(m,n)(l‘vy)a
and
Xi-15),7) = Xma-1)(z,y) < ((z = y) — X(i—l,j)(y,f’?)) = ((z = y) = Xnn-1)(,9))
= X(’L,])(yux) — X(m’n)(ﬂj,y),

for all x,y € X.
(6) We first prove that Xy 1)(y, ) < X(p2)(7,y) for all z,y € X. Using (E) and (@), we have

Xayy,o)=(r—=y) »y<(z—=y) = (y =)= 2)
= —y) = Xy = Xag(@,y).

Suppose that X1 1y(y,z) < X(,2)(7,y) for any k(# 1) € N. Then

Xanw,z) < X (,y) < (Y= 7) = X (@,y) = Xgg1,2) (2, 9),
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by (H) Hense, X1 1)(y,7) < X2 (7,y) for all m € N by mathematical induction on m. Now,
suppose that X, )( ) < X(mn) (@, y) for all m,n € N with n # 1. Then

A
<

)
3

—~~
8
<
~

X(1,1)(yvl") )

(y =z
( (y_>m)_>X(mn)(x y))
( (z = y) = X (z,9))
(y = 2) = Ximnr1) (2, 9)

- X(m+l,n+l) (.fU, y)

) (2,Y)

AR VAR VAN VAN
< 8
T
8 «
¢¢¢

)
)
)
)

Therefore X(11)(y,2) < X(mn)(7,y) by mathematical induction. Similarly, we have X1 1y(z,y) <
X(m,n) (y, :L‘) O

We consider conditions for equality algebra of type (m,n;i,7) to be commutative and/or pos-
itive implicative.

Lemma 4.5. If for z,y € X, v <y, then X1 1y(y, ) =y and X n)(2,y) = X(m,1) (2, y) for all
natural numbers m and n.

Proof. Straightforward. O

Lemma 4.6 ([14]). The structure X is commutative iff
Vr,ye X)y<zxz = z=(xr—y) =y
Theorem 4.7. If X is of types (1,1;4,j), then it is commutative.

Proof. Assume that X is of type (1,1;4, ) and suppose z,y € X such that y < . Then

Tr = X(l,l)(x>y) = X(i,j)(ya'r) = X(i,l)(y7x) > X(l,l)(yax) 2T
and so x = X(1,1y(y,7) = (v — y) — y. Therefore X is commutative by Lemma @ O
Corollary 4.8. If X is of type (m,1;1,j), then it is commutative.

Proof. Assume that X is of type (m,1;4,7) and suppose z,y € X such that y < z. Then
X1y (@,y) = X5 5)(y, r) and

Xy (z,y) = (y — x)m_l = Xan(@,y) =1—= Xq1)(z,y) = Xan(@,y).
Moreover, by Theorem @, X is commutative. ]
Corollary 4.9. If X is of type (m,n;i,1), then it is commutative.

Proof. Assume that X is of type (m,n;i,1) and let x,y € X such that y < 2. Then X(mn) (z,y) =
X(i,l)(yvm) and

X(i,l) (y) .’L’) = X(m,n) (l‘a y) = (y - :L_)m—l - X(l,n) (l‘, y) = X(l,n) (.T, y)

Then X is of type (i,1;1,n). By Theorem @, X is commutative.
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For any = and y of X, we define
y! s z=yszandy” 2=y — (" — ). (32)
Proposition 4.10. For any natural numbers m and n with m < n, we have
Ve,ye X)(y" wz=y" —wz = (VkeN)y™F 5z =y™ = 2)). (33)

Proof. Consider x,y € X such that y™ — z = y™ — x for all m,n € N with m < n. Using (H), we
have y" — o < y"™t! w2 <y" -z =9y™ — x for all 2,y € X. Hence

Y s e =y =y 5= =yt 5 g
for any k£ € N. O
Proposition 4.11. Every X satisfies:
(Vn € N)(Vo,y € X)(y" — = = (X,1)(z,9)" — ). (34)
Proof. Assume xz,y € X and n € N. If n =1, then
(X(Ll)(x,y)) —srz=((y—zx)—zx)>r=y—u

Suppose y* — z = (X(l,l)(x,y))k — « for k € N. Then

By mathematical induction, we get y" — x = (X1 1y(7,y))" —» z foralln € Nand 2,y € X. [

Proposition 4.12. Every X of type (m,n;i,j) satisfies:

(Vo,y € X)(y" =z =y' — x). (35)

Proof. Using (@), we have

X(m,n)(y - 1’,1’)

= (SL‘ - (y — x))m—l - X(l,n)(y — QZ,CL‘)

—@—=y—=2)" = ((y—=2)=2)"" = Xay(y = z,2))

=@=@y—=2)" 2 (((y—=a) 2 2)" = (2= (y = 2) = (y = 2)

—z=y—=2)" = (y—=2) =)' = (y—2)

=1—=(y = (Xa(z,y)" ' — )
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and
X(i’j)(x,y — )
= (&= (y—a)) ™ = Xayle,y = 2)
=@=@y—=2) = (=) =) = Xayle,y — )
=((y=2) =) = ((ly =) »2) =)
=((y—=a)=2) = (y—a)
=y— (((y—»a) = a)"" =)
:y—>((X(11(33 )t =)
=y—= @ =)
=y =,
for all z,y € X. Thus y" = x =5" — x for all z,y € X. O

Proposition 4.13. Every X of type (i,i;i,1) is an equality algebra of types (i,m;m,i) and
(m,i;i,m), where i,m € N and m > i.

Proof. Suppose i,m € N with m > i and m = i + k. Since X is of type (i,i;4,i), we have
Xy (,y) = X5 (y,v) for all z,y € X. Then
X (i,m) (z,y) =(z —y) — X(i,mfl)(xuy)
==y = (z—y — X(i,m72)($7y))
=(r— y)2 - X(i,m72)(337y)

=(x—y — X(itk—14) (y,z)
= X(H—k,i)(yv )
= X(m,z) (ya x)

Hence X is of type (i,m;m, ). By the similar way, we can prove that X is of type (m,i;i,m). O

Corollary 4.14. Every commutative equality algebra is of types (1,m;m,1) and (m,1;1,m) for
allm e N.

Theorem 4.15. The structure X is positive implicative iff it is of type (1,2;1,2).

Proof. If X is positive implicative, then

Xag(@y)=@—=2y) = ((y—=z)=2)=(y—2) = (z—=y) 2y =Xa W ),
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for all z,y € X by (@) Hence X is of type (1,2;1,2).
Consider X is of types (1,2;1,2). Then

(x—=y) = ((y =) 2 2)=Xag(@y) =Xagy,2) = —2) = ((x—=y) —y),
for all z,y € X. Therefore X is positive implicative by Theorem @ ]

Theorem 4.16. Suppose X is a positive implicative equality algebra. If it is of type (m,n;i,7)
for all m,n,i,j € N, iff it can be reduced of type (2,2;2,2).

Proof. Let X be positive implicative of type (m,n;i,7). Then by Theorem @, we get that,

X(m,n)(xay) = (SU - y)n—l - X(m,l)(l‘ay)
= (r = y) = Xm) (2, )
=@=y) = (y—=2)" > Xan(r,y))
=@—=y = (y—2z)— X(l,l)(%y))
= X(2,2) (x7y)a
and
Xijpz) =@y —z)" = X,y o)

( )
=(y—w)— X(z‘,l)(yaﬂﬁ)

( ) = ((z = 9)"" = Xy, 2))
=@y—=z) =z =y = X))
= X(2,2)(y, 7).

Hence X(2,2) ([IZ, y) = X(m,n)(xa y) = X(Z,]) (y7 ‘T) = X(2,2) (y7 x) Then X is of type (27 27 27 2)
The proof of other side is similar. O

Example 4.17. Let X be an equality algebra as in Example . This example approve Theorem

Vi

Y. 14.
Theorem 4.18. The next statements are equivalent.
(1) X is positive implicative of type (1,n;1,7) for all n,j € N.
(2) X satisfies y" — x =y — x for all x,y € X, and is of type (m,n;i,7) for all m,n,i,j € N.

Proof. (2) = (1). If n =2, then y —» (y — x) =y — z for all ,y € X. From Theorem @, X
is positive implicative . Since X is of type (m,n;i,j), we have X, y(7,y) = X(;j)(y,z) for all
z,y € X. Hence

(=)™ = y—a)" = Xap(z,y)] = (z— y) =y e = Xan(y, )

In particular,

=y = ((y—=2)=((y=2)=2)=(@=y) =y =)= (r—=y) =),
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andso (z = y) = (y = z) > x)=(y > x) = ((x - y) = y). Thus

- X(l,n—l)(‘rvy)
o Xa,n(,y)

X (z,y) =

"l ((y = ) = )
= ((z—=y) =y

— X))y, )

=(y =2 = Xa(y,x)

(1) = (2). Suppose that X is positive implicative of type (1,n;1,5) for all n,j € N. Then
y" =z =y —zforall z,y € X and n € N by Theorem B.3, and Xy ,,y(z,y) = X(15)(y, ), which
implies that

( )

( )
=y — )= X, )(yz)
=(y—=a)=> (y=2) ' = (z—>y) —vy)
=(y—=a) = ((x—=y) =)
=y —-z)=>(z—>y) —y)
=(@—=y) > (y—2)—y)
=(z—=y) = (y—=2) =y
=@—=y = (@ =y = (y—> ) > y)
=@=y) o ((y—=2) = (z—=y) =)
==y = (=) = (= y) =)
= X5 (Y, 7)

Therefore X is of type (m,n;i, 7). O

Lemma 4.19. If X is positive implicative , then Xy, ) (7,y) = X(2,2)(z,y) for all z,y € X and
m,n € N.

Proof. Assume that X is positive implicative . Using Theorem @, we have

X(m,n) (l‘,y) = (:C - y) - X(m,n—l) (IE,Z/)
= (‘T — y) — ((.7? — y) — X(m,an)(‘,I%y))
= ('T — y) - X(m,n—2) ('T7y)

=(z = y) = Xm(z,9)
=@ —y) = (y—=2) > Xpm-1,1)(7,9))
=@@—=y) = ((y—=2) = ((y = 2) = Xemon(z,y))
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=@ —=y) = ((y = z) = Xmo1(z,y))

=(@—=y) = (y—2z) = Xay(@y)
=(x—y)— X(2,1)($7y)
= Xp2(z,9),

for all x,y € X and m,n € N. ]

Theorem 4.20. If X is both positive implicative and commutative, then it is of type (m,n;i,J)
for all m,n,i,7 € N.

Proof. Consider X is both positive implicative and commutative. Then Xy 1)(z,y) = X(1,1)(y, )
for all x,y € X and using Theorem and Lemma induces

Xmn)(@,y) = X2 (@,y) = (y = 2) = (z = y) = Xan(z,v))
=y—=z) = ((z—=y)" = Xayy )
=y — )= Xy, z)
=(y—z) = ((y—=2) > X6y 2))
=y —a) " = X1y, 2)
= X4j (Y, 7)),

for all m,n,i,j € N and z,y € X. This completes the proof. O

5 Conclusion

The notion of a positive implicative equality algebras are defined, and related properties are stud-
ied. Characterizations of a positive implicative equality algebra is investigated. Conditions for
an equality algebra to be positive implicative are provided. Equality algebra with some types is
considered, and several properties are investigated. Using equality algebra with some types, we
characterize a commutative equality algebra and a positive implicative algebra.
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