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1 Introduction

In a universe M, the (crisp) set B can be defined as the characteristic function up : M — {0,1} where
0 and 1 correspond to elements belonging to the set B and those excluded from the set B, respectively.
If we take an extension [0,1] of the range {0,1} in the characteristic function pp : M — {0,1}, we can
get a new function from M into [0, 1] which is called the fuzzy set, and it is introduced by Zadeh in the
paper [9]. The degree of membership of an element in a traditional fuzzy set spans the interval [0,1].
Thus, fuzzy sets are a very useful tool for dealing with positive information. But there is a limit to dealing
with negative information. In real life, both positive and negative information coexist. So we feel that
we need mathematical tools to deal with negative information. From this point of view, Jun et al. [4]
introduced a new function called a negative value function and applied it to BCK/BCI-algebras. As an
extension of fuzzy sets, Zadeh [10] made a fuzzy set with in interval-valued membership function so called
an interval-valued fuzzy set (briefly, IVF set). Using the notion of A -functions and IVF sets, Jun et al.
[3] established an extension of a bipolar-valued fuzzy set, which is introduced by Lee [5]. They called it a
crossing cubic structure, and investigated several properties. They defined the same direction order and the
opposite direction order in crossing cubic structures. Also, they define S-union, S-intersection, O-union and
O-intersection of crossing cubic structures, and discussed their related properties. They applied crossing
cubic structures to BCK/BClI-algebras, and studied crossing cubic subalgebras.

https://doi.org/10.52547/HATEF.JAHLA .2.1.2


https://crossmark.crossref.org/dialog/?doi=10.52547/HATEF.JAHLA.2.1.2

18 Y.B. Jun, S.Z. Song

In this article, we introduce the notions of a crossing cubic ideal in a BCK/BCl-algebra, a closed crossing
cubic ideal in a BCl-algebra, and a crossing cubic o-subalgebra of a BCK-algebra with the condition (S).
We identify the relationship between them. We provide conditions for a crossing cubic structure to be
a closed crossing cubic ideal We explore the conditions under which crossing cubic ideals are closed. We
discuss characterizations of crossing cubic ideals. We study the translation of crossing cubic subalgebras and
crossing cubic ideals. We find conditions for the translation of a crossing cubic structure to be a crossing
cubic subalgebra (ideal), and consider its characterization.

2 Preliminaries

2.1 Basic concepts about BCK/BCI-algebras

A set M with a binary operation “~~” and a special element 0 is called a BCI-algebra if it satisfies:

(Vk1, ko, k3 € M)(((k1 ~ K2) ~ (K1 ~ K3)) ~ (k3 ~ Kg) = 0), (1)
(Vk1, k2 € M)((K1 ~ (K1 ~ K2)) ~ ko = 0), (2)
(Vi1 € M) (k1 ~ k1 =0), (3)
(Vk1,k2 € M)(K1 ~ k2 =0, ko~ k1 =0 = K1 = Ka). (4)

A BCl-algebra M satisfying the following condition:

(Vk1 € M)(0~ k1 =0) (5)
is called a BCK-algebra.

Every BCK/BCl-algebra M satisfies:
(VHl GM)(Kl w():m), (6)
(V/‘Ql,lﬁg,/ﬁg S M)((Hl > Iig) ~ Ky = (/‘61 > /‘63) ~ /{2), (7)
(Vi1, ko, k3 € M) (k1 < ko = K1~ K3 < Kg ~ K3, K3 ~ kg < K3 ~ K1), (8)

Every BCl-algebra M satisfies:

(VKl,HQ S M)(Kl > (Hl ~ (Kll ~> I{Q)) = K1 ~> Kg), (9)
(Vlil,lig EM)(OW(Hl WHQ):(OWIQ)W(OWKQ)). (10)

A subset L of a BCK/BCl-algebra M is called
e a subalgebra of M (see [2[0]) if k1 ~ ko € L for all k1,k9 € L.
e an ideal of M (see [2[0]) if it satisfies:
0eL, (11)
(Vk1,k2 € M)(Kk1 ~ ke € L, ko € L = k1 € L). (12)
A BCK-algebra M is said to have condition (S) (see [0]) if given a,b € M the set
M(a,b) :=={rk1 € M | kK1 ~> a < b}

has a greatest element, say a o b.

A subset L of a BCK-algebra M with condition (S) is called a o-subalgebra of M (see [6]) if aob € L for
all a,b € L.

For more information on BCK/BClI-algebra, please refer to the books [2] and [6].
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2.2 Basic concepts about crossing cubic structures

The collection of all functions from a set M to [—1,0] is denoted by F(M,[—1,0]), and an element of
F(X,[-1,0]) is called a negative-valued function from M to [—1,0] (briefly, N'-function on M). Define a
relation < on F(M,[—1,0]) as follows:

§<n & (Vr € M)(&(k1) < n(k1)), (13)

for all £,n € F(M,[-1,0]).

An interval number is defined to be a subinterval ¢ = [¢™, c¢*] of [0,1], where 0 < ¢~ < ¢* < 1. The
interval numbers [0,0] and [1, 1] are denoted by 0 and 1, respectively. The set of all interval numbers is
denoted by [[0,1]], and we define the “refined minimum” (briefly, “rmin”) of two interval numbers. We
also define the symbols “>”, “<”  “=" between two interval numbers. Consider two interval numbers
¢ = [cy,¢f] and & := [c;,c5]. Then

rmin {¢1, &} = [min {c;,¢; },min{cf,c5 }],
E1=C & ¢ >cy, ¢f >cf,
and similarly we may have ¢; < é and ¢; = ¢é. To say ¢ > C2 (resp. ¢1 < €2) we mean ¢; = Co and ¢ # Co
(resp. ¢ <X &o and &1 # é2). Let ¢ € [[0,1]] where ¢ € A. We define
rinf ¢; := |inf ¢; , inf cf and rsup¢; := |supc; ,sup cz'-|r .
ieA ieA icA i€A i€EA i€A

Let M be a nonempty set. A function f : M — [[0, 1]] is called an interval-valued fuzzy set (briefly, an
IVF set) in M. Let [[0,1]]M stand for the set of all IVF sets in M. For every f € [[0,1]]M and x; € M,
f(x) = [f (K1), fT(k1)] is called the degree of membership of an element ; to f, where f~ : M — [0,1]
and ft: M — [0,1] are fuzzy sets in M which are called a lower fuzzy set and an upper fuzzy set in M,
respectively. For simplicity, we denote f = [f~, f*]. For every f, g € [[0,1]]™, we define

fCg < f(k1) 2 g(ky) forall kK1 € M,

and
f=g < f(k1) =g(k1) forall kK € M.

Definition 2.1. [3] By a crossing cubic structure on a set M we mean a pair (M, C(fﬁg)) where

Cirey = k1, f(k1),€(k1)) | k1 € M}, (14)
in which f is an interval-valued fuzzy set in M and € is an N -function on M.

Definition 2.2. [3] A crossing cubic structure (M,Cs¢)) on a BCK/BCl-algebra M is called a crossing
cubic subalgebra of M if it satisfies:

f(£1 ~> K2) = rmin{ f(k1), f(k2)}
(¥, 2 € M) < €k - a) < ma(€(). (2 )} ) | 19)
Proposition 2.3. Every crossing cubic subalgebra (M, C(fﬁg)) of a BCK/BCI-algebra M satisfies:
(Vh1 € M)(f(0) = f(r1), £(0) < &(K1)). (16)

3 Crossing cubic ideals

In what follows, let M denote a BCK/BClI-algebra unless otherwise specified.
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Table 1: Cayley table for the binary operation “~-”

~ 0 K1 %) K3
0 0 0 0 K3
K1 K1 0 K1 K3
K2 Ko Ko 0 K3
K3 K3 K3 R3 0

Definition 3.1. A crossing cubic structure (M, C(f,f)) on M is called a crossing cubic ideal of M if it
satisfies:

(17)

(Vrir, ko € M) ( £(0) = f(k1) = rmin{ f(k1 ~ K2), f(K2)} ) |

§(0) < &(k1) < max{§(k1 ~ K2),&(k2)}

Example 3.2. Let M = {0, k1, K2, K3} be a set with the Cayley table which is given in Table .
Then M is a BCl-algebra (see [2]). Let (M,C(y¢)) be a crossing cubic structure on M which is given by
Table . It is routine to confirm that (M, C(f@) is a crossing cubic ideal of M.

Table 2: Tabular representation of (M, C(f’g))

M f(x) &(r1)
0 [0.43,0.83] —0.82
K1 [0.35,0.76] —0.56
Ko [0.33,0.53] —0.73
K3 [0.15,0.47] —0.32

Proposition 3.3. Every crossing cubic ideal (M C, g)) of M satisfies:
)

(Vk1, k2 € M) (k1 < k2 = f(k1) = f(k2), E(k1) < E(K2))- (18)
(Vk1, k2, k3 € M) (k1 ~ k2 < k3 = f(k1) = tmin{f(k2), f(r3)}, §(k1) < max{§(k2),&(k3)}). (19)
(Vk1, ko, k3 € M)(f(k1 ~ k2) = rmin{ f(k1 ~ K3), f(k3 ~ K2)}, (k1 ~ K2) < max{{(k1 ~ K3), (K3 “; “)2)})~
20
(Vk1, k2 € M)(f(k1 ~ k2) = f(0), &(k1 ~ k2) = £(0) = f(k1) = f(k2), {(k1) < E(k2)). (21)

Proof. Let k1,k2 € M be such that k1 < k. Then k1 ~~ ko = 0, which implies from that

f(51) = rmin{ f (k1 ~ K2), f(k2)} = rmin{f(0), f(k2)} = f(K2),
and £(k1) < max{{(k1 ~ k2),&(k2)} = max{£(0),&(k2)} = &(k2). Now, let k1, k2,63 € M be such that
K1 ~ Ko < k3. Then (k1 ~ K2) ~» k3 = 0, and so
J(k1 ~ k2) = rmin{ f((k1 ~ k2) ~ K3), f(k3)} = rmin{ f(0), f(k3)} = f(K3),
and
E(k1 ~ r2) < max{{((k1 ~ K2) ~ K3),&(k3)} = max{£(0),&(k3)} = &(k3).
It follows that
f(k1) = tmin{ f (k1 ~ K2), f(k2)} = rmin{f(k3), f(x2)}

and £(k1) < max{&(k1 ~ K2),&(k2)} < max{{(k3),&(k2)}. Since (k1 ~» Kg) ~ (K1 ~ K3) < K3 ~ kg
for all k1,k9,k3 € M, is induced by . Consider K1,k € M satisfying f(k1 ~ ko) = f(0) and

(k1 ~ ko) = £(0). Then

f(s1) = rmin{f (k1 ~ k2), f(k2)} = rmin{f(0), f(rk2)} = f(k2),
and &(k1) < max{£(k1 ~ K2),&(k2)} = max{£(0),&(k2)} = &(k2). This completes the proof. O
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Proposition 3.4. Given a crossing cubic ideal (M, C(fjg)) of M, the following are equivalent.

f(k1~ K2) = f((k1 ~ K2) ~ k2)
(Vlﬂ,fizEM)( E(kn ~ Ha) < (K1 ~> Kiz) ~ K2) ) (22)
f((51~ K3) ~ (K2 ~ K3)) = f((K1 ~ K2) ~ K3)
(Vk1, Ko, k3 € M) ( (11~ Fg) ~ (g ~ K3)) < E((K1 ~ Ka) ~ Ka) ) (23)

Proof. Suppose that is valid and let k1, ko, k3 € M. Using , @ and , we have
(51~ (K2 ~ K3)) ~ K3) ~» k3 = ((k1 ~ K3) ~ (K2 ~> K3)) ~ kg < (K1 ~> Ka) ~ k3.
It follows from that f(((k1 ~ (k2 ~ K3)) ~ K3) ~ K3) = f((k1 ~ K2) ~ K3) and
§(((r1 ~ (K2 ~ K3)) ~» Kg) ~ kg) < E((K1 ~ Ka) ~ Ka).
Combining these with (@ and induces

((F1 ~ (K2 ~ K3)) ~ K3)

f )
F(((51 ~ (K2 ~ K3)) ~ K3) ~ K3)
f

(K1~ K3) ~ (K2 ~ K3)) =

and

E((k1 ~ K3) ~ (k2 ~ K3)) = (k1 ~ (K2 ~ K3)) ~ K3)
E(((k1 ~ (K2 ~ K3)) ~ K3) ~ K3)
§((k1 ~ K2) ~ K3).

Conversely, assume that (M ,C( fﬁg)) satisfies (23]). Using k3 instead of kg in leads to
f(r1~ k3) = f((K1 ~ K3) ~ 0) = f((k1 ~ K3) ~ (k3 ~ K3)) = f((K1 ~ K3) ~ K3),

and {(k1 ~ K3) = {((K1 ~ kg) ~ 0) = {((K1 ~ K3) ~ (kg ~ K3)) < E((K1 ~ K3) ~ k3) for all Ky, k3 € M,

by and @ This proves . O
We provide conditions for a crossing cubic structure (M ,C( f,g)) of M to be a crossing cubic ideal of M.
Theorem 3.5. If a crossing cubic structure (M, C(ﬁf)) of M satisfies and
(Vi1 € M)(f(0) = f(r1), £(0) < &(k1)), (24)
then (M, C(f,E)) is a crossing cubic ideal of M.

Proof. Let (M, C(ﬁg)) be a crossing cubic structure of M that satisfies and . Since k1 ~ (k1 ~
ko) < kg for all Ki,ke € M, it follows from that f(k1) = rmin{f(k1 ~ kK2), f(k2)} and &(k1) <
max{&(k1 ~ k2),&(k2)}. Therefore (M,C(s¢)) is a crossing cubic ideal of M. O

Given a crossing cubic structure (M ,C( fﬁg)) on M and any element v € M, we take the next set
M, :={z e M| f(z) = f(v), {(z) < &(v)} (25)

Theorem 3.6. If (M, C(ﬁg)) is a crossing cubic ideal of M, then the set M, in is an ideal of M for
allve M.

Proof. Let v € M. It is clear that 0 € M,,. Let k1, ko € M be such that k1 ~ ko € M,, and ko € M,,. Then
f(R1 ~ Kka) = f(v), (k1 ~ K2) < E(v), f(k2) = f(v) and &(k2) < &(v). Tt follows from that

f(r1) = rmin{ f(rk1 ~ kK2), f(k2)} = f(v) and (k1) < max{{(k1 ~ K2),&(k2)} < E(v).
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Hence k1 € M, and therefore M, is an ideal of M. O

Proposition 3.7. Let (M, C(fyg)) be a crossing cubic structure on M. If M, is an ideal of M for v € M,
then the next assertion is valid.

(26)

(Vlﬂ,m,lﬁz’,GM)(rmm{f(mwﬂ?’) fs }EJ(C( 1) = f(k2) = f(k1) )

3)
max{§(rg v k3),{(k3)} < &(k1) = &(ka) < &(k1)
Proof. Assume that M, is an ideal of M for v € M. Let k1, ko, k3 € M be such that
rmin{f (k2 ~ K3), f(k3)} = f(k1) and max{{(k2 ~> K3),{(k3)} < &(k1).
Then ko ~» k3 € M,, and k3 € M,,. Since M,, is an ideal of M, it follows that ke € M,,, that is,
f(r2) = f(k1) and §(k2) < §(k1). O

Theorem 3.8. If a crossing cubic structure (M, C(fyg)) on M satisfies and , then the set M, in
is an ideal of M forv € M.

Proof. Let v, k1,ke € M be such that k1 ~ ky € M, and ky € M,. Then f(k1 ~ k2) =
ko) < &(v), f(k2) = f(v) and &(k2) < &(v) which imply that rmin{f(k1 ~> ka2), f(k2)}
max{&(ky ~ K2),&(k2)} < €(v). Combining these with leads to f(k1) = f(v) and &(k1) <

k1 € M,. The condition induces 0 € M,,. Therefore M, is an ideal of M. O

fv), &

We look at the relationship between a crossing cubic subalgebra and a crossing cubic ideal.
Theorem 3.9. In a BCK-algebra, every crossing cubic ideal is a crossing cubic subalgebra.

Proof. Let (M, C(ﬁg)) be a crossing cubic ideal of a BCK-algebra M. Using , , and , we get

f(k1 ~ k2) = rmin{f((k1 ~> K2) ~> K1), f(k1)}
= rmin{ f((k1 ~ k1) ~ K2), f(K1)}
= rmin{ f(0), f(x1)}
= tmin{f(k1), f(k2)}

and
E(K1 ~ Ra) < max{{((k1 ~ Ka2) ~ K1),&(K1)}
= max{{((k1 ~ K1) ~ K2),&(k1)}
= max{£(0),&(k1)}
< max{£(x1),&(k2)}
for all k1, ko € M. Hence (M, C(ﬁg)) is a crossing cubic subalgebra of M. O

The following example shows that any crossing cubic subalgebra may not be a crossing cubic ideal.

Example 3.10. Let M := {0, k1, ko, k3, K4} be a set with the Cayley table in Table @ Then M is a BCK-

¢

Table 3: Cayley table for the binary operation “~”"

~ 0 K1 K9 K3 KR4
0 0 0 0 0 0
K1 K1 0 0 0 0
K9 K9 K1 0 K1 0
K3 K3 K3 K3 0 0
Ka Kq Kq Kq K3 0

algebra (see [6]). Let (M,C(s¢)) be a crossing cubic structure on M which is given by Table . It is routine
to confirm that (M, C(f’g)) s a crossing cubic subalgebra of M. But it is not a crossing cubic ideal of M
since
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Table 4: Tabular representation of (M,C(y¢))

M f(z) £(k1)

0 [0.39,0.76] —0.73

K1 [0.35,0.67] —0.73

Ko [0.39,0.76] —0.26

K3 [0.25,0.58] —0.62

Ka [0.15,0.47] —0.47
&(k2) = —0.26 £ —0.62 = max{{(k2 ~ k3),&(k3)} and/or

f(ka) =[0.15,0.47] % [0.25,0.58] = rmin{ f (k4 ~ k3), f(K3)}

23

We know that any crossing cubic ideal is not a crossing cubic subalgebra in a BCl-algebra as seen in the

next example.

Example 3.11. Let (Z,—,0) be the adjoint BCI-algebra of the additive group (Z,+,0) of integers and
(K,*,0) be a BCI-algebra. Then the direct product M := K x Z of K and Z 1is a BCl-algebra (see [2]).

Define a crossing cubic structure (M, C(f,g)) on M as follows:

f:M —[[0,1]], Iili—>{

&M — [-1,0], /@11—>{

0.0

if x € K x (NU{0}),
otherwise,

k if x € K x (NU{0}),
0 otherwise

where N is the set of all natural numbers, k € [—1,0) and & is an interval number which is not [0,0]. By
routine calculations, we know that (M, C(fﬁg)) is a crossing cubic ideal of M. If we take x := (0,0) and
y:=(0,1), then z := z ~~y = (0,0) ~ (0,1) = (0,—1). Hence &(x ~ y) =&(z) =0 £ k = max{{(z),&(y)}
and/or f(z ~ y) = f(z) = [0,0] # & = rmin{f(z), f(y)}. Therefore (M,Cs¢)) is not a crossing cubic

subalgebra of M.

Based on Example we can define the following:

Definition 3.12. Let M be a BCl-algebra. A crossing cubic ideal (M, C(f,g)) of M is said to be closed if it

is also a crossing cubic subalgebra of M.

Example 3.13. Let M := {0, k1, ko, k3, K4} be a set with the Cayley table in Table @ Then M is a BCI-

Table 5: Cayley table for the binary operation “~”"

~ K1 K2 K3 Kq
0 0 0 Ko K3 K4
K1 K1 0 K9 K3 K4
K2 K9 %) 0 KR4 K3
K3 K3 K3 K4 0 Ko
R4 R4 R4 R3 %) 0

algebra (see [2]). Let (M, C(fﬁg)) be a crossing cubic structure on M which is given by Table @ It is routine

to check that (M, C(f,g)) s a closed crossing cubic ideal of M.

We provide conditions for a crossing cubic structure to be a closed crossing cubic ideal.
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Table 6: Tabular representation of (M,C(y¢))

M f(@) £(k1)
0 [0.5,0.9] —038
K1 [0.4,0.8] —0.6
Ko [0.2,0.6] -0.3
K [0.2,0.6] —05
Ky [0.3,0.7] -0.3

Theorem 3.14. Let (M, C(f@) be a crossing cubic structure on a BCI-algebra M in which

& lf xr € M+,
[ otherwise,
tl lf T € MJ’_,
ty otherwise

f:M —0,1]], &1 n—>{
£: M — [-1,0], k1 +— {
where My = {x € M |0 <z}, & and B are interval numbers with & = 3, and t1,ts € [—1,0] with t; < ta.

Then (M, C(f’g)) is a closed crossing cubic ideal of M.

Proof. Since 0 € M, , we have f(0) = & = f(k1) and £(0) = t; < &(kq) for all k1 € M. Let k1,k0 € M. If
k1 € M4, then f(k1) = & = rmin{ f(k1 ~ k2), f(k2)}, and £(k1) = t1 < max{&(k1 ~ k2),&(k2)}. Suppose
that k1 ¢ M. If ky € M, then ky ~ ko & My, and if k1 ~ ko € My, then ko ¢ M. In either case, we

have f(k1) = 8 = rmin{f(k1 ~ K2), f(k2)} and E(k1) = t2 = max{€(k1 ~ K2),E(k2)}. Hence (M,Cse))
is a crossing cubic ideal of M. For every k1,ks € M, if any one of them does not belong to M., then

f(k1 ~ K2) = B = rmin{f(k1), f(k2)}, and &(k1 ~ K2) < to = max{&(k1),&(k2)}. If K1, k2 € M., then
K1 ~ kg € My and thus f(k1 ~ ko) = & = rmin{ f(k1), f(k2)}, and &(k1 ~ Kka) = t1 = max{&(k1),&(k2)}.
Thus (M, C(f,g)) is a crossing cubic subalgebra of M. Consequently, (M, C(ﬁf)) is a closed crossing cubic
ideal of M. O

Definition 3.15. Let M be a BCl-algebra. If a crossing cubic structure (M, C(fjg)) on M satisfies:
(Vi1 € M)(f(0~ k1) = f(k1), £(0 ~ k1) < &(K1)), (27)
then we say that (M, C(f,f)) s a 0-crossing cubic structure on M.

Theorem 3.16. In a BCIl-algebra, every crossing cubic subalgebra is a 0-crossing cubic structure.

Proof. Let (M, C(ﬁg)) be a crossing cubic subalgebra of a BCl-algebra M. Using and , we get

[0~ k1) = rmin{ f(0), f(x1)} = rmin{f(k1), f(k1)} = f(K1),
and
£(0 ~ r1) < max{£(0),£(r1)} < max{€(r1),£(k1)} = &(m),
for all k1 € M. Therefore (M, C(ﬁg)) is a O-crossing cubic structure on M. O
Corollary 3.17. In a BCI-algebra, every closed crossing cubic ideal is a 0-crossing cubic structure.
We explore the conditions under which crossing cubic ideal is closed.

Theorem 3.18. Let (M, C(f)f)) be a crossing cubic ideal of a BCI-algebra M. If it is a 0-crossing cubic

structure on M, then (M, C(fﬁg)) is a crossing cubic subalgebra, and hence a closed crossing cubic ideal of
M.



Crrossing cubic ideals of BCK/BCI-algebras 25

Proof. Since (k1 ~ Kka) ~ k1 < 0~ ko for all k1, ke € M, it follows from and that

f(r1 ~ ko) = rmin{ f(k1), f(0 ~ k2)} = rmin{ f(k1), f(K2)},
and
§(k1 ~ k2) < max{{(k1),£(0 ~ r2)} < max{¢(k1),&(k2)}.
Therefore (M ,C( f’E)) is a crossing cubic subalgebra of M, which completes the proof. O

Let M be a BCl-algebra. For every k1 € M and a natural number n, we define x7 as follows:

1

ki = k1 and k7T = Ky~ (0~ K]).

The element x; of a BCI-algebra M is called having a finite period (see [7]) if kKT € M, for some natural
number n. We represent the period of k1 by |«1|, and it is given as follows:

|k1] = min{n € N | k] € M;}.

Theorem 3.19. If M is a BCI-algebra in which every element has finite period, then every crossing cubic
ideal of M 1is a crossing cubic subalgebra, and hence a closed crossing cubic ideal of M.

Proof. Let (M,C(s¢)) be a crossing cubic ideal of M and let k1 be an element of M with |£1| = n. Then

(0~ /7Y k1 = (0~ (0~ (0~ K1) ~ iy
— (0 K1)~ (0 (0~ /7))

=0~ (k1 ~ (0~ K77)) =0~ KT =0,

which implies that f((0 ~» &™) ~» k1) = f(0) = f(k1) and £((0 ~» &7 1) ~ k1) = £(0) < £(k1). Tt follows
from that

FO~ K771 = rmin (0 v 1571 = ), f(m1)} = ), (28)
€0~ k71 < max{€((0 ~ kT ~ k1), (k1) } < E(K1).

Also note that

(0~ K77%) ~ k1= (0~ (0~ (0~ K772))) ~ £y
= (0~ k1) ~ (0~ (0~ £777))
=0~ (81~ (0~ &]72) =0~ w71
Using leads to
FUO~ K77%) = k1) = (0~ w171 = flra),
and
E((0 ~ KTT%) ~ k1) = €0~ w1 71) < E(1).
It follows from that f(0 ~ s772) = rmin{f((0 ~» £772) ~ k1), f(x1)} = f(k1) and

€(0 ~ kT72) < max{€((0 ~ K172) ~ 11),E(k1)} < E(k1).

If this process repeats, it will lead to f(0 ~ k1) = f(k1) and £(0 ~ k1) < &(k1). So, by Theorem
(M ,C( f}g)) is a crossing cubic subalgebra, and therefore a closed crossing cubic ideal of M. O

Definition 3.20. Let M be a BCK-algebra with the condition (S). A crossing cubic structure (M, C(f’g))
on M is called a crossing cubic o-subalgebra of M if it satisfies:

ﬂmm@zmmﬁwmﬂ@”>. (29)

(Vk1, k2 € M) ( &(k1 0 ko) < max{&(r1),&(ka)}



26 Y.B. Jun, S.Z. Song

Theorem 3.21. In a BCK-algebra with the condition (S), every crossing cubic ideal is a crossing cubic
o-subalgebra.

Proof. Let (M7 C(fé)) be a crossing cubic ideal of M. Since (k1 0 Ka) ~ k1 < Ko for all k1,ke € M, it
follows from that f(k10k2) = rmin{f(k1), f(k2)} and &(k1ok2) < max{&(k1),&(k2)} for all K1, ke € M.
Therefore (M ,C( f’g)) is a crossing cubic o-subalgebra of M. O

Theorem 3.22. Given a crossing cubic structure (M,C(s¢)) on a BCK-algebra M with the condition (S),
the following assertions are equivalent.

(i) (M,C(tg)) is a crossing cubic ideal of M.
(i) (M,C(te)) satisfies:

(Vi1, ko, k3 € M) (k1 < kg o kg = f(k1) = rmin{f(ra), f(r3)}, (k1) < max{€(x2),{(k3)}).  (30)

Proof. Suppose that (M, C(ﬁg)) is a crossing cubic ideal of M and let k1, ko, k3 € M be such that k1 < KgoKg3.
Then k1 ~ (k2 0 k3) =0, and so

f(k1) = rmin{f (k1 ~ (K2 0 K3)), f(K2 © K3)} = rmin{f(0), f(r2 0 K3)} = f(K2 0 K3) = rmin{f(r2), f(x3)},

and
(k1) < max{§(rk1 ~ (k2 0 K3)), &(K2 0 k3)} < max{{(0), (k2 0 K3)} = §(k2 0 k3) < max{{(k2),&(ks3)},

by and Theorem

Conversely, assume that (M, C(fjg)) satisfies . Since 0 < k1 o k1 for all kK1 € M, we have

f(0) = rmin{ f(k1), f(x1)} = f(k1) and £(0) < max{{(k1),&(k1)} = (K1),
for all k1 € M by . Note that k1 < (k1 ~ k2) o kg for all k1, ke € M. Using leads to

f(k1) = rmin{ f (k1 ~ K2), f(k2)} and {(k1) < max{{(k1 ~ K2),{(k2)},
for all k1, ko € M. Hence (M, C(f’é)) is a crossing cubic ideal of M. O

4 Translations of crossing cubic subalgebras and crossing cubic
ideals

Given a crossing cubic structure (M7 C(f’g)) on a set M, we denote
T:=1—sup{ft(k1)| K1 € M} and L := —1 —inf{&(ky) | K1 € M}. (31)
For every & = [a~,a™] € [[0,1]] with a* < 1 and k € [-1,0] with £ > 1, we define

fg M — [[07 1]]7 K1 Hf(ﬁl)"i'da

&M — [-1,0], k1 — E(k1) + K. (82)

Then (M, C(f’}“vé-g)) is a crossing cubic structure on M, which is called the (&, k)-translation of (M7 C(f’g)).

Example 4.1. Let (M, C(ﬁg)) be a crossing cubic structure on a set M := {0, k1, ka, K3, K4} which is given
by Table[]
Then 1 = 1 —sup{fT (k1) | k1 € M} = 0.19 and L := —1 — inf{&(k1) | k1 € M} = —0.36. If we take

& =[0.07,0.13] and k = —0.32, then the (&, k)-translation (M, C(fT,EkT,)) of (M, C(f,f)) is given by Table H
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Table 7: Tabular representation of (M,C(y¢))

M f(=@) &(k1)
0 [0.53,0.73] —0.23
K1 0.37,0.81] —0.64
Ko [0.28,0.62] -0.33
K 0.24, 0.56] —0.57
Ky [0.33,0.68] —0.38

Table 8: Tabular representation of (M, C(fz"’gz:))

M f(x) &(k1)
0 [0.60, 0.86] —0.55
K1 [0.44, 0.94] —0.96
Ko [0.35,0.75] —0.65
K3 [0.31,0.69] —0.89
K4 0.40,0.81] —0.70
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Theorem 4.2. If (M7 C(f’g)) is a crossing cubic subalgebra or a crossing cubic ideal of M, then its (&, k)-

translation (M, C(fT’ng))

is also a crossing cubic subalgebra or a crossing cubic ideal of M for all & =

[, a™] €[0,1]] and k € [-1,0] with a™ < 7 and k > L, respectively.

Proof. Let & = [a~,a™] €

and

[ (K1~ ko) = fk1 ~ ko) +

= rmin{ f(x1), ('fz)} +a

= rmin{f(k1) + &, f(k2) + &}
)

= rmin{fZ (k1), fZ (r2)},

& (K1~ Ro) = &(r1 ~ R2) + k

< max{{(k1),&(k2)} + k

= max{¢(k1) + k, E(k2) + k}

= max{¢} (k1),&F (K2)},

[[0,1]] and k € [~1,0] with o™ < 7 and k > 1, respectively. Suppose that
(M, C(f,g)) is a crossing cubic subalgebra of M. For every ki1, ko € M, we have

which shows that (M7 C(fg"’gz")) is a crossing cubic subalgebra of M. Assume that (M, C(ﬁg)) is a crossing
cubic ideal of M and let k1, ko € M. Then

FE0) = £(0) + & = f(k1) +a = fI (k)

and

Also,

EF(0) = £(0) + k < &(r1) + k = &F (k1).

fa (k1) =

= rmin{f(k1 ~ K2) + &, f(Kk2) + &}
= mmin{f2 (k1 ~ ka), f2 (k2)}

f(k1) + @ = rmin{ f(k1 ~ ka), f(k2)} + &
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and
& (k1) = &(r1) + k < max{€(k1 ~ ko), E(k2)} + k
= max{{(k1 ~ K2) + k,&(k2) + k}
= max{&; (k1 ~ K2), & (k2)}-
Therefore (M, C(fé"{%‘)) is a crossing cubic ideal of M. O

Theorem 4.3. If (M, C(ﬁg)) is a crossing cubic o-subalgebra of a BCK-algebra M with the condition (S),
then so is its (&, k)-translation (M, C(fT’gg‘)) for all @ = [a~,at] € [[0,1]] and k € [-1,0] with a™ < T
and k > 1, respectively.

Proof. Tt is straightforward by the same way to Theorem O

Theorem 4.4. If (M, C(f’g)) is a closed crossing cubic ideal of a BCIl-algebra M, then so is its (&,k)-
translation (M, C(fTéZ“)) foralla = [a~,at] €[[0,1]] and k € [—1,0] with o™ < 1 and k > L, respectively.

Proof. Let & = [a,a*] € [[0,1]] and k € [~1,0] with o™ < 7 and k > L, respectively. If (M,Cs¢))
is a closed crossing cubic ideal of a BCI-algebra M, then it is a crossinubic ideal of M and thus its
4

(&, k)-translation (M, C(f;r7€g)> is a crossing cubic ideal of M Theorem For every k1 € M, we have

fE0~ k1) = f(0~ k1) +a = f(r1) +a = fZ (k1) and E[(0 ~ k1) = &(0 ~ 1) +k < E(rr) +k = & (k1)
Hence (M, C(f’}“f}"{)) is a 0-crossing cubic structure on M. It follows from Theorem [3.18| that (M7 C(f’}"{{))

is a closed crossing cubic ideal of M. O

Theorem 4.5. Let (M,C(s¢)) be a crossing cubic structure on M. If there exist & = [a, ] € [[0,1]]
and k € [-1,0] with ™ < T and k > L, respectively, such that the (&, k)-translation (M, C(ff’ng)) of

(M, C(fﬁg)) is a crossing cubic subalgebra or a crossing cubic ideal of M, then (M, C(f’g)) 18 a crossing cubic
subalgebra or a crossing cubic ideal of M.

Proof. Suppose that the (&, k)-translation (M, C(fT7£kT)) of (M7 C(f’g)) is a crossing cubic subalgebra of M
for some @ = [a~,a™] € [[0,1]] and k € [-1,0] with o™ < 1 and k > L, respectively. Then

f(k1 ~ ko) + &= fL(k1 ~ k2) = rmin{f2 (k1), f2 (k2)}
=rmin{f(k1) + &, f(k2) + &} = rmin{ f(k1), f(Kk2)} + &,

and

(k1 ~ o) +k = &L (k1 ~ k) < max{&] (k1), & (r2)}
= max{{(k1) + k,&(k2) + k} = max{&(k1),&(k2)} + k.

It follows that f(k1 ~ k2) = rmin{f(k1), f(k2)} and (k1 ~ k2) < max{&(k1),&(k2)}. Hence (M,Ciyy¢))
is a crossing cubic subalgebra of M. Now, assume that the (&, k)-translation (M C (/T .£T) ) of (M, C(fyg))

is a crossing cubic ideal of M for some & = [a~,at] € [[0,1]] and k € [-1,0] with o™ < T and k > 1,
respectively. Then f(0) + & = f2(0) = fI (k1) = f(k1) + @ and £(0) + k = &F(0) < &6 (k1) = &(k1) + k for
all k1 € M. Hence f(0) > f(x1) and £(0) < &(ky) for all K1 € M. Also, we have

f(w1) + @ = f3 (k1) = rmin{f7 (k1 ~ w2), f3 (k2)}
= rmin{ f(k1 ~» K2) + &, f(k2) + &}
= rmin{f(s1 = £2), f(R2)} +



Crrossing cubic ideals of BCK/BCI-algebras 29

and

(k1) + k=& (k1) < max{&f (k1 ~ Ka), &f (K2)}
= max{{(k1 ~ K2) + k, &(k2) + k}
= max{{(r1 ~ K2),{(K2)} + £,

which imply that f(k1) > rmin{f(k1 ~ K2), f(k2)} and £(k1) < max{&(k1 ~> K2),&(k2)} for all kK1, ke € M.
Consequently, (M ,C( f@) is a crossing cubic ideal of M. O

The following results are derived in the same way.

Theorem 4.6. Let (M, C(ﬁg)) be a crossing cubic structure on a BCK-algebra M with the condition (S).
If there exist & = [a~,at] € [[0,1]] and k € [—1,0] with o™ < 1 and k > L, respectively, such that the
(&, k)-translation (M, C(f.T,ng)) of (M, C(f,g)) is a crossing cubic o-subalgebra of M, then (M, C(f@) s a
crossing cubic o-subalgebra of M.

Theorem 4.7. Let (M, C(ﬁg)) be a crossing cubic structure on a BCl-algebra M. If there exist & =
[a=,a™] € [[0,1]] and k € [-1,0] with ot < 1 and k > L, respectively, such that the (&, k)-translation
(M7 C(f_Tyng)) of (M, C(fyg)) is a closed crossing cubic ideal of M, then (M, C(f,g)) is a closed crossing cubic
ideal of M.

Let (M,C(s¢)) be a crossing cubic structure on M and consider & = [a~,a™] € [[0,1]] and k € [-1,0]
with o™ < 7 and k > L, respectively. We take a set

Clre)(Br) = {r1 € M| f(k1) = B — & &(k1) <7 —k}, (33)

where § € [[0,1]] and r € [—1,0] such that § > &, f* < 1 and 7 < k.

Theorem 4.8. If (M, C(fyg)) is a crossing cubic subalgebra or a crossing cubic ideal of M, then the set
Cis.0) (B,r) in is a subalgebra or an ideal of M for all § € [[0,1]] and r € [~1,0] such that 3 = &,
BT <tandr<k.

Proof. Let § € [[0,1]] and r € [—1,0] be such that 3 = &, 8t < 7 and r < k. Assume that (M,C(1.¢))
is a crossing cubic subalgebra of M. Let kyi,k2 € C(f,g)(ﬁ,r). Then f(k1) = B — &, &(ky) < 7 —k,
flre) = B — &, and £(k2) < r — k. Hence f(k1 ~ k2) = rmin{ f(x1), f(k2)} = B— & and (k1 ~ Kka) <
max{&{(k1),§(k2)} <7 —k. Thus k1 ~ k2 € Cise)(B,7), and so C(y¢)(B,7) is a subalgebra of M. Now,
suppose that (M, C(fyg)) is a crossing cubic ideal of M and let k1, k2 € M be such that k1 ~ k2 € C(y¢) (B, r)
and ko € C(fjf)(B,r). Then f(k1 ~ ko) = ﬁ —a, &(k1 ~ ko) <1 —k, f(ke) = ,é —a,and (ko) <7 —k. It
follows that f(r1) = rmin{f(k1 ~ K2), f(k2)} = B —a and £(ky) < max{{(k1 ~ K2),&(k2)} <7 —k. Thus
k1 € Cp,e)(B,7). Tt is clear that 0 € C(y¢)(B,7). Therefore C(y¢)(3,7) is an ideal of M. O

We find conditions for the (&, k)-translation of a crossing cubic structure on M to be a crossing cubic
subalgebra (ideal) of M.

Theorem 4.9. Let (M, C(fé)) be a crossing cubic structure on M. Then the (&, k)-translation (M, C(f77£g)>

of (M, C(fﬁg)) is a crossing cubic subalgebra or a crossing cubic ideal of M if and only if the nonempty sets
C(f’g)(g) = {Kl eM | f(;‘{1) - B — 54}, and C(f{)(?”) = {Kl eM | f(lil) <r-— ki},
are subalgebras or ideals of M for all § € [[0,1]] and r € [~1,0] such that § = &, 8+ < T and r < k.

Proof. Suppose that the (&, k)-translation (M, C(nyng")) of (M, C(f@) is a crossing cubic subalgebra of M.
Let 1,02 € Cire)(B) and a,b € Cs¢)(r) for all 3 € [[0,1]] and r € [~1,0] such that § = &, BT < T and
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r < k. Then f(k1) = B — &, f(ke) = B — @, &(a) <7 —k, and £(b) < r — k. Tt follows that
+a=

f2 (K1~ k2) = rmin{ f2 (k1), f4 (k2)}
= rmin{ f(x1) + &, f(xk2) + &}
= rmin{ f(x1), f(k2)} + &
=f-a+a=p,

f(r1 ~ k2)

and

E(a~b) +k =& (a~b) < max{& (a), & (0)}
=max{{(a) + k, &(b) + k}
=max{¢{(a),§(b)} + k
<r—k+k=r.

Hence f(k; ~ k) = B—aand &(a ~ b) < r—Fk, which shows that k) ~ kg € Cit.0) (B)anda ~ b€ Cire)(r).

Thus Cy,¢) (B) and C(s,¢)(r) are subalgebras of M. Assume that the (M, C(fT@Z‘)) is a crossing cubic ideal

of M. Let k1 € Cis¢)(8) and a € C(y¢)(r) for all B € [[0,1]] and r € [~1,0] such that § > &, 8T < T and
r < k. Then

FO)+a=fI0)= fI(k)=flr)+a=B—a+a=p,
and

0)+k=&(0) <& (m)=Em)+hk<r—k+k=r,

which shows that 0 € C(f,g)(ﬂ) N C(f}g) (r). Let k1,k2,a,b € M be such that k1 ~» kg € C(f,g) (B), ko €

Cir,e)(B), a~>beCype(r) and b € Ciye)(r). Then

f(1) +a = f2 (k1) = mmin{fZ (k1 ~ K2), f2 (K2)}
= rmin{f(k1 ~ K2) + &, f(Kk2) + &}
=rmin{ f(k1 ~ K2), f(k2)} + &
=B—a+a=p,

and

€(a) +k = & (a) < max{&; (a ~ b), & (b)}
= max{&(a ~ b) + k,&(b) + k}
=max{{(a ~ b),£(b)} +k
<r—k+k=r.
Hence k1 € C(ﬁg)(/g’) and a € C(y¢)(r). Therefore C(s ) (B) and C(s,e)(r) are ideals of M.

Conversely, suppose that C(f,g)(ﬁ) and C(s.¢)(r) are subalgebras of M for all B € [0,1]] and r € [~1,0]
such that 3 = &, At < 7 and r < k. If there exist (a,b), (k1,k2) € M x M such that fZ(a ~ b) =
rmin{ f7 (a), f2(b)} and & (k1 ~ K2) < max{&} (k1),& (k2)} are not true respectively, then fZ'(a ~ b) <
¢ < rmin{fZ (a), f(b)} and & (k1 ~ K2) > s > max{¢] (k1), &} (k2)} for some & € [[0,1]] and s € [—1,0]
such that € = &, e < 7 and s < k. It follows that f(a) = € — @, f(b) = € — &, &(k1) < s — k and

£(k2) < s—k, that is, a,b € Cy¢)(8) and k1, k2 € Ciy)(r). But f(a ~» b) % &€ — & and (k1 ~ ko) £ 5 —k,
that is, @ ~» b ¢ C(fﬁg)(ﬁ) and k1 ~ K2 & C(pe(r). This is a contradiction, and thus fZ(k; ~ k2) =
rmin{ fZ'(k1), fZ(k2)} and &F (k1 ~ k2) < max{&] (k1),&l (k2)}. Hence (M, C(f_vag)) is a crossing cubic

subalgebra of M.
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Assume that C(ﬁg)(ﬁ) and C(y¢)(r) are ideals of M for all B € [[0,1] and r € [-1,0] such that 3 > &,
Bt < 1and r < k. If there exists (a,x1) € M x M such that f2'(0) = fZ(a) and &/ (0) < &]'(k1) are not
true respectively, then f2(0) < & < f¥(a) and &'(0) > s > & (k1) for some £ € [[0,1]] and s € [—1,0]
such that € = &, et < 1 and s < k. Then 0 ¢ C(ﬁg)(ﬁ) N C(f,ey(r), which is a contradiction and so
FE0) = f¥(k1) and €F(0) < &l(k1) for all Ky € M. If there exist (a,b),(r1,k2) € M x M such that
E(a) = rmin{fZ(a ~ b), f(b)} and & (k1) < max{{ (k1 ~ K2),&} (k2)} are not true respectively, then
fE(a) < & < rmin{fZ(a ~ b), fI(b)} and & (k1) > s > max{&} (k1 ~ K2),&} (k2)} for some & € [[0, 1]]
and s € [-1,0] such that & = &, e* < 7 and s < k. It follows that f(a ~» b) = & —a, f(b) = & — @,
§(k1 ~ k) < s —k and £(k2) < s —k, that is, a ~ b, b € C(5¢)(B) and k1 ~ K2, k2 € Cisey(r). But
fla) # é—a and &(k1) £ s —k, that is, a ¢ C(ﬁg)(ﬁ) and k1 & Cis¢)(r). This is a contradiction, and
thus fZ' (k1) = rmin{fZ (k1 ~ k2), fE(k2)} and & (k1) < max{¢] (k1 ~ K2),&F (k2)} for all Ky, k2 € M.

Therefore (M C( f’_I‘éE)) is a crossing cubic ideal of M. O

5 Conclusions

Jun et al. introduced the notion of crossing cubic structures by using the negative-valued function and
interval-valued fuzzy set, and then they applied it to BCK/BCI-algebras. In this manuscript, we have
introduced the notions of a crossing cubic ideal in a BCK/BCl-algebra, a closed crossing cubic ideal in a BCI-
algebra, and a crossing cubic o-subalgebra of a BCK-algebra with the condition (S). We have identified the
relationship between them, and have provided conditions for a crossing cubic structure to be a closed crossing
cubic ideal. We have explored the conditions under which crossing cubic ideals are closed, and have discussed
characterizations of crossing cubic ideals. We have studied the translation of crossing cubic subalgebras and
crossing cubic ideals, and provided conditions for the translation of a crossing cubic structure to be a
crossing cubic subalgebra (ideal), and then we have considered its characterization. In [I], Borzooei et
al. discussed several results on hoops. They studied relations between hoops and some logical algebras.
Recently, Mohseni Takallo et al. [8] studied neutrosophic set theory in equality algebras. Going forward,
we will study the substructures of several algebraic structures, including hoops and equality algebras, based
on the ideas and results of this paper.
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