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1 Introduction

Many complicated problems in economics, engineering, medical science, environments, etc have
various uncertainties. For dealing with uncertainties, some kind of mathematical theories like
theory of fuzzy sets [20], theory of intuitionistic fuzzy sets [2, 3], theory of vague set [[], rough
sets [I8], are given. As it was mentioned in [I5, 21], these theories have their own difficulties.
In 1999, Molodtsov [I7] initiated the theory of soft sets as a new mathematical tool to deal with
uncertainties. After Molodtsovs work, Chen et al. [8] and Maji et al. [T4] introduced the concepts
of some different operations and application of soft sets such as subset, intersection, union and

complement of soft sets. Many researchers have contributed towards the algebraic structure of the
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soft set theory. Aktas and Cagman [I] introduced and investigated the basic notions of soft groups
as a generalization of the idea of fuzzy groups. Feng et al. [6] worked on soft semirings, soft ideals,
and idealistic soft semirings. Jun and park [I3], studied the application of soft sets in ideal theory
of BCK/BClI-algebras. In 2013, Jun [I2] introduced the uni-soft set theory with application in
BCK/BCl-algebras.

In this paper, we introduce the notions of uni-soft p-semisimple ideals and uni-soft strong ideals
and investigate some related properties. We provide some conditions for a uni-soft ideal to be a
uni-soft p-semisimple ideal. Also, we give a condition for a uni-soft ideal to be a uni-soft strong
ideal. Finally, we investigate the relationships between uni-soft p-semisimple ideals and uni-soft
strong ideals.

2 Preliminaries

In this section, we present some definitions and known results, which will be used in this paper.
The reader is referred to the books [I9, 1G] for more details.

An algebraic structure (X, *,0) of type (2,0) is called a BCI-algebra if it satisfies the following

conditions: for any x,y,z € X,

(al) ((z ) + (2 2)) % (2 ) = 0,

(a2) %0 =0,

(a3) zxy=0and y*xz =0 imply z = y.

We often write X instead of (X, x*,0) for a BCI-algebra in brevity. We can define a partial
order < by x < y if and only if x xy = 0. If a BCI-algebra X satisfies 0 xx = 0 for all z € X,
then we say that X is a BC'K-algebra.

Any BCI-algebra X satisfies the following conditions: for any z,y,z € X,

)x*xx =0,

2) (xxy)xz=(r*x2)*y,

)x <y implieszxz <yx*z, and z2xy < 2 x 1z,
4) xx (z* (xxy)) =2 *y,

) 0 (zxy) = (0% x)* (0xy),

)k (zxy) <y,
T (w*x2)x(y*xz) <zx*y.

A non-empty subset S of a BCI-algebra X is called a subalgebra of X if x xy € A for all
x,y € A. A subset A of a BCI-algebra X is called an ideal of X if

0€A; and (Vx e X)(Vy€ A)(xxyel =z A). (1)
Every ideal A of a BC'I-algebra X satisfies
VeeX)Vye A)(z<y=xz€A). (2)
An ideal A of a BCI-algebra X is called p-semisimple if
Ve, ze X)(Vye A)((x*2)x(y*x2) € A=z € A). (3)
Lemma 2.1. Let A be an ideal of a BCI-algebra X. Then the following conditions are equivalent:

(1) A is p-semisimple.
(1) 0% (0 x) € A implies x € A for all x € X.
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Proof. (i) = (ii) Assume that A is a p-semisimple ideal of X. Taking z = x and replacing y by 0
in (B) the result obviously holds.

(7i) = (i) Let A be an ideal of X satisfying (ii). Assume that (z*z)* (y*x2) € Aandy € A
for some z,z € X. Using (b2), (b5) and (b7), we have

(0% (0% 2)) % (2% 2) % (y * 2)) = (0 (z % 2)) % (0% (y * 2))) * (0% )
((y* 2) x (2% 2)) % (0 % )
(yxz)* (0xx) <y.

Then, by (B), we get (0% (0% z)) * ((x*2) * (y*2)) € A. Thus it follows from (zx z) * (y*x2) € A
that 0% (0% z) € A and so by (ii), we conclude x € A. Therefore, A is a p-semisimple ideal of
X. [

An element z of a BCI-algebra X is called a positive element if 0 x x = 0. The set of all
positive element of X is called the BC K-part of X and we will denote it by B. It is known that
B is a subalgebra of X.

For an element x of a BC'I-algebra X and a positive integer n we denote

n—times
A BCI-algebra X is called nilpotent if for any x € X there is a positive integer n such that
0x2™ =0.

In what follows, let U be an initial universe set and E be a set of parameters. The pair (U, E)
is called a soft universe and the power set of U is denoted by P(U).

An pair F4q = (fa,4) is called a soft set over U, where A is a nonempty subset of E and f4
is a function f4 : E — P(U) with fa(z) =0if z & A.

The function f, is called the approximate function of the soft set F4, and the set of all soft
sets over U is denoted by S(U).

Let F4 € S(U). For any subset 7 of U, the 7T-exclusive set of F4, denoted by e(F.,7), is
defined by the set e(F4,7) :={z € A| fa(x) € T}.

Definition 2.2. [12] Let (U, E) = (U, X). Given a subalgebra A of E, let Fo € S(U). Then Fa
is called a uni-soft algebra over U if the approximate function fa of F 4 satisfies

(Va,y € A)(fa(z *y) € fa(z) U fa(y)).

Definition 2.3. [12] Let (U, E) = (U, X). Given a subalgebra A of E, let F4 € S(U). Then Fu
is called a uni-soft ideal over U if the approzimate function fa of Fa satisfies

(Ve € A)(fa(0) € fa(x)); (4)

(Va,y € A)(fa(x) S falz*y) U fa(y)). (5)

Definition 2.4. [d] Let (U, E) = (U, X). Given a subalgebra A of E, let F4 € S(U). A uni-soft
ideal F 4 over U is said to be closed if the approzimate function fa of Fa satisfies

(Vo € A)(fa(0xx) C fa(x)). (6)



102 H. Harizavi, E.H. Roh, G. Muhiuddin

Lemma 2.5. [I2] Let (U, E) = (U, X). Given a subalgebra A of E, let Fo € S(U). If Fa is a
uni-soft ideal over U, then the approximate function fa of Fa satisfies the following condition:

(Va,y,z € A)(wxy < z = faz) C faly) U fa(2)). (7)

Lemma 2.6. [12] Let (U, E) = (U,X). Given a subalgebra A of E, let Fa € S(U). Then the
following are equivalent:

(1) F4 is a uni-soft ideal over U.

(2) The non-empty T-exclusive set F 4 is an ideal of A for any 7 CU.

3 Uni-soft p-semisimple ideals

In what follows, let £ = X and X denote a BC'I-algebra unless otherwise specified.

Definition 3.1. Let A be a subalgebra of X and Fao € S(U). Then Fy is called a uni-soft p-
semisimple ideal over U if the approximate function fa of Fa satisfies the following conditions:

(Vo € A)(fa(0) € fa(z)); (8)
(Va,y, 2 € A)(fa(z) C fal(z*2) * (y*2)) U fa(y)). (9)
Example 3.2. Let U =7Z and X = Q— {0} be a BCI-algebra with a binary operation “+" (usual

division). Consider the subalgebra A = {2" | n € Z} of X and let F4 € S(U) be such that its
approzimation function fa is defined as follows:

A7 ifx=2"n>0
fa:E—=PU), falx)=4 2Z ifz=2"n<0
) otherwise

Easy calculations show that Fa is a uni-soft p-semisimple ideal over U.
Theorem 3.3. Every uni-soft p-semisimple ideal is a uni-soft ideal.

Proof. Let F4 be a uni-soft p-semisimple ideal over U, where A is a subalgebra of X. By taking
z=01in (9) and using (a2), we get

fa(z) C fa((z*0)« (y=0)) U fa(y) € fa(z*y) U fa(y)
for any z,y € A. Therefore, F4 is a uni-soft ideal over U. 0
The following example shows that the converse of Theorem B=3 is not true.

Example 3.4. Let U = N and X = {0,1,a,b}) be a BCl-algebra with a binary operation “ "
given by the following table:

QO %
Q= OO
S O O
QO TR
o9 o>
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Consider the subalgebra A = {0,1} of X and let F4 € S(U) be such that its approximation function
fa is defined as follows:

{1} ifz=0
fa:E—=PU), falz)= I{\II’Q} chi;i
N ifr=>=

Easy calculations show that F4 is a uni-soft ideal over U. But it is not a uni-soft p-semisimple
ideal, since

fa() ={1,2} € fa((1 % 1) % (0% 1)) U f4(0) = fa(0) = {1}.

Proposition 3.5. Let B be the BCK-part of X and Fp € S(U). Then Fp is a uni-soft p-
semisimple ideal over U.

Proof. First by using (b1), (b2) and (b7), we get
(yx2)xy=(y*y)*2z2=0%2z=0 and
(xx(y*xz2))*x((z*x(yx2)x2)=(xx(y*x2))*x((z*x2)*(yx2)) <(xx2)xx=0%x2=0,

for all x,y, 2z € B. Hence, by using Lemma P4, we get

fB(y*2) C fp(y); and fp(z*(y=2)) C fe((z*2)*(y=*2)),

for any x,y,z € B. Thus, from (H), we obtain
fB(x) € fBlz*(y=2))U fe(y=2) C fo((z*2)*(y=2)) U fe(Y),

for all z,y, z € X. Therefore, Fp is a uni-soft p-semisimple over U. O

Theorem 3.6. Let A be a subalgebra of X and Fa € S(U). Then the following are equivalent:
(1) Fa is a uni-soft p-semisimple ideal over U.

(1) Fa is a uni-soft ideal over U and the approzimate function fa of Fa satisfies the following
condition:

(Vz,y € A)(fa(zxy) S fal(zx2) * (y * 2))). (10)

Proof. Assume that F4 is a uni-soft p-semisimple ideal over U. Then, by Theorem B33, F4 is a
uni-soft ideal over U. To prove the condition (M), first, from (b6), (b3) and (b2), we get

S(((UC z) * ((96*2) (3/*2)))*2/)*(0*2)
<((y*x2)*y)* (0x2) = ((y*y)x2)* (0x2z)
=(0%2) % (0 2) =0,

~—

for all z,y,z € X. Hence, by Lemma 3, we obtain

fall(z *y) x2) * (0% 2))  fa((z* 2) * (y * 2)). (11)
Replacing = by x * y and taking y = 0 in the condition (8), we have

fa(zxy) C fal(z*y)*2)
C fal(z xy) *2) *
y
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for all ,y,z € X. Therefore, the condition (IM) holds.
Conversely, assume that F,4 is a uni-soft ideal over U and the approximate function f4 of Fu
satisfies the condition (). Then using (H), we have

fa(x) C fa(z=y) U faly) C fal(@*2) = (y = 2)) U faly)
for all x,y,z € X. Therefore, F,4 is a uni-soft p-semisimple over U. O
Theorem 3.7. [19] A BCI-algebras X is p-semisimple if the it satisfies
(Vz e X)(0xz=0=z=0). (12)

Theorem 3.8. Let X be a p-semisimple BCIl-algebra X. Then every uni-soft ideal is a uni-soft
p-semisimple ideal.

Proof. Assume that F4 is a uni-soft ideal of U, where A is a subalgebra of X. We have

0 ((zxy)* (2 2) * (y * 2)))

= (0 (2 x 2) % (y % 2))) by (b5)
= (0% (0% ((zx2) x (y* 2)))) * (xxy) by (b2)
<((zxz)x(y*2)x(xxy) < (xxy)x(xxy) =0, by (b5) and (b6)

for any z,y,2z € X. Hence, 0% ((z *y) % ((x % 2) x (y *x 2))) = 0. Thus, by Theorem B7, we get
(xxy)* ((zx2)*(y*xz)) =0, that is, z xy < (z % 2) * (y * z). Hence, by Lemma EZ3, we obtain
faxxy) C fa((x*2)* (y*z)), for all z,y,z € X. Therefore, Fy4 is a uni-soft p-semisimple ideal
of U. Ul

The following theorem provide some conditions for a uni-soft ideal to be a uni-soft p-semisimple
ideal.

Theorem 3.9. Let A be a subalgebra of X and Fa € S(U) be a uni-soft ideal over U. Then the
following are equivalent:

(1) Fa is a uni-soft p-semisimple ideal over U.

(7i) the approximate function fa of Fa satisfies the following condition:

(Vo € A)(fa(x) C fa(0x (0 2))). (13)

(1i1) the approzimate function fa of Fa satisfies the following condition:

(Va,y € X)(fa(z) C faly * (y * 2))). (14)

Proof. (i) = (ii) Assume that F4 € S(U) is a uni-soft p-semisimple ideal over U. By taking y = 0
and replacing z by x in (I0) of Theorem B, we get

fa(@) C fa((z*xz)*(0x2)) C fa(0x (0%x))),

for all x € X. Therefore, F4 satisfies the condition (I3).

(73) = (it3) Assume that the approximate function f4 of F4 satisfies the condition (I3). Using
(b1), (b2) and (b7), we have

0+ (0xx)=(y*xy)*((y*xy)xz)=(y*y) x(yxz) xy) <y=(y*z),
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for all z,y € A. Then by Lemma P23 and Theorem B3, we get

fa(@) € fa(0% (0% 2)) € faly * (y * ),

for all z,y € X. Therefore, the approximate function f4 of F4 satisfies the condition (I4).
(7i7) = (i) Assume that the approximate function f4 of Fy4 satisfies (Id). Replacing y by = * z
in (I4) and using (b2) and Lemma 273, we get

fa(@) C fa((z*2) % (v % 2) x2)) = fa((z* 2) x (xx2) % 2)) = fa((z* 2) * (0 2))
C fal((z*2) % (0% 2) * ((y*2)* (0% 2))) U fa((y * 2) x (0% 2))
C fal(x*2) x (y x 2)) U fa(y),

for all z,y,z € X. Therefore, F4 is a uni-soft p-semisimple ideal over U. O

Theorem 3.10. Let A be a subset of X and Fa € S(U). Then the following are equivalent:
(1) Fa is a uni-soft p-semisimple ideal over U.
(7i) The non-empty T-exclusive set of Fa is a p-semisimple ideal of A for any T C U.

Proof. Assume that F4 is a uni-soft p-semisimple ideal over U. Then F4 is a uni-soft ideal by
Theorem B33. Hence, by Lemma P8, e(F4,7) is an ideal of A forall 7 CU. Let 7 CU andx € A
be such that 0% (0% ) € e(Fa,7). Thus f4(0* (0% x)) € 7. On the other hand, by Theorem
BA(ii), we have fa(z) C fa(0* (0xz)). Thus fa(x) € 7 and so = € e(F4,7). Hence, by Lemma
P10, e(F 4, 7) is a p-semisimple ideal of A. Therefore, the 7-exclusive set is a p-semisimple ideal of
A.

Conversely, assume that the non-empty 7-exclusive set of F,4 is a p-semisimple ideal of A
for any 7 € U. Thus, by Lemma P8, F 4 is a uni-soft ideal over U. Let x € A. We take
T = fa(0% (0% x)). Then 0 (0*x) € e(Fa,7), and so by Theorem B, we get = € e(F,T).
Hence fa(z) € 7 = fa(0x (0% x)), that is fa(x) C fa(0* (0 z)). Therefore, F4 is a uni-soft
p-semisimple ideal over U by Theorem B(ii). O

Theorem 3.11. Let A be a subset of X and Fy € S(U) be a uni-soft ideal over U. Then the
following are equivalent:
(1) The non-empty T-exclusive set of Fa is a p-semisimple ideal of A for any T CU.
(1i) The BCK -part of X is contained in the T-exclusive set of Fa for any 7 C U.
Proof. (i) = (ii) Let € B. Then 0%z = 0. Assume that e(F.4,7) be a non-empty 7-exclusive set
of F4 for some 7 C U. Then there is y € A such that y € e(F4,7). Thus fa(y) € 7. By Theorem
BT0(i), F4 is a uni-soft p-semisimple ideal over U. Hence fa(x) C fa(0* (0% x)) = fa(0) C
fa(y) € 7. Thus fa(x) € 7 and so = € e(F4, 7). Therefore, B is contained in the 7-exclusive set
of Fa forany 7 CU.

(ii) = (i) Assume that e(F4,7) is a non-empty T-exclusive set of F4 for some 7 C U. Let
x € e(Fq,7). Then fa(x) C 7. We note that = * (0% (0 xx)) € B. Thus, by (ii), we have
x* (0% (0%x)) € e(Fa,7). Hence, by Lemma P8, we get = € e(F., 7). Therefore, the m-exclusive
set is a p-semisimple ideal of A. O

4  Uni-soft strong ideals

Definition 4.1. Let A be a subalgebra of X and Fyq € S(U). Then a uni-soft ideal Fa over U is
called a uni-soft strong ideal if the approximate function fa of Fa satisfies the following condition:

(Vz,y € A)(fa(z) C faly*z) U fa(y). (15)
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Example 4.2. LetU =Z and E = X = {0,1,a,b} be a BCI-algebra in which the binary operation

14 9

x 7 s given by the following table:

«x[ 0 1 a b
00 0 a a
111 0 a a
ala a 0 0
bl b a 1 0

Consider the subalgebra A = {0,a,b} of X and let Fo € S(U) be such that its approzimation
function fa is defined as follows:

AZ ifz =0
B PO) fale) =9 5 BT
27 ifx=1»5

Easy calculations show that F4 is a uni-soft strong ideal over U.
The following theorem provide a condition for a uni-soft ideal to be a uni-soft stong ideal.

Theorem 4.3. Let A be a subalgebra of X and Fa € S(U) be a uni-soft ideal over U. Then the
following are equivalent:

(1) Fa is a uni-soft strong ideal over U.

(1) The approximate function fa of Fa satisfies the following condition:

(Ve € A)(fa(z) C fa(0*x)). (16)

Proof. Let F4 be a uni-soft strong ideal over U. Let z € X. Then by taking y = 0 in (I3) and
using (B), we get fa(z) C fa(0* ).
Conversely, assume that the condition (IB) holds. Then we have

fa(z) € fa(0xz) C fa((0xz)* (y+2)) U faly * z) by (8)

C fa(0xy) U fa(y xz) by (b7) and Lemma 23

C fa(0x (0% y) U faly x ) by (D)

C faly) U faly * z), by (b6) and Lemma 23

for all x,y € X. Therefore, F4 is a uni-soft strong ideal over U. O

A uni-soft p-semisimple ideal may not be a uni-soft strong ideal, as shown in the following
example.

Example 4.4. Consider the uni-soft p-semisimple ideal Fa as in Example B3. Fa is not a
uni-soft strong, since forn <0, fa(2") =2Z ¢ fa(1+2") = fa(27") = 4Z.

The following theorem gives the relationship between uni-soft strong ideals and uni-soft p-
semisimple ideals.

Theorem 4.5. Let A be a subalgebra of X and Fa € S(U) be a uni-soft ideal over U. Then the
following are equivalent:

(i) Fa is a uni-soft strong ideal over U.

(1) Fa is a uni-soft p-semisimple ideal over U and closed.
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Proof. Let F4 be a uni-soft strong ideal over U. Then, by using (I8) twice, we get fa(x) C
fa(0xx) C fa(0% (0xx)) for any = € X. Therefore, F4 is a uni-soft p-semisimple ideal over U by
Theorem B3. To prove the closedness of Fu, let € X. It follows from (I@), (b6) and Lemma 23
that f4(0*xz) C f4(0* (0xz)) C fa(zx) for all x € X. Therefore, F4 is closed.

Conversely, assume that F4 is a uni-soft p-semisimple ideal over U and closed. Then, by
Theorem B(ii), we have fa(x) C fa(0* (0% x)) for any € X. On the other hand, by closedness
of Fa, we get fa(0* (0xx)) C fa(0xx). Therefore, fa(z) C fa(0xz), and so F4 is a uni-soft
strong ideal over U. 0

Theorem 4.6. Let X be a nilpotent BCI-algebra and A be a subalgebra of X. If Fa € S(U) is a
uni-soft ideal over U, then the following are equivalent:

(1) Fa is a uni-soft strong ideal over U.

(1) Fa is a uni-soft p-semisimple ideal over U.

Proof. (i) = (ii) By Theorem B3, the result holds.
(19) = (i) Let # € X. Then, since X is nilpotent, there is a positive integer n such that
0% 2™ = 0. By Theorem BM(ii), we get fa(x) C f4(0* (0*x)). Thus, we have

fa(@) = fa((0* (0% 2)) = fa((02") % (0 x))
= fa(0 2" x 2) x (0 2))
C fa(0x 2™ by (al) and Lemma 23
C fa((0% 2" ™) % (0% 2)) U fa(0 * 2) by (8)
C fa(0% 2™ ) U fa(0 % 2) by (al) and Lemma 23

: by continuing this process

C fa(0xx)U fa(0*xz) C fa(0*x),
for all z,y € X. Hence, fa(x) C fa(0xx) for all z € X. Therefore, F4 is a uni-soft strong ideal
over U. O

5 Conclusions

In this paper, we introduced the concepts of uni-soft p-semisimple ideal and uni-soft strong ideal
in a BClI-algebra and investigated some related properties. We gave some conditions for a uni-soft
ideal to be a uni-soft p-semisimple ideal. Also, we gave a necessary and sufficient condition for
a uni-soft ideal to be a uni-soft strong ideal. Finally, we investigated the relationships between
uni-soft p-semisimple ideals and uni-soft strong ideals. In our future studies, we will introduce the
concept of uni-soft implicative ideal and uni-soft positive implicative ideal in BCl-algebras and
investigate related properties.
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