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1 Introduction

The notion of BCK-algebra and BClI-algebra were introduced by Imai and Iseki, in [I1], as two
classes of abstract algebras. It is known that the class of BCK-algebras is a proper subclass of the
BClI-algebras.

Iseki posed an interesting problem (solved by Wronski in [26]) whether the class of BCK-
algebras is a variety. In connection with this problem Komori introduced a notion of BCC-algebra
which is a generalization of a BCK-algebra and proved that the class of all BCC-algebras is not a
variety, but the variety generated by BCC-algebras is finitely based [9], [17], [18].

The notion of B-algebras was introduced by Neggers and Kim in 2002. They showed that
the B-algebra is equivalent in some senses to a group [2I], [22]. Many researchers generalized
B-algebras and introduced new notions as: D-algebras, BM/BG/BO/BN/BP/BF-algebras and so
on. For more details, the reader can study references [2] [13], [14], [15], [16], [20] and [25].

Borumand Saeid et al. introduced a new algebra, called Bl-algebra [3]. These algebras are
interesting and important in that they are an extension of both a/an (dual) implication algebra
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and an implicative BCK-algebra. Recently, in [23], the concepts of a Neutro-Bl-algebra and Anti-
Bl-algebra are introduced, and some related properties are investigated. Also, was shown that the
class of Neutro-Bl-algebra is an alternative of the class of Bl-algebras. The study of hyperstruc-
tures, started in 1934 by Marty s paper at the 8th Congress of Scandinavian Mathematicians [19]
where hypergroups were introduced. Since then, many researchers have worked on and developed
hyperstructure theory from the theoretical point of view and for their applications to many sub-
jects of pure and applied mathematics. There are extensive applications in many branches such
as Euclidian and non-Euclidian geometries, graphs and hyper-graphs, binary relations, lattices,
fuzzy and rough sets, automata, cryptography, codes, probabilities, information sciences and so
on. Some interesting applications of hyper structures can be found in the book [§].

In [12], Jun et al. applied the hyper structures to BCK-algebras, and introduced the concept
of a hyper BCK-algebra which is a generalization of a BCK-algebra and investigated some related
properties. Borzooei et al. introduced and studied hyper K-algebras [6]. Further in (2006), Xin
initiated the concept of hyper BCl-algebras which is basically a generalization of hyper BCK-
algebras, and he proved that every hyper BCK-algebra is a hyper BClI-algebra [27].

Borzooei, Dudek and Kouhestani, have introduced the concept of hyper BCC-algebra as a
common generalization of BCC-algebras and hyper BCK-algebras. In particular, they have in-
vestigated different types of hyper BCC-ideals and have described the relationship among them
[5].

Endam et al. applied the concept of hyperstructure to B-algebras and proved that hyper
B-algebra is a natural extension of B-algebra and presented some basic properties. Their study
characterized the closed and invertible subhyper B-algebras [10]. A. L. O. Vicedo and J. P. Vilela
[24] introduced the notions of (weak, strong) hyper B-ideals and investigated the relationship
among these hyper B-ideals. Moreover, they studied relations between hyper B-ideals and subhyper
B-algebras and some relations between hyper B-algebras and hypergroups.

This paper is organized as: In Section 2, we provide some definitions and preliminary conclu-
sions about Bl-algebras and some other algebras which will be used in next sections. In Section
3, we introduce the notion of hyper Bl-algebra and investigate some properties of it. Finally, in
Section 4, we study the relation among hyper Bl-algebra with some of other hyper logical algebras
and show that under which condition these hyper structures coincide.

2 Preliminaries

In this section, we recollect some definitions and results which will be used in the next sections.

Definition 2.1. [I] A groupoid (X;x*) is called an implication algebra if for all z,y,z € X, it
satisfies the following identities:

(I1) (r*xy)*xx ==,

(12) (mxy)xy = (y*z)*,

(I3) xx (y*x2) =y = (v *2).

Definition 2.2. [7] Let (X;*) be an implication algebra and for any z,y € X, define a binary
operation” o” on X by, oy =yx*xx. Then (X,0) is called a dual implication algebra and for all
z,y,z € X, it satisfies the following axioms:

(DI1) xo(yox) =z,

(DI2) w0 (zoy) =yo (you),

(DI3) (zoy)ox = (z0x)o0y.
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Chen and Olivia in [7] proved that in any implication algebra (X;x) for all z,y € X, the
identity = * x = y * y holds which is denoted by the constant 0. Bl-algebra is a generalization of
the notion of dual implication algebra.

Definition 2.3. [3] An algebraic structure (X;*,0) of type (2,0) is called Bl-algebra if for all
x,y € X, it satisfies the following conditions:
(BI1) x xx =0,
(BI2) x % (y xx) = x.

Let (X;%,0) be a Bl-algebra. For any x,y € X, define the relation < on X by z < y if and
only if 2 *xy = 0. Notice that (X, <) is not a poset and the relation < is only reflexive.

Proposition 2.4. [3] Let (X, x,0) be a Bl-algebra. Then for any x,y € X, the following conditions

hold:
(1) x %0 =z,
(17) 0xx =0,

Proposition 2.5. [3] (i) Every implicative BCK-algebra is a Bl-algebra.
(13) Any dual implication algebra is a Bl-algebra.

Definition 2.6. [8] A hyperoperation on a non-empty set H is a map o : H x H — P*(H), where
P*(H) is the set of all the non-empty subsets of H. Moreover, H with a hyperoperation is called a
hypergroupoid. An element a € H is called scalar if |a © x| = 1, for any x € H. In this definition,
if A and B are two non-empty subsets of H, then we define Ao B, ao B and Aob as follows, for
any a € A and b € B:

AoB = U (aob), aoB={a}oB and Aob= Ao {b}.
a€AbeEB

3 Hyper Bl-algebras

In this section, we introduce the notion of hyper Bl-algebra and investigate some properties of
it. Then we show that any hyper Bl-algebra of order n can be extend to a hyper Bl-algebra of
order n 4+ 1. In addition, we construct a hyper Bl-algebra by two (hyper) Bl-algebras. Also, we
present some special types of hyper Bl-algebras and investigate relation of between them. Finally,
we introduce and study the notion of (strong) hyper subalgebra of a hyper Bl-algebra and check
them under BI-homomorphism.

Definition 3.1. Let H be a non-empty set endowed with a hyper operation "o”. Then (H,o,0) is
called a hyper Bl-algebra if for any x,y € H, the following conditions hold:
(HBI1) z < z,
(HBI2) z €xo(yox).

Where x <y if 0 € xoy. For any A, B C H, we define A < B if and only if there exist a € A
and b € B such that a < b. We denote A < {y} {z} < B) by A<y (z < B).

Example 3.2. Let H = {0,a,b,c}. Define the hyper operation "o” on H as the following table:

0 a b c
{oy {0t {0 {0}
{a} {00} {ac} {ab}
{6} {b.c} {0} {b.c}
{c} {bc} {bc} {0}

o oo oo
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Then we can see that (H;0,0) is a hyper Bl-algebra.

Note. In the following proposition, we study the relation between Bl-algebra and hyper BI-
algebra

Proposition 3.3. (i) Let (H,*,0) be a Bl-algebra. Define the hyper operation x oy := {z x y},
then (H,o0,0) is a hyper Bl-algebra.

(13) If (H,0,0) is a hyper Bl-algebra such that, for all x,y € H, |xoy| = 1, then (H,0,0) is a
Bl-algebra.

Proof. (i) By (Bl), zox = {x*x} = {0}, then z < z. Also, since zo (yoz) = {z*(yxx)} = {z},
we get that z € z o (yox).

(17) Since x < z, we get 0 € z o z. In addition, from |z o x| = 1, we have x oz = {0}. Also, since
x€xo(yox)and |[ro(yox) =1, we get zo(yox) = {x}. Therefore (H,o,0) is a Bl-algebra. [

Note. The above proposition shows that any hyper Bl-algebra is a generalization of Bl-algebra.

Proposition 3.4. Let (H,0,0) be a hyper Bl-algebra. Then for all x,y € H and non-empty subsets
A, B,C of H the following statements hold:

(i) A < A.

(i1) AN B # () implies A < B and B < A.
(1i1) AC B and A < C imply B < C, specially A < x, AC B imply B < x.
(tv) ALK B and B C C imply A < C.
(v) 0 €00 (z00).
(vi) 0 K z00.

(vit) x € xo (Aox).
(viii) x K xo (yox) KL x.

(i) r < zo(Aox) K x.

(x) If there exists y € H such that yox = {0}, then x € z 0 0.

(i) There is at least one t € H such that x € x ot, particularly, z € x o H.

Proof. (i) Let A be a non-empty subset of H such that x € A. Since z < x, we have A < A.

(17) Let AN B # (. Then there exists t € AN B. Sincet € A, t € Band t <t, we get A < B and
B < A.

(7i1) Let A < C and A C B. Then there exist a € A and ¢ € C such that a < ¢. Sincea € A C B,
we get B < C. Particularly, it is enough to let C' = {x}.

(1v) Let A < B and B C C. Then there exist a € A and b € B such that a < b. Since b€ B C C,
we have A < C.

(v) It is the result of (HBI2).

(vi) It is the result of (v).

(vii) Since for alla € A, x € z o (aox), we have x € x o (Ao x).

(viii) Since z € x o (yox) and x < x, we get x K x o (yox) K .

(

(

(

~
8

ix) By (vii) and (HBI1), the proof is clear.
x) Suppose y € H such that y ox = {0}. Then by (HBI2) x € zo (yoz) =x00.
xi) Since x € zo (yox) = |J (xot), there exists t € y ox C H such that x € z ot. O
teyox
In the following theorem, we prove that extend of a hyper Bl-algebra, is a hyper Bl-algebra,
too.
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Theorem 3.5. Any hyper Bl-algebra of order n can be extend to a hyper Bl-algebra of order n+1.

Proof. Let (H,0,0) be a hyper Bl-algebra of order n and H = HU/{e} for e ¢ H. Then define the
hyper operation ¢ on H as follows:

roy, g{ eH
H, z=ey 6 H - {O}

O

{6}, T =

Let x € H. If x € H, since (H,o,0) is a hyper Bl-algebra, then x < 2. Also, if 2 = e, then by
definition of hyper operation 6, we have ece = {0}. Hence, (HBI1) holds.

Let z, € H. Then we prove that = € x6(yoz). For this, we suppose 5 cases as follows:

Case 1. If z,y € H, then since (H,o0,0) is a hyper Bl-algebra, it is clear that (HBI2) holds.
Case 2. Let z = y = e. Since ede = {0} and ec0 = {e}, we get that e € {e} = €50 = ed(ede).
Therefore, (HBI2) holds.

Case 3. If z € H — {0} and y = e, then x6(yox) = x6(edx) = x6H = x o H. Also, by Proposition

3.4(xi), z € x ot for some t € H. Hence x € |J (zot) = xo H. So, in this case, the proof is
teH
completed.

Case 4. If z = {0} and y = e, then x6(yox) = 05(ec0) = 06{e} = {0}. Hence, 0 € 05(e30) and so

(HBI2) holds.

Case 5. If x = e and y € H, then xz5(yox) = ed(yoe) = ec{0} = {e}. Hence, (HBI2) holds.
Therefore, (H,3,0) is a hyper Bl-algebra as order n + 1. O

Corollary 3.6. For any n € N, there exists a hyper Bl-algebra of order n.

Proof. Let H ={0,a} be a set. Define the hyper operation ”o” on H as the following table:

o 0 a
0 {op {0}
a {a} H

Then (H;o,0) is a hyper Bl-algebra of order 2. Therefore by Theorem we can construct a
hyper Bl-algebra of any order n. O

In the following proposition, we construct a hyper Bl-algebra by two hyper Bl-algebras.

Proposition 3.7. Let (Hy,*,01) and (Ha,%,02) be two hyper Bl-algebras. Define the hyperoper-

ation "o” on Hy X Hy, for any (z,y), (z,w) € Hy x Hy, as follows:
o(z,y)o(z,w):={(t,s)| t€x*z, s€y*w},
o(x,y) < (z,w) if and only if x < z and y < w.
Then (Hy x Hg;0,0) is a hyper Bl-algebra where 0 =: (01,02) witch is called Cartesian product of
hyper Bl-algebras Hy and Hs.

Proof. Since x < z and y < y, we have (01,02) € {(a,b)| a € zxz, b€ y*y} = (z,y) o (z,y).
Thus, (z,y) < (x,y) and so (HBI1) holds. Since H; and Hj are two hyper Bl-algebras, for any
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x,z € Hy and y,w € Hy, we have x € z % (2 xx) and y € y * (w *xy). Then

(r,y) € {(t,s)|t€exx(z%xx), scyx(wxy)}

= U U [{(t,s)| t € zxa, s € yxb}]

aEz*x  bew*y
= U Ul@ye@y)
aEz*x  bew*y

= (@y)ollad)]aczxz, bewxy}
= (z,y9) o ((z,w) o (2,9)).

Hence (HBI2) holds. Therefore, (H; x Hay;0,0) is a hyper Bl-algebra. O

In the following proposition we prove that we can construct a hyper Bl-algebra by Cartesian
product of two Bl-algebras, too.

Theorem 3.8. Let (Hy,01,01) and (Ha, 02,02) be two Bl-algebras such that 0y is the least element

Ny,

of Ha. Define the hyperoperation ”x” on Hy1 x Hs, as the following:

zxy=:{(x101y1, x2), (x101Y1, T202%2)},

where 0 =: (01,02) and T = (x1,22), § = (y1,y2) € H1 X Hy. Then (Hy x Ha;%,0) is a hyper
Bl-algebra which is called strong hyper Bl-algebra.

Proof. 1t is clear that the hyper operation ”%” is well-defined. Let z = (x1,22),y = (y1,y2) €
Hi x Hy. Then, we prove that

z <y ifandonlyif =z <y, xo <yo.

Let Z < §. Then 0 € T x g i.e. (01,02) € {(x1 01 y1, x2), (21 01 Y1, X2 02 y2)}, so we have two
following cases:

Case 1. If (01,02) = (21 01 y1, x2), then 0; = x1 o1 y1 and 0y = =e. Hence, x; < y; and
xg = 02 < yo.

Case 2. If (01,02) = (x1 01 y1, 202%2), then 0; = 1 01 y; and 02 = x2 02 yo. Hence, z1 < y; and
x2 < Y2

Conversely, let 1 < y; and xzo < 9. Since H; and Hy are Bl-algebras, we get 1 o1 y13 = 03
and x9 09 5 = 02. Then

0=(01,02) = (x101 Y1, Z20292) ET

Therefore, z < .

Now, let & = (x1,x2) € H; X Hy. Since z1 < x1 and x9 < x9, we have (z1,x2) < (x1,x2), and
so < z. Hence, (HBI1) holds.

Let z,y € H; x Ho such that £ = (z1,22) and § = (y1,y2). Since H; and Hj, are Bl-algebras,
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we have x1 = x1 01 (y1 01 1) and x2 = x9 02 (Y2 02 x2). Then

T (7% 7)

= (z1,22) * ((y1,92) * (21, 22)) = (21, 22) * {(y1 01 71, Y2), (y1 0121, Y2 02 T2)}
= {(z101 (y10121), 22), (z101 (Y1 0121), T2 02 92)}

U{(ifl o1 (y1 01 71),%2), (w101 (y1 01 71), 72 02 (y2 02 72))}

{(z1,22), (w1, 22 0292)} U{(1,72)}

{(z1,22), (21,2202 92)}

{"i? 2}7

where zZ = (x1, 22 02 y2). Hence T € T * (y * ). Therefore, (HBI2) holds and (H; x Hy;0,0) is
a hyper Bl-algebra. O

Definition 3.9. Let (H,o,0) be a hyper Bl-algebra and x € H. Then H is called:

e Row hyper (or briefly R-hyper) Bl-algebra if 0 o x = {0}.

e Column hyper (or briefly C-hyper) Bl-algebra if x o0 = {z}.

e Diagonal hyper (or briefly D-hyper) Bl-algebra if x o x = {0}.

e Thin hyper (or briefly T-hyper) Bl-algebra if it is R-hyper and C-hyper Bl-algebra.

o Very thin hyper (or briefly V-hyper) Bl-algebra if it is an R-hyper, C-hyper and D-hyper
Bl-algebra.

Example 3.10. (i) Let H = {0,a,b} be a set. Define the hyperoperation o on H as follows:

0 a b
{oy {0y {0}
{0.a} {00} {a,b}
{0.6y {ab} {0.a}
Then (H,o0,0) is an R-hyper Bl-algebra. In addition, it is clear that (H,o0,0) is not a C-hyper
Bl-algebra and D-hyper Bl-algebra. Because x € H, x 00 # {z} and x ox # {0}, for some x € H.
(1) Let H = {0,a,b} be a set. Define the hyperoperation o on H as follows:

>~ o oo

o 0 a b
0 {0y {04} {0}
a {a} {00} {ab}
b {b} {ab} {04}
Then (H,0,0) is a C-hyper Bl-algebra. In addition, it is clear that (H,o,0) is not an R-hyper
Bl-algebra and D-hyper Bl-algebra. Because for some x € H, 0 o x # {0} and z o x # {0}.
(13i) Let H = {0,a,b} be a set. Define the hyperoperation o on H as follows:

o 0 a b
o {0y {0} {0.a}
a {a {0} {0a}
b {0,b} {0,b} {0}

Then (H,o,0) is a D-hyper Bl-algebra. In addition, it is clear that (H,o,0) is not a C-hyper
Bl-algebra and R-hyper Bl-algebra. Because for some x € H, x 00 # {z} and 0o x # {0}.



54 S. Niazian

(iv) Let H = {0,a,b} be a set. Define the hyperoperation o on H as follows:

0 a b
{oy {0y {0}
{a} {00} {ab}
{6y {ad} {00}
Then (H,0,0) is a T-hyper Bl-algebra. Clearly, (H,o,0) is not a V-hyper Bl-algebra. Because it

1s not a diagonal hyper Bl-algebra.
(v) Let H ={0,a,b} be a set. Define the hyperoperation "o” on H as follows:

N O O

0 a b
{oy {op A{o}
{a} {0} {ab}
{o} {ab} {0}

>~ o oo

Then (H,o0,0) is a V-hyper Bl-algebra.
Note. From now on, H = (H;0,0) or simply H is a hyper Bl-algebra unless otherwise state.

Definition 3.11. (i) Let S be a subset of H containing "0”. If (S,0,0) is a hyper Bl-algebra,
then S is called a hyper subalgebra of H.

(13) Let S be a hyper subalgebra of H. If for allx € S, x0S =S = Sox, then S is called a strong
hyper subalgebra of H.

Theorem 3.12. Let S be a non-empty subset of H. Then S is a hyper subalgebra of H if and
only if toy C S forallz,y€S.

Proof. (=) If S is a hyper subalgebra of #, then S is closed under hyper operation ”o”.
(<) Let z,y € S such that zoy C S. Since 0 € zox C S, we get 0 € S. Hence, x < z, and
so (HBI1) holds. Now, it is enough to show that S satisfies the condition (HBI2). For this, by

assumption, for any z,y € S, yox C S. Thenz € xo(yozx) CxoS = |J(xos) CS. Hence, S
ses
is a hyper subalgebra of H. O

Example 3.13. (i) Let H be the hyper Bl-algebra as in Ezample[3.10(i). Then S = {0,a} is not
a hyper subalgebra of H. Because aoa = {0,b} ¢ S.

(ii) Let H be the hyper Bl-algebra as in Ezample[3.10(iii). Then S ={0,a} is a hyper subalgebra
of H. But it is not a strong hyper subalgebra, because S oa = {0} # S.

(1i1) Let H ={0,a,b}. Then define the hyper operations "o” on H as follows:

0 a b
{0y {04} {00}
{0,a} {0,a} {0,b}
{oy H {0}

Routine calculations show that (H;0,0) is a hyper Bl-algebra. Then S = {0}, S = {0,a} and
S = {0,b} are strong hyper subalgebras of H.

>~ o oo

In the following example, we show that S = {0} is not a (strong) hyper subalgebra, in general.
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Example 3.14. Let H = {0,a,b}. Then define the hyper operations "o” on H as follows:

0 a b
H {0,a} {0,b}
{0,a} {0,a} {0,b}
fo} H {0}

Routine calculations show that (H;o,0) is a hyper Bl-algebra. Then S = {0} is not a (strong)
hyper subalgebra of H, because 000 = H ¢ {0}.

>~ 9o oo

Proposition 3.15. If H is a/an (C-hyper, D-hyper) R-hyper Bl-algebra, then S = {0} is a strong
hyper subalgebra of H.

Proof. The proof is straightforward. O
Theorem 3.16. There is not any non-trivial proper strong hyper subalgebra of R-hyper Bl-algebra.

Proof. Let H be an R-hyper Bl-algebra and S # {0} be a proper strong hyper subalgebra of H.
Then for all z € H, 0oz = {0} and x 0 S = S for all x € S. In particularly, if z = 0, then
00S = |J (0os) = {0}, which is a contradiction with S # {0}. Hence an R-hyper Bl-algebra does

ses
not have any non-trivial strong hyper subalgebra. O

In the following, we define a homomorphism on hyper Bl-algebras and investigate some prop-
erties of it.

Definition 3.17. Let H1 = (Hi,01,01) and Ho = (Ha,02,02) be two hyper Bl-algebras. A mapping
f:H1 — Hso is called a hyper BI-homomorphism if for any x,y € X we have

(i) £(01) = O,

(ii) f(zory) = f(z) o2 f(y).

If f is one to one and onto, then we say that f is a hyper Bl-isomorphism.

P

Example 3.18. Let H; = {01,a,b} and Hy = {03, x,y, z}. Define two hyper operations "o” and

”x” on H1 and Ho, respectively, as follows:

o 0 a b * 0 z y z
R A A B e O S
a a 01, a a, ) ) )

b {abh {000} v lmw (my) ()

z {2y {wzy {y,2zp {0}

Then routine calculations show that (Hy,0,01) and (Ha;*,02) are hyper Bl-algebras. Now, if we
define f : Hi — Hy such that:

f(ol) = 027 f(CL) = and f(b) =Y,
then f is a hyper BI-homomorphism.

Suppose f is a Bl-homomorphism of H; to Ha. We denote Kerf = {x € H; : f(z) = 02}. Let
A and B be two non-empty subsets of Hy and Hy, respectively. Then f(A) = {f(a) : a € A} is
called the image of A under f and f~'(B) = {z € H; : f(z) € B} is called the inverse image of B
under f.
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Proposition 3.19. Let Hi and Ho be two hyper Bl-algebras. If f : H1 — Ha is a hyper BI-
homomorphism, then f is an order preserving map.

Proof. Let x,y € H; such that x <y. Then 0; € x oy and 02 = f(01) € f(xoy) = f(z) o f(y).
Hence, f(2) < f(y). .

Proposition 3.20. Let f: Hiy — Hao be a hyper Bl-homomorphism.

(7) If S is a (strong) hyper subalgebra of Hi, then f(S) is a (strong) hyper subalgebra of Ha.

(i) If S is a hyper subalgebra of Ho, then f=1(S) is a hyper subalgebra of Hi.

(iii) If S is a strong hyper subalgebra of Ha and f is onto, then f~1(S) is a strong hyper subalgebra
Of 7'[1.

Proof. (i) Let S be a hyper subalgebra of H; and y1,y2 € f(S). Then there exist x1,z9 € S such
that y3 = f(z1) and y2 = f(x2). By Theorem we have x1 o x9 C S, then

y1oy2 = f(x1) o f(x2) = f(x1022) C f(9).

Hence, f(S) is a hyper subalgebra of Ha. Now, let S be a strong hyper subalgebra of H; and
y € f(S). Then there exists z € S such that y = f(z). Thus,

yo f(5) = f(x)o f(S) = f(xoS) = f(5) = f(Sox)=[(S)e f(z) = f(S5)oy.

Therefore, f(S) is a (strong) hyper subalgebra of Hs.
(ii) Let S be a hyper subalgebra of Ho. If 21,22 € f~1(S), then f(z1), f(72) € S and we get
f(xy0m9) = f(x1) 0 f(x2) € S. So wp 0z C f1(S). Hence f~1(9) is a hyper subalgebra of H;.
(iii) By (4i), we know that f~1(S) is a hyper subalgebra of H. Then it is enough to prove
that f~1(9) is strong. For this, since f is onto, we have f(f~!(S)) = S. Let = € f~!(S). Since
f(z) € S and S is strong, we get

flao f7H(8)) = flx) o f(f71(S)) = f(zx) o S = 5.

Hence x o f~1(S) = f~1(S). Similarly f~1(S) oz = f~(S). Therefore, z o f~1(S) = f~1(9) =
f~YS) ox. O

Proposition 3.21. Let f : H1 — Ha be a hyper BI-homomorphism. If 02 009 = {02}, then Kerf
is a hyper subalgebra of H;.

Proof. Let x1,29 € Kerf. Then f(x1) =02 = f(x2) and for all ¢t € x1 o 9, we have

f(t) € f(z1oxz) = f(z1) o fw2) = 02 002 = {02}.
Hence, t € Kerf, and so x1 o xo C Kerf. Therefore, Kerf is a hyper subalgebra of H;. O

Proposition 3.22. Let f: Hi — Ha be an onto hyper BI-homomorphism. Then:
(1) If Hi is an R-hyper Bl-algebra, then Ho is an R-hyper Bl-algebra, too.

(13) If H1 is a C-hyper Bl-algebra, then Hs is a C-hyper Bl-algebra, too.

(2i1) If Hy is a D-hyper Bl-algebra, then Ha is, too.

(v) If Hy is a T-hyper Bl-algebra, then Hs is, too.

(v) If Hy is a V-hyper Bl-algebra, then Ha is, too.
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Proof. We only proof (i) and the proof of other cases is similar.
(i) Let H1 be an R-hyper Bl-algebra and y € Hy. Then there exists x € H; such that y = f(x).
Thus

Og 0y = f(01) 0 f(z) = f(Orox) ={f(t)] t € 00w ={01}} = {f(01)} = {02}.
Therefore, Hs is an R-hyper Bl-algebra. O

Proposition 3.23. Let f : Hi — Ha be a one-to-one hyper BI-homomorphism. If Ha is a/an
(D/V/T/C) R-hyper Bl-algebra, then Hy is, too.

Proof. Let Ha be an R-hyper Bl-algebra and x € H;. Then

{f®)[ t €010z} =f(01ox) = f(01)0 f(x) =020 f(z) = {02} = {f(01)}.

Since f is one-to-one, we get that 01 o x = {01}. Therefore, H; is an R-hyper Bl-algebra. The
proof of other cases is similar. O

4 Relation among hyper Bl-algebra and some of other hyper al-
gebars

In this section, we study the relation among hyper Bl-algebra with some of other hyper logical
algebras such as hyper (BCK/ BCI/ BCC/ K) B-algebra and show that under which condition
these hyper structures coincide.

Definition 4.1. [12] An algebraic structure (H;o,0) with hyper operation "o” and a constant ”0”
is called a hyper BCK-algebra if for all z,y,z € H it satisfies the following conditions:

(HBCK1) (xoy)o (yoz) K zoz,

(HBCK2) (woy) oz = (zoz)oy,

(HBCK3) x o H < {z},

(HBCK/) x <y and y < x imply = = y.
Where x < y if and only if 0 € x o y. Also, suppose A and B are two non-empty subsets of H.
Then A < B means that for all a € A, there exists an element b € B such that a <b.

Theorem 4.2. [12] If (H,o,0) is a hyper BCK-algebra, then for any x € H we have x < x.

Example 4.3. (i) Let H be the hyper Bl-algebra as in Ezample [3.13(iii). Since for a € H, we
have, 0 € 0o a and 0 € ao 0, then 0 < a and a < 0, but a # 0. Thus H does not satisfy the
condition (HBK4). Hence, H it is not a hyper BCK-algebra.

(ii) Let H = {0,a,b}. Define the hyper operation "o” on H as the following table:

o 0 a b
0 {0y {0} {0}
a {a} {0} {0}
b {b} {a,b} {0,a,b}

Then (H,o0,0) is a hyper BCK-algebra. But it is not a hyper Bl-algebra, because

a¢ao(boa)=ao{a,b}=(aca)U(aob)={0}.
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By the above examples we can see that hyper Bl-algebras and hyper BCK-algebras are not
same.

Definition 4.4. [27] An algebraic structure (H;o,0) with hyper operation "o” and constant ”0”
is called a hyper BCI-algebra if for all x,y,z € H it satisfies the following conditions:

(HBCI1) (zoy)o(yoz) < xoz,

(HBCI2) (xoy)oz = (xo2)oy,

(HBCI3) z < z,

(HBCL}) x < y and y < = imply x =y,

(HBCI5) 0o (0o z) < x.

Where x < y if and only if 0 € x oy. Also A < B means that for all a € A, there exists an
element b € B such that a <b.

According to Example [4.3(i), clearly, H is not a hyper BCl-algebra.

Example 4.5. Let H = {0,a,b}. Define the hyperoperation "o” on H as the following table:

o 0 a b
0 {0y A{a {0}
a {a} {0a} {0}
b {o} {o} {&}

Then (H,0,0) is a hyper BCI-algebra. But it is not a hyper Bl-algebra, because a ¢ ao(boa) = {b}.

By the above example, we can see that hyper Bl-algebras and hyper BCl-algebras are not
same.

Definition 4.6. [6] An algebraic structure (H;o,0) with hyper operation "o” and constant ”0” is
called o hyper K-algebra if for all x,y,z € H, it satisfies the following axioms:

(HK1) (roy)o(yoz) < xoz,

(HK2) (xoy)oz=(zoz)oy,

(HK3) x < x,

(HK}) x <y and y < x imply © =y,

(HK5) 0 < z.
Where x <y if and only if 0 € xoy. For any A,B C H, A < B if and only if there exist a € A
and b € B such that a < b.

According to Example (i), obviously, H is not a hyper K-algebra.

Example 4.7. Let H = {0,a,b,c}. Define the hyperoperation "o” on H as follows:

0 a b c
{oy {or {0 {0}
{a} {0} {0} {0}
{or {0} {op {0}
{cb {6} {a} {0 qa}

Then (H;o0,0) is a hyper K-algebra. But it is not a hyper Bl-algebra, since a ¢ a o (boa) = {0}.

o oo oo

By the above example, we can see that hyper Bl-algebras and hyper K-algebras are not same.
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Definition 4.8. [10] An algebraic structure (H;o,0) with a binary hyper operation "o” and a
constant 707 is called a hyper B-algebra if for all x,y,z € H, it satisfies the following axioms:
(HB1) 0 € z oz,
(HB2) xo H=H = Hox,
(HB3) (xoy)oz=x0(z0(00y)).
Where x < y if and only if 0 € xoy and A < B means that for all a € A, there exists an element
b e B such that a <b.

Example 4.9. (i) Hyper Bl-algebra H in Example[3.13(iii) is not a hyper B-algebra. Because
{0,b} = (aob)o0#ao(0o(00b)) ={0,a,b}.

(1) Let H = {0,a,b} and define the hyperoperation "o” on H as follows:

0 a b
{0y {a} {b}
{a} {0.a} {0.a}
{o} {0,a} {0.a}

Then routine calculations show that (H,o,0) is a hyper B-algebra. But it is not a hyper BI-
algebra, because 0 ¢ 0o (ao00) = {a}.

>~ o oo

By the above examples we can see that hyper Bl-algebras and hyper B-algebras are not same.

Definition 4.10. [5] An algebraic structure (H;o,0) with a binary hyper operation "o” and a
constant 707 is called a hyper BCC-algebra if for all x,y,z € H, it satisfies the following axioms:
(HBCC1) (z02) 0 (yo2) < w oy,
(HBCC2) 0oz =0,
(HBCC3) x o0 =z,
(HBCCY) x <y and y < z imply x = y.
Where x <y if and only if 0 € xoy. Also A < B means that for all a € A, there exists an element
b e B such that a <b.

Theorem 4.11. [5] In any hyper BCC-algebra H, for all x € H, we have x < x.

Example 4.12. (i) Let H be the hyper Bl-algebra as in Example (iiz'). Since 0 < a and
a <0 buta+#0, we get H does not satisfy the condition (HBCCY). Hence, H it is not a hyper
BCC-algebra.

(13) Let H = {0, a,b,c}. Define the hyperoperation “o” on H as follows:

0 a b c
{oy {0} {0} {0}
{a} {0} {0} {0}
{or {0t {0 a} {b}
{c¢} {a, ¢} {0, a, ¢} {0, a, c}

Then (H;0,0) is a hyper BCC-algebra. But it is not a hyper Bl-algebra, because a ¢ ao(boa) = {0}.

o o o|o

By the above examples we can see that hyper Bl-algebras and hyper BCC-algebras are not
same.



60 S. Niazian

Theorem 4.13. Let (H;0,0) be a hyper (BCK/ BCI/ BCC/ K) B-algebra. If H satisfies the
condition x € x o (yox), then it is a hyper Bl-algebra.

Proof. For any hyper (BCK/ BCI/ BCC/ K) B-algebra, we have = < x, in axioms or properties.
So (HBI1) holds in all of them. Hence if these hyper algebras satisfy the condition (HBI2), then
these hyper algebraic structures can be a hyper Bl-algebra. O

5 Hyper ideals of hyper Bl-algebras

In this section, we introduce the notion of (weak) ideals on hyper Bl-algebra and investigate the
relation between hyper subalgebras and ideals of a hyper Bl-algebra. Also, by defining the notion
of normal subset, we construct the quotient hyper Bl-algebra. Finally, we survey the isomorphism
theorems on structures of hyper Bl-algebras.

Definition 5.1. Let I be a non-empty subset of a hyper Bl-algebra H containing 0. Then I is
called

o a weak ideal if toy C I andy € I imply x € I;
e anideal if oy K1 andy e I imply x € I, for any x,y € H.

Example 5.2. (i) Let (H,0,0) be the hyper Bl-algebra as in Example[3.15(iii). Then I = {0,b}
is not a weak ideal of H. Because aob = {0,b} C I andb € I buta ¢ I. Also, I = {0,a} is a
weak ideal of H.

(1) Let H be the hyper Bl-algebra as in Example . Then I ={0,a} is an ideal of H.

Proposition 5.3. If I is an ideal of H, then I is a weak ideal of H.

Proof. Let x oy C I and y € I. Then by Proposition (ii), roy < I and y € I. Since | is an
ideal of H, we get « € I. Hence [ is a weak hyper ideal of H. O

Note: In the following example, we can see that the converse of above proposition is not true,
in general.

Example 5.4. Let I = {0,a} be weak ideal of hyper Bl-algebra as in Ezample[3.13(iii). Then it
is not an ideal of H, because (boa)l = HNI# () andb ¢ I.

Proposition 5.5. Let I be a non-empty subset of H containing 0. Then I is an ideal of H if and
only if (xoy)NI#0 andy € I imply x € 1.

Proof. (=) Let I be an ideal of H and (x oy) NI # (. Then by Proposition i), zoy < I.
Since y € I and [ is an ideal of H, we have = € I.

(<) Let x,y € H. f x oy < I and y € I, then there exists a € x oy and b € I such that a < b.
Thus 0 € (aob) NI # (. Since b € I, by assumption, we have a € I. Hence a € (xoy) NI # .
Again, since y € I, by assumption, we get x € I. Therefore, I is an ideal of H. O

The following example shows that hyper subalgebra and a/an (weak) ideal of a hyper Bl-algebra
are different notions:
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Example 5.6. (i) Let H be the hyper Bl-algebra as in Ezample [3.13(iii). Then S = {0,b} is a
hyper subalgebra. Since aob = {0,b} C S, b€ S and a ¢ S, then S is not a weak ideal of H.
Consequently, S is not an ideal of H.

(1) Let H = {0,a,b} and define the hyperoperation "o” on H as follows:

o 0 a b
0o {oy {0y {0}
a {a} {0}  {a}
b {b} {b} {0. a}

Then (H;0,0) is a hyper Bl-algebra and I = {0,b} is an ideal of it. But I is not a hyper subalgebra
of M because of bob={0,a} ¢ I.

Proposition 5.7. Let H be a hyper Bl-algebra and S be a hyper subalgebra of H. Then
(1) S is a weak ideal of H if and only if for allz € H— S andy € S, we have xoy ¢ S.
(13) S is an ideal of H if and only if for allx € H— S and y € S, we get (xoy)NS =.

Proof. (i) Let S be a weak ideal of H, x € H — S, and y € S. Suppose x oy C S. Since S is a
weak hyper ideal of H, we have x € S, which is a contradiction. Thus z oy ¢ S. Conversely, let
zoy C Sandy e S. Suppose x ¢ S. Then by assumption z oy ¢ S, which is a contradiction.
Thus = € S and so S is a weak ideal of H.

(i7) Let S be an ideal of H, x € H — S and y € S. Suppose (zoy) NS # (). Since y € S and S is
an ideal of H, we have = € S, which is a contradiction. Thus (zoy) NS = 0.

Conversely, let for any x € H — S and y € S we have (zoy)NS =0. If (xoy)NS #Pand y € S,
then x € S, which is a contradiction. Hence, S is an ideal of H. O

Definition 5.8. A non-empty subset I of H is called a downset if t <y andy € I, then x € I,
for any x,y € H.

Proposition 5.9. If I is an ideal of H, then I is a downset.

Proof. Let x < yandy € I. Then 0 € (zxoy)NI. Since y € I and I is an ideal of H, we get
rzel. O

Let H be a hyper Bl-algebra. Then 0 is called minimal element of H if for any x € H, z < 0,
then x = 0.

Example 5.10. (i) Let H be the hyper Bl-algebra as in Example . Then H has the least element
0.

(ii) Let (H,o,0) be the Bl-algebra as in Ezample [3.13(iti). Then "0” is not minimal element of
H. Because 0 € a0 0 and so a <0 but a # 0.

Proposition 5.11. If H is a hyper Bl-algebra with minimal element 0, then I = {0} is an ideal
of H.

Proof. Let y € I = {0} and (xoy)NI # (. Then y =0 and 0 € x 00. Thus < 0 and so
x =0 € {0}. Therefore {0} is an ideal of H. O

Note: In the following example we show that existing of minimal element is necessary in
Proposition [5.11}

Example 5.12. Let (H,o0,0) be the Bl-algebra as in Example [3.13(ii). Then I = {0} is not an
ideal of H. Because (ao0)NI #( buta ¢ I.
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Proposition 5.13. (i) If H is a C-hyper Bl-algebra, then 0 is minimal element of H.
(13) In any C-hyper Bl-algebra, I = {0} is an ideal of H.

Proof. (i) Let ‘H be a C-hyper Bl-algebra and < 0. Then 0 € z 00 = {z} and so x = 0.
(71) It follows by Proposition O

The set of all (weak) ideals of H is denoted by (WI(#H)) I(H). Let for any i € A, I; is a/an

(weak) ideal of H, then () I; is a/an (weak) ideal of H but this is not true for |J ;. If {I; : i € A}
€A i€EA
is a chain, then |J I; is a/an (weak) ideal of H. Also, if I} and Iy are (weak) ideals of hyper
1€EA
Bl-algebras Hy and Hs, respectively, then I7 x I3 is a/an (weak) ideal of Hy x Ha.

Definition 5.14. Let x,y € H. Define A(x,y) :={t € H| 0 € (tox)oy}.

Example 5.15. Let H be the hyper Bl-algebra as in Example . Then A(a,b) ={0,a,b,c} and
A(b,a) ={0,a,b}. So A(a,b) # A(b,a).

Proposition 5.16. Let z,y € H. If 0 < x, then 0,2 € A(z,y).

Proof. Since 0 € 0ox C (0o x) oy, we have 0 € A(x,y). Also, 0 € 0oy C (z ox) oy, then
x € A(z,y). O

Proposition 5.17. Let ‘H be a C-hyper Bl-algebra. Then for all x € H and a non-empty subset
B C H, the following statements hold:
(1) t € A(0,x) if and only if t < x. Particularly, x € A(0,z) and H = |J A(0,z).
xeH
(1) BC | A(0,b).

beB
(idi) A(z,0) = A(0, ).

Proof. (i) Let x € H. By Definition we have,
te A(0,x) & 0€(tol)ox & 0Octoxr & t<u.

Particularly, by (HBI1), < x and so « € A(0, ), for all € H. Therefore, H = |J A(0, z).
zcH
(17) It is straightforward by (i).

(131) We note that
A(z,0)={t€ H 0€ (tox)o0} ={tc Hl0ctox}={t€ H 0€ (to0)ox} = A(0,x).
O

Proposition 5.18. Let H be a C-hyper Bl-algebra such that 0 < x for all x € H. Then for all
x,y € H, we have
(i) A(0,z) € A(z,y),
(1) A0, 2) = U As,y).
r,yeH

Proof. (i) Let z € A(0,z). Then 0 € (z00) ox. Since H is a C-hyper Bl-algebra, we get 0 € z o z.
On the other hand, 0 € 0oy C (zox)oy. Thus by definition, z € A(z,y) and so A(0,x) C A(z,y).

(74) The proof is clear. O

Theorem 5.19. Let I be a non-empty subset of H. Then I is an ideal of H if and only if
A(z,y) C I for all z,y € I.
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Proof. Let I be anideal of H and z,y € I. If z € A(z,y), then 0 € (zox)oy and so ((zox)oy)NI # (.
Since I is an ideal of H and y € I, we get (z 0 x) NI # (). Moreover, since x € I and I is an ideal
of H, we have z € I. Therefore, A(z,y) C I.

Conversely, let A(z,y) C I for all x,y € I. Since 0 € A(z,y) € I we have 0 € I. Now, if
(aob)NI # () and b € I, then there exists ¢ € (aob) NI such that 0 € coc C (aob)oec. So

a € A(b,c) CIie. a€ . Therefore, I is an ideal of H. O
Theorem 5.20. If I is an ideal of C-hyper Bl-algebra H, then I = |J A(0,x).
xel
Proof. By Proposition[5.17ii), we know that I C J A(0,z). On the other hand, ift € J,.; A(0, z),
zel
then there exists a € I such that t € A(0,a). By Proposition [5.17(i), ¢ < a. Since a € I and I is
an ideal of H, we get I is downset. Hence, t € I. Therefore, |J A(0,z) C I. O

zel

Definition 5.21. Let N C H such that 0 € N. Then N s called a normal subset if for any
z,y,a,b€ H, (xoy) NN #0 and (aob) NN # O imply ((xoa)o (yob)) NN # (.

Example 5.22. Let H be the hyper Bl-algebra as in Ezample [3.13(iii). Then N = {0,a} is a
normal subset of H. But it is not an ideal of H, because (boa) NN # () and b ¢ N.

Example 5.23. Let H = {0,a,b,c} and define the hyper operation "0” on H as follows:

o 0 a b c
o {0 {0y {0y {0}
a {a} {0} {0a} {ab}
b {vp {o.bp {0} {b}
c {¢ {ab} {d¢ {0}

Then (H;0,0) is a V-hyper Bl-algebra. Obviously, I = {0,c} is an ideal of H. But it is not a
normal subset, because (bob) NI # D, (cob)NT# 0 and ((boc)o (bob))NI=0.

Definition 5.24. Let N be a normal subset of H. Then for any x,y € H, define the relation =n

on H as follows:
=Ny & (roy)NN#0D and (yoxz)NN #0.

Proposition 5.25. Let N be a normal subset of H. Then the relation =N is reflexive and sym-
metric.

Proof. Let x,y € H. Since 0 € (xoz) NN # (), we get x =xn x and the relation =y is reflexive.
The proof of symmetric is clear. O

Proposition 5.26. Let H be a C-D-hyper Bl-algebra and N be a normal subset of H. Then for
any z,y € H, we have (x oy) NN # () if and only if (yox) NN # (.

Proof. Let N be a normal subset of H and for z,y € H, (xoy) NN # (. Since H is a C-D hyper
Bl-algebra, yox = (yoxz) o0 and y oy = {0}, respectively. Since 0 € (yoy) NN # () and N is
normal, we get

(yox)NN = ((yox)o0)NN = ((yox)o(yoy)) NN #0.

Hence (y o x) N N # (). By the similar way, if (yoxz) N N # ), then (zoy) N N # 0. O
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Corollary 5.27. Let N be a normal subset of a C-D-hyper Bl-algebra such as H. Then for any
x,y € H, x =Ny if and only if (xoy) NN # (.

Proof. Since N is a normal subset of H and z,y € H, we have (z oy) N N # (. Conversely, if
(zoy) NN # 0, then by Proposition (yox) NN # (. Hence x =n y. O

Theorem 5.28. Let H be a C-D-hyper Bl-algebra. If N is a normal subset of H, then =x is a
congruence relation on H.

Proof. Let H be a C-D-hyper Bl-algebra, N be a normal subset of H and x,y,z € H. If z =n y
and y =y z, then (zoy) NN # () and (zoy) NN # 0, respectively. Since H is a C-Diagonal hyper
Bl-algebra, x oz = (x 0 z) 00 and y o y = {0}, respectively. Since N is normal, we get

(xoz)NN=((zoz2)c0)NN=((xoz)o(yoy)) NN # (.

Then (zoz)NN # () and so by Corollary x =pn z. Hence =y is an equivalence relation on H.
Also, if x =y y and a =n b, then (zoy) NN # () and (aob) NN # 0, respectively. So by definition
of normal subset, we get ((zoa)o (yob)) NN # (. Thus by Corollary (xoa) =N (yob).
Therefore, the relation =y is a congruence on H. O

Note. From now on, we suppose H is a C-D-hyper Bl-algebra and N is a normal subset of H
unless otherwise state.

Given a normal subset IV of hyper Bl-algebra H, we denote the equivalence class of the relation

=y containing z, by [z] and the quotient set of H by N’ where

W= fyeHly=va}, = =1{@llazcH)

H
Theorem 5.29. For any x,y € H define the operation x on N as follows,

(] * [yl = |J [

texoy

H
Then (N;*’ [0]) is a hyper Bl-algebra which is called quotient algebra of H induced by N, where
[] <’ [y] if and only if [0] € [z] * [y].

Proof. Let x,y € H. Since H is a D-hyper Bl-algebra, we have x o z = {0} and so [z]  [z] =
[z ox] =[0]. Thus [z] <’ [z] and (HBI1) holds. Also, we have

@l x(WxlD=|J [

texo(yox)

H
By (HBI2), z € x o (y o x), and so [z] € [z] % ([y] * [x]). Hence (HBI2) holds on N Therefore,

H
(N; *,[0]) is a hyper Bl-algebra. O

H
Proposition 5.30. If 7 : H — N is a natural homomorphism such that w(x) := [x], then ¢ is an

onto hyper BI-homomorphism, where Kerm = N.
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Proof. Let z,y € H. Clearly, 7 is onto and 7 (0) = [0]. Since

nzoy)==(J = =)= | ] =]+ [y,

texoy texoy texoy

we get 7 is an onto hyper Bl-homomorphism. In addition,

Kerr = {x€ H|n(z)=[0]} ={x € H| [z] =[0]}
{xeHlz=ny0}={ze€ H| (xo0)NN # 0}
= {re€eH|lzeN}
= N.

Therefore, Kerm = N. O

Theorem 5.31. Let f : H — H' be a hyper BI-homomorphism between two hyper Bl-algebras,
where N and N’ are normal subsets of H and H', respectively. If f(N) C N’, then there exists a
H H
unique hyper BI-homomorphism g : ~ — N such that gor = 7'of.
!

H H
Proof. Define g : N [z]n — [f(z)]ns. First we show that g is well-defined:

Let z,y € H and [z] = [y] ./ Then (zoy)NN # 0 and so there exists ¢ € N such that ¢t € xoy. Thus
f(t) € f(N) € N"and f(t) € f(zoy) = f(z) o' f(y). Hence, (f(z)o f(y)) NN’ # . Therefore,
[f(@)]n = [f(y)]n- Now, we show g is a hyper Bl-homomorphism: ¢([0]) = [f(0)] = [0/]. If
'] € g([z] * [y]), then

1€ g U 1) = {9 t ewoy} ={[f(®)]] t €xoy}.

texoy

So there exists t € zoy such that [t'] = [f(¢)]. Since t € xoy, we have f(t) € f(zoy) = f(x)o f(y)
and so

(] =[f®] € {lz]l z € f(z) " f()} = [f @)+ [f(W)] = g([=]) ¥ g([y])
Therefore, g([z]* [y]) C g([z]) " g([y]). By the similar way, we obtain g([z]) ¥ g([y]) C g([z] x [y]).
Obviously, g is unique. O

6 Conclusion and future work

In this paper, a new hyper algebra was introduced which is a generalization of Bl-algebras. Basic
properties, hyper subalgebras, Bl-homomorphism and some special types of hyper Bl-algebras were
discussed. Also, relationship between this new hyperstructure and some the other hyper algebras
were investigated. Finally, isomorphism theorems were investigated on the constructed quotient
structure of hyper Bl-algebras. As future works, we shall define commutative hyper Bl-algebras
and some types of ideals in hyper Bl-algebras.
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